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Abstract. Magnetosphere-ionosphere interactions involvesolar wind. The solar-wind interaction can thus give rise to

electric currents that circulate between the two regions;internal forces, significantly larger than the force exerted by

the associated Lorentz forces, existing in both regions ashe solar wind itself, between the ionosphere and the neutral
matched opposite pairs, are generally viewed as the primargtmosphere as well as within the current-carrying regions of
mechanism by which linear momentum, derived ultimately the Earth’s interior.

from solar wind flow, is transferred from the magnetosphereK ds. | h | h h .
to the ionosphere, where it is further transferred by colli- eywords. lonosphere  (lonosphere-atmosphere  inter-

sions to the neutral atmosphere. For a given total amoun?cuons) . Magn.etosphenc physms (Magneto;phere-
of current, however, the total force is proportional 4 lonosphere interactions; Solar wind-magnetosphere interac-

and in general, sinc€2B~ constant by flux conservation, tions)
is much larger in the ionosphere than in the magnetosphere
(L = effective length,B = magnetic field). The magneto-
sphere may be described as possesing a mechanical advan-

tage: the Lorentz force in it is coupled with a Lorentz force 1  Introduction
in the ionosphere that has been amplified by a factor given

approximately by the square root of magnetic field magni-Transfer of momentum from the solar wind stands second
tude ratio {20 to 40 on field lines connected to the outer gnly to transfer of energy and mass in any list of scientific
magnetosphere). The linear momentum transferred to thgpjectives for an investigation of the magnetosphere. The
ionosphere (and thence to the atmosphere) as the result @fasic concepts were introduced in a classic papeBibyoe
magnetic stresses applied by the magnetosphere can thy$geg. The solar wind exerts a net antisunward force on
be much larger than the momentum supplied by the solaghe magnetosphere, both through a normal stress (related to
wind through tangential stress. The added linear momengefiection of its flow) and through a tangential stress (now as-
tum comes from within the Earth, extracted by the Lorentz ¢riped primarily to connection of magnetic fields through the
force on currents that arise as a consequence of magnetic pefiagnetopause). This force is ultimately transferred to the
turbation fields from the ionosphere (specifically, the shield-p|anet Earth, a conclusion argued Biscoe(1966 on the

ing currents within the Earth that keep out the time-varying grounds that nothing else is massive enough to sustain the
external fields). This implies at once that Fukushima’s the-force without being blown away but also derivable, as | show
orem on the vanishing of ground-level magnetic perturba-pere (Sect5), from a more specific argumergiscoe(1966

tions cannot be fully applicable, a conclusion confirmed by gescribes the force on the Earth as a magnetic force, exerted
re-examining the assumptions from which the theorem ispy the gradient of the field from magnetopause and magne-
derived. To balance the inferred Lorentz force within the totajl currents that interacts with the Earth’s dipole moment.
Earth’s interior, there must exist an antisunward mechanicalpt the Earth’'s surface the gradient appears as the day-night
stress there, Only a small part of which is the acceleration Ofasymmetry of the Chapman_Ferraro disturbance f|e|d, from
the entire Earth system by the net force exerted on it by thene condition that the gradient should match the solar-wind
force on the magnetospher@iscoe(1966 infers an upper
Correspondence todv. M. Vasyliunas limit to the asymmetry (noon higher than midnight by no
(vasyliunas@mps.mpg.de) more than~ a few nT).

Published by Copernicus GmbH on behalf of the European Geosciences Union.



https://core.ac.uk/display/194180505?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

256 V. M. Vasylunas: Forces in the magnetosphere-ionosphere-Earth system

More recently, attention has increasingly been directed towhere
ward the possible contribution of drag forces on the high-
latitude ionosphere, associated with the tangential stres§ =PV + (E x B/4mc) @
of the solar wind and mediated by Birkeland (magnetic-js the Jinear momentum per unit volume, the first term rep-
field-aligned) currents between the ionosphere and the OUterresenting the momentum of bulk flow of the medium and
magnetosphere, in particular the so-called region 1 currentge second the momentum of the electromagnetic field (I use
(lijima and Potemral97§. Siscoe et a2009) propose that,  Gaussjan units throughouf); V, andP are, respectively, the
in the limit of very strong solar wind interaction (transpolar mpass density, bulk flow velocity, and pressure tensor of the
potential saturation regime), stresses associated with regioﬁwedium;T is the sum of the Maxwell stress tensby; (the
1 currents assume the domir_lant role in transmitting force%ivergence of which is equal to the Lorentz force per unit
exerted by and on the solar wind. volume) plus the stress tensors representing any other forces.

In all these discussions it appears mostly to have beefrhe global form of the momentum equation, obtained by in-
taken for granted that the linear momentum supplied by thecegrating Eq. ) over a given volume, states that the total lin-
solar wind is simply transferred to the other regions and thalear momentum contained within the volume changes at a rate
any force exerted on the ionosphere or on the Earth is equahat is given by a surface integral over the boundary of the
to the force applied by the solar wind. The purpose of this\g|yme; the three terms in the surface integral, correspond-
paper is to point out that this is not the case: as a CONSeng to the three terms within the divergence in EL), (epre-
quence of very simple considerations of magnetic field ge-sent the net rate of momentum transfer across the boundary
ometry, any given current system flowing between the mag+,y py ik flow (first term), by thermal motion of particles (sec-
netosphere a_md the ionospher_e implie§ amuch larger Lorentgng term: pressure tensor), and by the action of forces on
force in the ionosphere than it does in the magnetosphergne medium (third term: stress tensors of the various forces).
This conclusion has been reached independentlisgoe  That the total force acting on the medium within the vol-
and Sieber(2009 for the special case of forces associated yme can be expressed as the surface integral of the appropri-
with region 1 currents, in the context of a general discussionyte stress tensor is an essential condition for conserving total
of solar wind forces on the magnetosphere and their relajjnear momentum. For an isolated system, with negligible
tion to observed thermospheric effects during large magnetigrface terms, the total linear momentum remains constant.
storms. Under the usual assumptions of charge quasi-neutrality

In effect, as far as Lorentz forces are concerned, the magyf the plasma, nonrelativistic bulk flows, and Agiv speed
netosphere may be said to act on the ionosphere as a simp{¢A2<<C2, the electromagnetic contribution to the linear mo-
machine (e.g. lever or pulley) With a very considera.ble Me-mentum density (second term on the right-hand side of
chanical advantage. A force applied by the solar wind maygq. @) and the electric-field terms in the Maxwell stress ten-
then appear as a much larger force on the ionosphere, raigor can be neglected. The Lorentz force then reduces to just

ing the question (since linear momentum is conserved) whergn o magnetic force, given by the divergence of the Maxwell
the excess linear momentum is coming from. | show that itgiress tensor

is coming from Lorentz forces exerted on currents within the

Earth’s interior that arise as the result of the disturbance fields/ x B/c=V - Ty =V - [33/47T =1 <32/87T)] (3)
from the ionosphere; the various arguments commonly made ) ) ) .
(notably the celebrated theorem fefikushima 1969 1971, (I is the unit dyad);;=4;;); to derive relationg), Ampere’s
1985H that these disturbance fields are unimportant belowl@W

the ionosphere must therefore be of limited applicability. J=(c/4r) V x B (4)

needs to be invoked.
For the purposes of this paper, three aspects of the above
general formulation, embodied in Eq4),((3), and (), are

Conservation of linear momentum in an extended mediumimportam:
1) Equation 4) implies the current continuity condition

is discussed in any textbook of fluid mechanics or plasmaV - . . )
. e . -J=0, which is the basis for the results discussed in Sect.
physics (see, e.glandau and Lifshitz 1959 Rossi and 2) Equation 1) in its integral form, applied to a sequence

Olbert 197Q Siscoe 1983 the latter a treatment intended .
specifically for magnetospheric applications). The local (dif- of nested boundary surfaces from the magnetopause inward
) to the center of the Earth, forms the basis for the discussion

ferential) form of the momentum equation (written in the in Sect.5 of linear momentum transfer from the solar wind
standard conservation form: partial time derivative of den- ' :

sity of conserved quantity plus divergence of flux density of 3) Equation g), by allowing the Lorentz force integrated
L over a given volume to be calculated as the Maxwell stress
conserved quantity) is

tensor integrated over the surface bounding the volume, im-
G/t +V - (pVV+P-T)=0 (1) plies a reciprocity relation that is the basis for the limitations

2 Mechanical and electromagnetic stress balance equa-
tions
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to Fukushima’s theorem discussed in Séctoranychosen
volume, the total Lorentz force exerted on currents within (dawn)
the volume can be calculated in this way, with no constraints
from current closure; even if the current does not close within

the volume, the total Lorentz force is a well defined physical

quantity — in contrast to the magnetic field of an unclosed cur-
rent segment, which in general has only a mathematical sig-
nificance Yasyliunas 1999. This force is given, however,

by the surface integral of the Maxwell stress tensor, and one 1
may view the surface in two ways: either as the outer bound- 7’

ary of the chosen volume, or as the inner boundary of the rest

of space, the difference being only in the sign of the normal

vector. Hence the total Lorentz force on currents (closed or

unclosed)within any volume is precisely equal and opposite

to the total Lorentz force on currentaitsidethat volume; (dusk) )
this applies to each Cartesian vector component, taken sep- > M

arately. A corollary is that magnetic fields due entirely to

currents confined within a volume exert no net force on theFig' 1. Schematic diagram of region 1 currents in Northern Hemi-
volume sphere, viewed from above the north pole (Sun to the left).

A

the Lorentz forceF), in the plane is directed sunward. The

3 Relation between Lorentz forces in the magneto- magnitude of the forces is

sphere and the ionosphere
, , . Fi= (/o) BiL F =~ (I/¢) BuLmy %)

The interaction between the magnetosphere and the iono-
sphere proceeds to a large extent by means of electrizvherel;, £,, are the effective lengths of the respective seg-
currents that flow in both regions, coupled by Birkeland ments; the current is the same in both. From conservation
(magnetic-field-aligned) currents between the two; much ofof magnetic flux
the classical theory of magnetosphere-ionosphere couplin
consists simply of the self-consistency conditions on thes iLihi ~ By Lyhm (6)

currents and on the associated plasma flows and stresses. ’Wﬂereh» h,, are the effective widths of the segments in the
. . X m
a prototypical example, Fig.shows a sketch of the complete i action transverse to the current. Erom E®.dnd 6),

system of region 1 currents. The segmentZ’ flows from  ne rati of the Lorentz force in the ionosphere to that in the
dawn to dusk in the polar ionosphere. The segriefit- M magnetosphere is

flows from dusk to dawn somewhere in the outer magneto-
sphere; the precise location has not been conclusively idenf; /F,, ~ h,,/h; ~ [(Bi/Bm) (Li/hi) (hm/Lm)]>?

tified but is generally assumed to be near the magnetopause, _ \/m @)

its boundary layers, or the adjacent magnetosheath. The seg-

mentsM—Z andZ’— M’ are the region 1 currents proper: where the last approximation follows from the reasonable
Birkeland currents flowing into the ionosphere on the dawnassumption that the ratio of width to length does not differ
side and out of the ionosphere on the dusk side. greatly between the two regions.

Current continuity imposes a relation between the currents In the simplest description of tangential drag at the mag-
in the different segments. With the segments idealized, fometopause, the sunward Lorentz force of the magnetospheric
simplicity, as line currents in Figl (in reality, of course, segmeniM—M’ is balanced by deceleration of plasma flow
they have appreciable width in the transverse directions), thén the magnetosheath and thus extracts antisunward linear
relation is simply that the total curreiitis the same every- momentum from the solar wind. The associated antisun-
where. The total Lorentz force exerted on the plasma inward Lorentz force of the ionospheric segm&ntZ’, bal-
each segment can now be computed. The segments anced by frictional force between plasma and neutrals, im-
andZ’—M’ are (very nearly) aligned with the ambient mag- parts antisunward linear momentum to the neutral atmo-
netic field and hence have negligible Lorentz force. At thesphere. The amount of momentum imparted here is, how-
ionospheric segmemi—Z7’, the ambient magnetic fiels; is ever, much larger than the amount extracted from the solar
downward, and the Lorentz fordg is directed antisunward. wind: according to Eq.7), the approximate amplification
At the magnetospheric segmeft—M’, the vertical com-  factor of the ionospheric over the magnetospheric force is in-
ponent of the ambient magnetic fieky, is (for the assumed versely proportional to the linear width of the current, hence
location) likewise downward but, with the current reversed, (by flux conservation) directly proportional to the square root
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258 V. M. Vasylunas: Forces in the magnetosphere-ionosphere-Earth system

jonosphere 4 Implications of amplified Lorentz force

Given the result (Sec®) that the total Lorentz force within
magnetosphere a volume must be matched by an equal and opposite Lorentz
force somewhere outside the volume, where is this recipro-
* cal force in the case of the Lorentz force on the ionospheric
| segment of the magnetosphere-ionosphere current system?
A It cannot be the magnetospheric segment, the Lorentz force
on which is smaller by the amplification factor (Se®jtand
Fig. 2. Relation between forces in ionosphere and magnetospher¢ghus cannot be equal (not to mention the possibility that it
for system of region 1 currents (Fig), illustrated by analogy to a may even not be opposite, one counterexample being the re-
simple lever system with mechanical advantage (antisunward is up)gion 2 current system). A related question is: given the result
(Sect.3) that the linear momentum being imparted to the neu-
of magnetic field strength — typically a facte20 to 40.Sis-  tral atmosphere is much larger than that being extracted from
coe and Siebel2006 reached the same conclusion by car- the solar wind, where does the additional linear momentum
rying out a global MHD simulation of the magnetosphere come from?
subject to a strong tangential drag: finding directly that the To the two questions there is a single answer: wherever the
momentum transfer to the Earth was much larger than thateciprocal Lorentz force is located, it extracts linear momen-
across the magnetopause, they interpreted the difference ym from the surrounding medium. In terms of the mechani-
a geometrical argument identical to that given here in deriv-cal analog in Fig2, this location corresponds to the fulcrum
ing Eq. (7). (support) of the lever, the force through the fulcrum being
The geometrical argument is in fact quite general and iswhat maintains overall balance with both the direct and the
not restricted to the region 1 current system or direct solaramplified applied force. In the present case, the location evi-
wind interaction. (For example, Fid.with the sense of all ~ dently must be inward of the ionosphere and hence within the
the currents reversed can be viewed as a sketch of the regiong@nducting regions of the Earth’s interior; furthermore, the
currents (jjima and Potemral976), the only other differ-  existence of the Lorentz force there must be connected with
ence being that the closure curreit—A’ in this case is  electromagnetic effects of currents in the ionosphere (this is
generally thought to be located in the plasma sheet where ththe only way the ionosphere can act across the intervening
ambient magnetic field is upward, hence the Lorentz forcepoorly conducting atmosphere to influence the Earth’s inte-
on both the magnetospheric and the ionospheric segments [$0r).
now sunward.) For any system involving currents that cir- It might be argued that, since the excess Lorentz force is
culate between the magnetosphere and the ionosphere, tigxerted by the Earth’s dipole field acting on currents in the
Lorentz force exerted by the ionospheric portion is propor-ionosphere, it must therefore be balanced by an equal and
tional to that exerted by the magnetospheric portion but isopposite Lorentz force exerted by the magnetic perturbation
also amplified relative to it by a factor, given in E@),(which  fields from the ionosphere acting on the dynamo currents that
depends only on the geometrical configuration of the currenproduce the Earth’s dipole. However, since the Lorentz force
and of the magnetic field. The situation is analogous to thahas a direction fixed relative to the Sun-Earth line, the mag-
of a mechanical force amplified by a simple machine, as il-netic perturbation fields from the associated currents nec-
lustrated in Fig2 which represents the Lorentz forces of the essarily vary with local time; in a frame of reference fixed
configuration in Figl as forces acting on a lever. The ampli- to the rotating Earth, they appear as time-varying perturba-
fication factor is often referred to as the mechanical advandtions at the diurnal period and therefore can penetrate into
tage of the machine. the conducting interior to a depth of no more than aboiit 0
A further property shared by simple machines and byor at most @ Rg (e.g.Price 1967 Carovillano and Siscge
Lorentz forces in the magnetosphere-ionosphere system i$973, well outside the presumed dynamo region.
that whereas force is amplified, energy is not. A suitable The effect of the amplified Lorentz force in the ionosphere
lever may greatly reduce the force one must apply to raise #n the Earth’s interior is thus more complicated than the sim-
given weight, but it does not change at all the amount of workple interaction with dynamo currents sketched above; it must
one must do in raising it. Similarly, the rate of electromag- involve in an essential way the interior currents that shield
netic energy conversion is given by current times potentialout the time-varying external disturbance fields. A proper
difference; the total current is the same in both regions, andlescription requires following the global transfer of linear
as long as the potential difference is the same (analogous tg1omentum from the solar wind inward all the way to the
the requirement in the mechanical case that the lever is nogenter of the Earth.
being deformed), the rate of energy conversion in the iono-
sphere is equal in magnitude (and opposite in sign) to that in
the magnetosphere.
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5 Linear momentum transfer from the solar wind Table 1. Masses in the Earth-ionosphere-magnetosphere system.

The total force exerted on the magnetosphere-ionosphere-
atmosphere-Earth system as the result of interaction with the Earth 6<10°"g 1 Mg
solar wind can be calculated by integrating the divergence  Above surface of Earfh  5.2x10%1g 1107 Mg
term in Eq. () over the volume of the entire system and thus ~ Above altitude 100k 1.6x10°%g  3x10 13my
can be expressed as the surface integral of the stress tensor Within magnetosphefe  <2x10” g <3x10~21mp
over the outer boundary of the volume. (This surface integral
is also, by definition, equal to the rate of linear momentumacomputed from atmospheric pressuraveight of overlying mass
transfer across the surface.) By separating out the Maxwelper unit area.

stress, the total force can be written as the sum of electro?Rough upper limit, estimated as mass of solar wind plasma (pro-

magnetic and mechanical contributions: ton concentration,,,=10 cm~3) contained within sphere of radius
10Rg.

Fry = /ds. [BB/4w — 1 (B%/87)] 8)

Frech = —/dS (oVV +P) . (9) then the bpundary just insid_e the magnetopause; then just
above the ionosphere; then just below the ionosphere; then

Gravity is represented by a term in the total stress tefisor MOving by steps into the interior of the Earth, finally con-

(e.g., Siscoe 197Q 1983 but may alternatively and more Verging on the center. For each one of the volumes, the total
conveniently be taken into account by adding the tergn force on it is determined entirely by quantities on the bound-
to the right-hand side of Eql), whereg is the gravitational ~ ary surface only (left-hand side of the equation) and is equal

acceleration. Conservation of linear momentum gives to the net acceleration — inertial minus gravitational — of the
total massM contained within the entire volume (right-hand

Frech+ Fey + Mg = (d/dt) / oV (10)  side). Since the masses in the atmosphere, ionosphere, and
magnetosphere are completely negligible in comparison to

where the mass of the Earthg (Table 1), to an extremely good
approximationM is equal toMg for all those volumes that

M = /d3rp (1) include the entire Earth, and the center of mRssoincides

with the center of the Earth for all the volumes. The net

is the total mass contained within the volume, anthere  accelerationd?R /dt?—g) has for all practical purposes the
is only theexternalgravitational acceleration, due predomi- same value for all the volumes under consideration; E2). (
nantly to the gravity of the Sun (hengeis, to a very good then implies that the total force on any one volume varies
approximation, constant over the volume) — there cannot benly in proportion to the total mass enclosed.
any net force or acceleration of the entire Earth system by the The total force on the magnetosphere alone (the volume
gravity of its own internal mass. between the magnetopause and the ionosphere) can be calcu-

As shown in AppendiA, the right-hand side of Eq10)  |ated by subtracting the forces on two volumes, with bound-
can be written as simply/ times the acceleration of the cen- aries just inside the magnetopause and just above the iono-
ter of massR, plus a small correction term. Equatiob®f  sphere, respectively. The ratio of the resulting net force on
now becomes the magnetosphere to the (solar-wind-related) force on the

_ 2 2 Earth is equal to the ratio of the mass in the magnetosphere
Fmeen+ Fey —0Fm =M <d Rydi® = g> (12) {5 the mass of the Earth and hence is extremely small; this
where is the quantitative reason for the statement (previously de-
rived only qualitatively,Siscoe 1966 Carovillano and Sis-
8F,, =2(dM/dt) (dR/dt) + / dS - (0pV/or) (r — R) coeg 1973 that the entire force from the solar wind interac-

tion must be transferred to the solid Earth, with negligible
= /dS [@pV/ot) (r — R) —2pV (dM/dt)] (13) net force on the magnetosphere. By the same argument, this
holds for other regions (e.g., the ionosphere or even the entire
is a surface integral involving plasma flow and hence can beattmosphere), as long as the mass there is much smaller than
treated as a correction term to the mechanical force. Note/k-
thats F,, is zero if there is no mass flow across the boundary In Fig. 3, the force (represented by the length of a horizon-
and also vanishes in a steady state or upon time averaging. tal arrow) on a particular volume is plotted against a measure
Equation (2) can be applied to any chosen volume, and it of the distance (represented qualitatively by the vertical dis-
is instructive to consider a family of volumes obtained by se-placement) between the boundary surface of the volume and
quentially displacing the boundary inward: first, the bound- the center of the Earth. The horizontal distance between the
ary outside the magnetopause, enclosing the entire systenthin vertical line (zero force) and the dotted line represents
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transformed, by the action of Lorentz force balanced every-

(solar wind) where by appropriate mechanical stresses, into an equal elec-

= tromagnetic antisunward force just inside the magnetopause;
> the process is particularly transparent at the boundary of the
| magnetopause | : magnetotail lobes, where antisunward plasma flow is decel-
L erated by sunward tension of open magnetic field lines, lead-
L _» ing (as a result of the sharp kink of these field lines) to anti-

: sunward tension in the interior region. It is convenient to de-
| : compose the force exerted by the solar wind on the entire sys-
-+ - = - — = — — — — — — — : tem into two terms:Fy,,=Fy0+ Fsw1, WhereFy, iS asso-
ciated with currents confined to the magnetopauserpd
with currents coupled to the ionosphere (Chapman-Ferraro
and region 1 currents, respectively; 8iscoe et a).2002
Siscoe and Sieber200§ Siscoe 2006.

| ionosphere

Ly

.

| shielding currents |

_>.--
- 5.2 Linear momentum transfer through the ionosphere
(center of Earth) e

For simplicity, | neglect the Lorentz forces within the inte-
Fig. 3. Total force, calculated from integral of stress tensor over for of the magnetosphere compared to those at the magne-
surfaces enclosing varying subvolumes of the Earth-magnetospher@pause and in the ionosphere. Then, as illustrated in3Fig.
system, separated into mechanical (solid line) and electromagnetithe linear momentum transfer across a surface just above
(dashed line) contributions. Arrow to the left (right): force sun- the ionosphere is predominantly electromagnetic and its total
ward (antisunward). The force at each location acts on the encloseghte is equal to that across the magnetopause, giving a total
volume, from the location shown down to the center of Earth. force on the enclosed volume that is antisunward and equal
to Fy,. Within the ionosphere itself, however, the Lorentz
force exceeds by an amplification factér- at least an or-
the total force, without distinction between mechanical andder of magnitude (SecB) its counterpart at the nightside in-
electromagnetic; as discussed above, this force remains coferaction region with the solar wind. This implies that the
stant when the boundary surface is displaced inward fronyate of linear momentum transfer across a surfacebjeistw
the magnetopause, beginning to decrease (in proportion tehe jonosphere must be as shown in Rga large sunward
the enclosed mass) only when the boundary has been takeé]ectromagnetic force (magnitudid —1] Fy,,1) balanced by
below the surface of the Earth. a slightly larger antisunward mechanical force (magnitude
AFg,1), the small difference giving, together with the anti-
5.1 Linear momentum transfer across the magnetopause sunward electromagnetic fordg,,o unaffected by the iono-
sphere, a net antisunward force on the enclosed volume equal
For each assumed boundary surface, mechanical and elet the forceFy,, exerted by solar wind, as required.
tromagnetic contributions to the integrated force (or, equiv- An equivalent description is that, below the ionosphere,
alently, the integrated rate of linear momentum transfer) carantisunward linear momentum is transported upward by elec-
be calculated separately, as illustrated in Big.The stress tromagnetic stress and downward by mechanical stress. This
tensor on the surface just outside the magnetopause is prerises because the antisunward Lorentz force within the iono-
dominantly mechanical, containing both a pressure contri-sphere (created by the solar-wind interaction but amplified by
bution (magnetosheath plasma pressure, proportional to dythe mechanical advantage of the magnetosphere) is balanced
namic pressure of the solar wind), important primarily on the by collisional friction between plasma and neutral particles;
dayside, and a tangential drag contribution (usually ascribedhe antisunward linear momentum transferred thereby to the
to magnetic tension inside the magnetopause but, as disstmosphere is being supplied by an electromagnetic stress
cussed byasyliunas 1987, describable equally well as flow and must therefore come from below since there is no ad-
deceleration stress outside the magnetopause), important prequate source above. At the same time, since there is no
marily in the magnetotail. The stress tensor on the surfacenet force on the ionosphere-atmosphere system (nor on the
just inside the magnetopause is predominantly electromagmagnetosphere above it), the antisunward linear momentum
netic, magnetic pressure being most important on the daybeing supplied must be transported downward again by a me-
side and magnetic tension in the magnetotait¢oe 1966 chanical stress.
Siscoe and Siebe2006 Siscog2006. The total rate of lin- The nature of the mechanical stress that must exist be-
ear momentum transfer is the same on both sides. Within théow the ionosphere is not specified by this argument; a day-
interaction region just outside and at the magnetopause, theight pressure gradient as well as a shear stress, e.g., from
mechanical antisunward force from the flowing solar wind is eddy viscosity, are possibilities. Its magnitude is in any case
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negligibly small in relatlt_)n to atmospherlc dynarr_ncs, as CaNaple 2. Pressures in the Earth-ionosphere-magnetosphere system.
be seen from Tabl2 (noting that in order of magnitudg;,,

should not exceed solar wind dynamic pressure multiplied by
the projected cross-section of the magnetosphere).
lonospheric currents have a horizontal extent that is in
general large compared to their vertical extent, and hence Atmospheric pressure at altitude 100km 08102 Pa
they may be treated as thin current sheets, applying meth- Atmospheric pressure at surface of Earth .0x10° Pa
ods developed primarily in magnetospheric contexts {&ag.
syliunas 1983 and references therein). The magnetic distur-aForn,, =10 cni3, V;, =400 kms'1
bance fields on the two sides of a thin current sheet are usut1 Pa=1 N m~2=10 dyne cn7?2
ally taken to be equal and opposite, so how can the Maxwell
stress tensor integrated over a surface just below the iono-
sphere be larger by an order of magnitude in comparisorb.3 Linear momentum transfer within the Earth’s interior
to that integrated over a surface just above, as required by
the preceding discussion? To resolve this apparent puzzléAs long as no non-negligible electric current is crossed while
note that the magnetic field of a thin current sheet can be exthe bounding surface is displaced through the atmosphere
pressed quite generally as the sum of two terms: the “plaand into the Earth’s interior, the total electromagnetic force
nar” field, equal and opposite on the two sides, plus theon the enclosed volume remains unchanged: sunward, equal
“curvature” field, the same on both sides (terminology in- to [A—1]Fs,1—Fsuwo, and balanced by an antisunward me-
troduced byMead and Beard1964. The Maxwell stress chanical force that slightly exceeds it in magnitude; the total,
tensor is quadratic in the magnetic field, and the only sig-net antisunward force no longer equdls,, however, but
nificant contribution to the integral over a closed surfacecontinually decreases as the enclosed mass becomes signifi-
above or below the ionosphere comes from the cross termsantly less tham/g. Within the electrically conducting inte-
{dipole x disturbance field (The {dipole x dipole} terms rior, the diurnally varying perturbations of the external mag-
obviously integrate to zero because the dipole cannot exertetic field induce currents that shield out the external field,
a net force on itself{disturbancex disturbance could in ~ once the bounding surface has been displaced inward of the
principle give a nonzero integral when the currents do notlayer that contains the shielding currents, there is of course
close within the ionosphere, but it is of second order in theno electromagnetic force of external origin, and the mechani-
disturbance field amplitude.) Correspondingly, the electro-cal force is simply equal to the net acceleration multiplied by
magnetic force can be expressed as the sum of two sets dfie remaining enclosed mass. The integrated Lorentz force
terms,{dipole x plana} and{dipole x curvature, giving for on the shielding currents, directed sunward, is the equal and
the surfaces above and below the ionosphere opposite reciprocal force (in the sense discussed in S&cts.
and4) to the Lorentz force in the ionosphere; it is opposed
Fpu (above = +F gy (planay + Fey (curvature  (14) by an antisunward mechanical stress, of which a small part

Solar wind dynamic pressute 2.6x1079 PP
Solar radiation pressure at Earth 7410 5Pa

F gy (below) = —F gy (planay + F gy (curvature ; is associated with the acceleration of the entire Earth system
by the net force exerted on it by the solar wind, and the rest
the requirements — in balance with the Lorentz force — is the source of the
additional linear momentum transported to the ionosphere.
F gy (above = Fiu (15) It has been tacitly assumed in the preceding discussion
Fpm (below = (A +1) Fyu1 as well as in Fig.3 that Fy,0 is small in comparison to

[A—1]F;,1, i.€., the electromagnetic force (amplified in the

ionosphere) of the region 1 currents greatly exceeds that of

Fey (planay = A Fyp1/2 (16) the Chapman-Ferraro currents (in fche terminolongisb_oe

Fpa (CUNVAIUMG = (—A + 2) Fyp1/2 and Siebert2006 the thermospheric drag mode dominates
EM swl/e- over the dipole interaction mode). Itis of interest to also con-

The large difference between|Fry(above) and  Sider briefly the Qpposite Iimitz the p_redominantly'Chapman-

|F gy (below) arises because the planar and the curva-Ferraro case (originally described Biscoe 1966 with neg-

ture contributions are of comparable magnitude and thudigible effect of region 1 currents. As illustrated in Fig.
nearly cancel on one side. The Lorentz force on thethe electromagnetic transfer of linear momentum inside the

are then satisfied if

ionosphere itself, given by magnetosphere, at the rate corresponding to an antisunward
force F;,,0 on the enclosed volume, continues essentially un-
F gy (above — F gy (below) = 2 F gy (planayp changed through the ionosphere and into the Earth’s interior,
—AF,. (17)  untilthe region of the shielding currents is reached. The inte-

grated Lorentz force on the shielding currents is now directed
has the expected (amplified) value and antisunward directionantisunward (it constitutes the requisite equal and opposite
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262 V. M. Vasylunas: Forces in the magnetosphere-ionosphere-Earth system

where “above” or “below” now refers to the bounding sur-

(solar wind) - )
face of a volume that includes or does not include, respec-

tively, the shielding current region. Since the external field,
> by definition, is unaffected by the shielding currents, the term
| magnetopause | : F gy (external) has the same value above or below, given by
L the standard expression for the force on the dipole exerted by
: the external field:
- = —
| ionosphere | Fpy (externa) = (1 - V) Bex(0) (19)
L _ + (n= dipole moment, r=0 location of dipole). The
{dipole x shielding-field terms above and below are
— T == > 4 (shielding = 0 (20)
| shielding currents | - F 3, (shielding = —F g (externa) .
—
L The first line of Eqg. 20) can be deduced by noting that the
(center of Earth) & term F7,,(shielding), combined with thédipole x dipole}

and{shieldingx shielding terms (both=0), represents the
total Lorentz force on the combined system of dipole (dy-
namo) and shielding currents, which vanishes by the corol-
lary at the end of Secg; the second line follows, by virtue
of Eq. (18), simply from F gy (below)=0, the absence of

. the electromagnetic force when the external field has been
reciprocal force to the Lorentz force on the Chapman-Ferrarqyie|qeqd out. The Lorentz force on the shielding current re-
currents), transferring Ilne_ar momentum to ac_cele_rate the engion itself is then given by
closed mass. In the region between the shielding currents
and the surface of the Earth, where the electromagnetic transF gy (above —  F gy (below) (22)
port of linear momentum does not change appreciably while = F3,, (shielding — Fj,, (shielding
the enclosed mass decreases with decreasing radial distance, — (- V) By (0)
there is a sunward mechanical force (NB sunward when de- - ext
fined as force on enclosed volume), corresponding to upwar@énd is precisely equal to the force that the external field

transport of antisunward linear momentum in order to en-alone, in the absence of shielding currents, would exert on

Fig. 4. Same as Fig3 but for the case of negligible Lorentz force
in the ionosphere.

force the uniform acceleration of the entire Earth. the dipole. The total force is thus unaffected by the pres-
ence of shielding (a result that, depending on one’s degree
5.4 Magnetic gradient force of insight, may or may not be considered obvious), and the

answer obtained in previous calculations is correct.
The electromagnetic force on the Earth arising from all forms
of the interaction with the solar wind has in previous dis-
cussions $iscog 1966 2006 Carovillano and SiscQd.973

Siscoe and Sieber200§ been described as a force on the A ecessary condition for global force balance as described
Earth's dipole and calculated accordingly from the gradientj, gects 4 ands is the penetration of magnetic disturbance

of the external field at the location of the dipole. In reality, fie|ys associated with region 1 currents into the Earth’s in-
the force is exerted on the shielding currents, the magnetiGerior down to depths where the diurnally varying exter-
field of which cancels the external field within the deep inte- -, fields are shielded out. This poses a problem because

rior (including the location of the dipole). The total Lorentz the penetration of these fields below the ionosphere is gen-
force on the shielding current region can be calculated, analoéra"y thought to be severely limited by a famous theorem

gously to the Lorentz force on the ionosphere (S8@. by 1oyed byFukushima(1969, following earlier suggestions
exploiting again the quadratic nature of the Maxwell stressby Bostibm (1964 andKern (1966 (for a historical account

tensor to write the force as the surface integral of the crosgt 1,0 origin of the theorem, seéukushima 19854 part |
terms{dipole x disturbance fiellj with the disturbance field ~ gqc 4y, ' '

now expressed as the sum of the external field and the field 11,q theoreminits original form, applicable in the approxi-
of the shielding currents. Hence

6 Limits to Fukushima’'s theorem

mation of planar ionosphere and vertical magnetic field lines,
is illustrated in Fig5: a system of Birkeland currents clos-
Fpy (above = Fry (externa) + Fg,, (shielding  (18)  jng through a general configuration of horizontal currents in
Fgy (below) = Fgy (externa) + F3,, (shielding , the ionosphere (A) can be decomposed into a superposition
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V. M. Vasyliunas: Forces in the magnetosphere-ionosphere-Earth system 263

of Birkeland currents closing via potential (zero-curl) iono-
spheric currents (B) plus source-free (zero-divergence) cur-
rents confined to the ionosphere (C); the theorem then states
that the magnetic disturbance fields of (B) are identically
zero below the ionosphere, the contributions from the Birke-
land currents being cancelled by those from the potential
currents in the ionosphere. The theorem also applies in the
case of spherical ionosphere and radial magnetic field lines;
this was first mentioned biyukushima(1971), citing a 1970
conference presentation by Vasylas (which, however, re- Fig. 5. Simple illustration of Fukushima’s theorem (after
mained unpublished), and was later derivedAukushima  Fukushimal969 1985H).
(2985H.

The method used bifukushima(1969 1971, 1985Hh to ) .
derive the theorem is in essence a clever deconstruction intp As a first step, | calculate '.[he mtegrgted Lorentz force on
geometrical elements sufficiently simple that the result for/ust the potenUaI pa'rt Of_ the ionospheric curr.ents (flr'st.term
each one is evident by symmetry. In AppenBix present a on the right-hand side n Ec2), both to verify that it is
purely formal mathematical proof, for both planar and Spher_mdeed non-zero and as input to subsequent force balance ar-

ical geometries. The decomposition, indispensable to th@uments. The force in the direction is given by the global

theorem, of the height-integrated horizontal ionospheric Cur_lntegral over the ionosphere

rent I into potential and source-free components, proposed ) R 5 R
by Kern (1966 and extensively used byasyliunas(1970), Fx=Rg /dQ X-IxBy/c=Rp /dQ Vt-Baxi/c (24)
can be expressed mathematically as

(A) (B) ©

Electric current

- -+

where
I=Vi+ixVy (22)
/dszz/sined@/chp
wheret (0, ¢) andy (0, ¢) are scalar functions; by continuity
of current, and By is the dipole field. Withr (9, ¢) related by Eq.Z3)
V= J =) = _J B.F (23) to the radial (Birkeland) current$. (9, ¢), Eq. @4) can be

transformed into an integral ovéf; the calculation is given

where J; is the Birkeland current density at the top of the iN AppendixC, with the result

ionosphere. In the case of nearly vertical magnetic field at

low altitudes and of ionospheric conductances independent’x = — (BERE3/20> /dQ Jr sing sing (25)

of latitude and longitude, the potential and the source-free

currents are the height-integrated Pedersen and the heighlf, ¢ in geomagnetic coordinates, with signs appropriate for

integrated Hall current, respectively, withandy, both pro-  Earth; Bg is the surface field strength at the equator). A sim-

portional to the electric potential multiplied by the appropri- ple model for region 1 Birkeland currents (basis for many

ate conductance. analytical calculations of magnetospheric convection, e.g.,
Although the Fukushima theorem does allow penetrationVasyliunas 197Q 1972 is

of some external disturbance fields below the ionosphere, .

the fields are those from the source-free (Hall) component” = Josing [5 (6 —Opc) +5 (6 — 7 +6yc)] (26)

of ionospheric currents — from precisely the ionospheric CUr-whered,,. is the colatitude of the polar cap, and the parameter

rents that danot couple to the magnetosphere and thus do j; is related to the total currert of the region 1 system by
not constitute the ionospheric segment of the region 1 cur-

rent system. The penetrating disturbance fields allowed byo = 4JoREZSin9,,C . (27)
the theorem induce their own Lorentz force in the shield-
ing current region, equal and opposite to the Lorentz force
on the source-free currents in the ionosphere; there is nq: _ _ (mBeIoRE /4c) Sind,e = —Fr | (28)

net force on the Earth system, and no direct connection to

force balance from solar-wind interaction. Thus, the prob-the minus sign indicating that the force is antisunward.

lem posed by the Fukushima theorem still remains: how is Equation 28) is the total Lorentz force, integrated over
the Lorentz force on the potential (Pedersen) component ofhe entire ionosphere. It is also possible to calculate partial
the ionospheric currents — the currents that directly couple td_orentz forces, specifically the force on the polar caps only
the magnetosphere, that according to the theorem produce rand the complementary force on the low-latitude region (ex-
ground-level magnetic disturbance — to be matched with thecluding the polar caps). This calculation (Appendixre-
necessary reciprocal Lorentz force? quires the explicit solution of Eq2@) for t, given J,; with

Inserting Eq. 26) into Eq. £5) gives the force at once as
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J» assumed specified by EQ]), the results are From Egs. B1) and B13),

Fy(polar cap = Fr {—2+ [sin6,c/ (1+ cosepc)]z} (29) OB=Vaxr, (34)

comparison of Eq.B14) atr=Rg with Eq. (22) establishing
thata=(4x/c)t; then

Felowday = Fr {+1— [sing,c/ (1 -+ cost,e)?} (30)

the sum of the two giving, as expectefl,=— Fr in agree- o on
e e gy 01ING: 85 SXPECERL=2L1 N 8ICS™ .\~ @Buf) fp [ (Re/r?ar 2300/00 105 (35)
. £8). -

The results in Eqs28), (29), and @0) differ from those of
Siscoe(2006, who also assumed the Birkeland current con-
figuration of Eq. 26) but treated the ionosphere in the planar
approximation (formally, the limit sﬁﬂpc«l), obtaining (in _ L .
my notation): F, (polar cap=—2Fr, F,(low-lat)=0, hence Freqy =+ @BrRe/c) P dp T (9 -~ ¢> sing (36)
F, (totah=—2Fr. In AppendixD, | show that the flat-Earth
approximation is the reason for these discrepancies as we
as some other paradoxical features.

which can be rewritten, by carrying out the integration over
r and integrating by parts over, as

ﬁthe upper limit of the-integration has been taken nominally
asoo). Equation 86) for the Lorentz force integrated over
the equatorial current sheet is identical, except for the op-
posite sign, with Eq.¢22) for the Lorentz force integrated
over the ionosphere (for the case of radial field lines); note

There are two idealized geometries for which Fukushimas’sthat this result is completely general and doesdepend on
theorem holds exactly: planar (straight field lines), and@ny particular choice (e.g., EG) of the Birkeland current
spherical (radial field lines). Although these geometries areconfiguration.
of course quite inadequate as models for any known exist- 1he absence of magnetic perturbations below the iono-
ing magnetosphere, situations can be envisaged where th&iphere in the radial-field-line magnetosphere, implied by the
might constitute a reasonable approximation; the radial-fieldeXact validity of Fukushima’s theorem, is thus possible be-
case in particular has been discussed as the extreme limfiause the Lorentz force reciprocal to that in the ionosphere
of a plasma-dominated magnetosphe®arker and Stewart is here to be found in the equatorial current sheet; the lin-
1967. Itis instructive to consider how Fukushima’s theorem €ar momentum being imparted to the neutral atmosphere is
can be reconciled with force balance in such a case. extracted from plasma at the reversal of the radial magnetic

In the planar case there is no problem at all: the magneti(fie|d- Antisunward linear momentum is predomingntly trans-
field has the same magpnitude in the ionosphere as in the magrorted downward, from the current sheet to the ionosphere,
netosphere, hence there is no amplification of the Lorent2Y €lectromagnetic stress, with balancing upward transport
force — the linear momentum being imparted to the neutralPy mechanical stress;_ below the ionosphere there is only a
atmosphere is equal to that being extracted from the solagMall, purely mechanical stress, needed to exert the force
wind. Fyy on the Earth.

In the radial-field case, the integrated Lorentz force on th
ionosphere is given (AppendR) by

6.1 Force balance in the idealized geometries

e . i .
6.2 Fukushima’s theorem in a realistic geometry

The pattern of momentum tranfer described in the preced-
Fy=— (BERE3/C> /dQ Jrsinfsing/(1+[cosf)(31)  ing paragraph, demanded by the assumption of no pertur-
bation fields below the ionosphere, is manifestly implausi-
different slightly but not significantly from F, in  ble for any magnetosphere not dominated by the enormous
Eg. 25, and of course greatly amplified relative to the plasma stresses that would be needed to maintain the limiting
magnetospheric/solar-wind value. An additional Lorentz radial-field-line configuration oParker and Stewa(fi967).
force exists, however, in this case: the force exerted by theSystematic deviations from Fukushima’s theorem are there-
region 1 disturbance fieldsB acting on the current sheet in fore of fundamental importance. They were identified al-
the equatorial plane (separating the oppositely directed radialeady byFukushima1985h as due to a curvature effect: the
fields of the two hemispheres). With the radial magnetictheorem holds if currents in and out of the ionosphere flow
field of Eq. C18), the current density ig=15(z) where along radial lines, but the real Birkeland currents flow along
the (curved) dipolar field lines. As illustrated in Fig. the
real current pattern (F) can be represented as a superposition
tof currents flowing along dipole field lines but closing radi-
ally (F1), plus radial currents closing through the ionosphere
(F2). Below the ionosphere, the perturbation field of (F2)
vanishes by Fukushima’s theorem; the perturbation field of
the real system (F) must therefore be equal to that of (F1).

(4/c) I = —2Bp (Rp/r)? , (32)

and the Lorentz force is given by the integral over the curren
sheet in the equatorial plane

Fx(eq)z%dd) - rdrx-Ix38B/c. (33)
E
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It remains only to verify that system (F1) has the appro- £ F) (F1) F2)
priate value of the Lorentz force. The contributions from the —Clic
dipole segments are zero becayseB=0. To evaluate the CUrreng
contributions from the radial segments, note that on them

Jy = —Jy (RE, 0, ¢) (RE/1)? @37)

where J,(Rg, 0, ¢) is the current flowing into the iono-
sphere, and the minus sign appears because the current on
the radial segment is opposite to the Birkeland current. Then

- +

the integrated Lorentz force is Fig. 6. Curvature effect in Fukushima’s theorem (affeikushima
1985H.
Fx(r):—fdQ/ rldr J,J?-f'xéBg/c. (38)
Rg

_ _ R _ solar wind are not confined to the thermosphere but ex-
Wlth Baz—.BE(RE?/ﬁ) sing -and X - Fxf=—sing, carry- tend also into the atmosphere and into that part of the
ing out the integration over gives Earth’s interior into which any diurnally varying mag-

netic disturbances can penetrate.

Fypy = — <BERE3/2C> /dQ Jr sinf sing (39) ]

2. The forces involved can be much larger than the net
which is identical with Eq.Z5), including the sign; this again force exerted by the solar wind on the entire Earth sys-
is a general result, independent of any specific model for the ~ tém (although they still are utterly negligible compared
Birkeland current configuration. The Lorentz force in the 0 with forces involved in dynamics of the atmosphere,
interior is the result of shielding out the perturbation fields let alone of the solid Earth).

which are identical with those of (F1); it can thus be viewed
indifferently as the reciprocal force either to the Lorentz
force of (F1) or to the real Lorentz force on the ionosphere.

3. Except in the case of very weak region 1 currents (in
the quantitative sense discussed3igcoe and Siebert
2006, the total magnetic force on the Earth’s interior is
sunward; it is slightly overbalanced by an antisunward

7 Conclusions mechanical force, the difference being equal to the net

force exerted by the solar wind.

As a consequence of the strongly converging geometry of o ) ) _

the geomagnetic field lines combined with the condition of 4- The magnetic disturbance fields in the Earth’s inte-

current continuity, the Lorentz force on the ionospheric seg-  "or that result from the region 1 currents play an es-

ment of any current system flowing between the ionoasphere sential role in maintain stress balance; hence limits
and the magnetosphere is greatly amplified relative to the ~ ©n them imposed by Fukushima’s theorem necessarily

Lorentz force on the magnetospheric or solar-wind segment; ~ are of restricted applicability (the requisite deviations

the magnetosphere may be said to possess a mechanical ad- from thg ideal theorem have been identified already by

vantage over the ionosphere. The forces arising out of the in- ~ Fukushima1985h).

teraction with the solar wind are thus much larger within the

ionosphere-atmosphere-Earth system than within the magne-

tosphere. The total force on the entire system, however, is\ppendix A

limited by the rate of extraction of linear momentum from

the flow of the solar wind. The large amplified forces must acceleration of center of mass

therefore be primarily internal forces between one part of the

system and another. Specifically, the antisunward Lorentantroduce the center of magsthrough the definitions

force of the region 1 currents in the ionosphere is balanced

by a sunward mechanical reaction force of the thermospherey g = /d3r or M= /d3r 0 (A1)

which is transferred downward through the atmosphere into

the Earth’s interior, where it is matched by an antisunwardNotmg thatr andr are independent variables, we have
mechanical force balanced by the sunward Lorentz force of

the electrical currents that shield out the time-varying exXtery v ar — /dsr dp /0t = —/dS oV (A2)
nal magnetic fields.

The following are some of the principal implications: and

1. The mechanical stresses on the neutral medium that re- 3 3
sult from the interaction of the magnetosphere with thed (M R) /d’:/d rrap/afZ/d rp V—/dS'P Vr (A3)
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where in both equations the second expression follows fronwith (B1) implies that the disturbance magnetic field of this
the mass continuity equation, plus an integration by parts insystem vanishes in the spage0 (below the ionosphere),

Eq. (A3). Differentiating once more with respect toand
rearranging, we have

(d/dt) / d3rp V=d? (MR) /d1*+ f dS- (0pV/or)r (Ad)
which can be manipulated into the form

(d/dr) / d®rpV = M d?R/dr? (A5)

+ 2(dM/dt) (dR/dt) +de~(8pV/8t) r — R)

from which Eq. (2) follows.

Appendix B

Formal derivation of Fukushima’s theorem

Represent the disturbance magnetic figldt the total field)
by Euler potentials
B=VaxVg; (B1)

then the current density is given by (ignoring the factoy 4
in Gausian ot in Sl units)

VxB=VaV28+ (VB-V) Va—VBV2a— (Va-V) VB (B2)

For the planar case as in Fig(vertical direction taken a),
choose

a=alx,y)  B=pR (B3)
which simplifies Eq.B2) to

V x B=VaV2B—-VBV. (B4)
Now require

V2B = d?B/dz? = 8(2) (B5)
=0 forz <0 (B6)

where §(z) is merely an idealization of a sharply peaked

function; Egs. B5) and B86) are satisfied if

VB =2zH(2) (B7)

with H the function defined byH (z) =1 x>0
H(iz=0 x<0

(Heaviside unit function). From EgB#), the current density

is then given by
V x B =68(z) Va — 2H(z) Va, (B8)

which describes a system identical with (B) in Fagvertical

currents in the space-0 (magnetosphere), closed by a curl-

free current at=0 (ionosphere). ConditionBg) together
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which is Fukushima’s theorem.

An analogous calculation can be carried out for the spher-
ical case by choosingg=a (8, ¢), f=B(r). The cross-
gradient terms in Eq.B2) are now, unlike the planar case,
no longer zero; they can, however, be written as

(VB -V)Va = — (1/r) (dB/dr) Va = — (Va - V) VB (B9)

which simplifies Eq.B2) to

V x B =Va [VZ,B @/ (dﬁ/dr)] ~VgV2. (B10)
With the requirements

V2B — (2/r) (dB/dr) = d*B/dr? = 5(r — RE) (B11)
B=0 forr <Rg (B12)
satisfied if

VB =FH(r — RE), (B13)
the current density is given by

V x B=38(r — Rg)Va —F H(r — Rg) Va, (B14)

the spherical counterpart of (B) in Fif. a system of radial
currents at > Rg closed by a curl-free currentetR g, with
vanishing disturbance magnetic field ot Rg. (Note: gen-
eralizing the theorem even further is not possible, apparently,
as the method used here does not seem to work when applied
to any other

Appendix C

Calculation of ionospheric Lorentz force

Equation 24) may be written as

Fy = REZ/dQ 0 Vr (C1)
where
QO=B;xx/c. (C2)

Only thed and¢ components of) appear in Eq.C1); they
may be separated into curl-free and divergence-free parts by
writing

Q—70, = (VG +F x VH) /r?

(0,=0-r), whereG (0, ¢) andH (0, ¢) are scalar functions;
r=Rg throughout this calculation. Integrating by parts now
transforms Eq.€1) into

(C3)

szfdsz [V~(th+rf'xVH)—QV21]; (C4)
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noting that the integral of the divergence over the entireEquations C11-C12) then give

sphere vanishes, we have
Fx:_/dszgv%:/dszw,. (C5)

To derive the functiorgj, take the divergence of EqCB):

<1/r2) VG =V.(Q-70,) . (C6)
Noting that from Eq.C2)

V.Q=#%-VxBy/c=0 C7)
andQ,~1/r3, we have

V3G =rQ,=r -BgxXjc=%xpn-r/ric=U. (C8)

The Laplacian has been written ‘ﬁé to emphasize thai is
a function of@, ¢ only. The direct solution of Eq.G8) for

F.(polar cap = —Fy (14 3cosf)) / (1+ cosb.) (C15)
Fy(low-laty = —Fr (—2cos9p.) /(1 +cosp.) (C16)

Fr = (wBeRg%Jo/c) sirP 6y |

equivalent to Eqgs.29-30) of the main text by virtue of
Eq. 27) and the identity
(1—cosh) / (1+ cosd) = [sind/ (L+cosh)]? .  (C17)

For the case of radial field lines discussed in S&dt. B, in
Eqg. (C2) is replaced by
B = —F B sign(cosh) (C18)

(the magnetic flux through a hemisphere is the same as for
the dipole field with equatorial field strengtBgz). Then

G, straightforward but tedious, can be avoided by noting that@-=0 everywhere, buv’ x B and hence alsy'- Q are non-
the expressiod is the scalar potential of a dipole field (with Z€ro at th? singular poirt=x/2 (field reversal), with the
moment x u/c), hence its (3-D) Laplacian is zero, which result thatin place of Eq(@8) we have

implies that

VAU = — (1/r2> 0/3r) r2(3U/or) = —2U/r2.  (C9)
Comparing Eq.C9) with Eq. (C8), we have
G=—Rp2U/2=—% x pu-#/2 (C10)

= (BERES/Zc) sind sing ,

which inserted into Eq.G5) gives Eqg. 28) of the main text.

V3G = (2BERg/c) sing § (cosd) (C19)
which has the solution
G=-— (BERES/C) sind sing/ (1 + | cosd|) , (C20)

the only change from EqQ(L0) being the replacement of a
factor 2 in the denominator bl +| cosd|). Instead of insert-
ing thisG into Eq. C5), however, it is simpler in this case to
derive an alternative expression By, by using a different

To calculate the force integrated over only a portion of theintegration by parts to transform Eq ) into
entire sphere, the boundary contribution from the divergence

term in Eq. C4) must be included. Specifically, under the F, = —/dQ T V%G
assumption (Eq26) of Birkeland currents non-zero only at

(C21)

the polar cap boundaries, the forces on the polar-cap and thend then substituting from EqC(9) to obtain

non-polar-cap regions are given by

Fy(polar cap = (Z/RE2) yg de K (9;0, ¢>) (C11)

Fe(low-laty = — (2/RE2) ?ﬁ dé K (e;c, ¢) (C12)

K =G sind (3t/30) — t (3H/d¢)

F,=— (2BERE/c)§£d¢ . (9 - % ¢) sing (C22)

which can be compared directly with the force calculated in
Sect.6.1

Appendix D

(the factor 2 comes from including both hemispheres). The

function H can be derived from Egs.C@) and C10),
with use of the relation¥ (a-r)=a for any constantz and

Q—7Q,=Fx(QxF).
H=(3/2) p-# k-+=—3 <BE RE3/2C) sin6 cosh cos¢ (C13)
Solving Eq. @3) for ¢, with J, given by Eq. £6), we have

T = Rp2Josing sing/ (1 + | cosd))
0 < 0y
= Rp%Josing (1 — | cosb,.|) / sind

Ope <0 <1 —0Opc .

T —0pc <0

(C14)
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The paradoxes of flatland

The ionospheric region of primary interest in many discus-
sions of the interaction of the solar wind with the magne-
tosphere is the high-latitude ionosphere. Relatively small in
extent when compared to the entire terrestrial globe, and with
the geomagnetic field lines within it inclined only slightly
from the vertical, this region is often (particularly for the
purpose of calculating simple analytical models) treated in
the “flat-Earth” approximation — the ionosphere represented
as a plane, with the geomagnetic field perpendicular to it.
There exists in fact an exact mapping from a sphere to a

Ann. Geophys., 25, 2682007
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plane which preserves the form of some of the key equa-any value of Ry (the physical reason is that the return cur-
tions of magnetosphere-ionosphere coupling theory: the (porents have been enhanced even further by their confinement
lar) stereographic projection, in which any point P on theto R<Rj).

surface of the sphere is projected onto the plane tangent to

the north pole by drawing a straight line from the south pole Acknowledgementd.am grateful to G. L. Siscoe for useful discus-
through P. The coordinates,(®) on the surface of the sphere sions.

are mapped to cylindrical coordinateg, () on the plane,

with ¢ unchanged an# related to® by
R/Rg = 2sinf/ (1 + cosh) . (D1)

Th equator maps t&=2R and the south pole t& — oo;

Topical Editor I. A. Daglis thanks A. Richmond and another
referee for their help in evaluating this paper.
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