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Abstract. The radial, oscillatory motion of the Earth’s mag-
netopause has been found to occur predominantly with some
distinct, sometimes called “magic” frequencies, which have
been attributed to magnetospheric wave guide modes, typi-
cal solar wind variations or, more recently, surface waves on
the magnetopause standing between the northern and south-
ern ionospheres. In this paper we present for the first time a
derivation of these surface waves, denominated as Kruskal-
Schwarzschild-modes (KS-modes), in the approximation of
the ideal, single-fluid magnetohydrodynamic theory for in-
compressible plasmas. The calculations are performed in the
simplified geometry of the box magnetosphere with the mag-
netopause being a plane between two plasma regimes of ho-
mogeneous conditions. The reflection of the KS-modes at
the ionospheres is being discussed. Under the given assump-
tions and realistic conditions the validity of the calculations is
shown to be limited to cases of parallel or anti-parallel back-
ground magnetic fields on both sides of the magnetopause,
respectively. For these cases a detailed discussion of the
mode structure is presented. The magnetopause when af-
fected by a KS-mode is found to resemble a membrane un-
der tension with respect to its motion; the ionospheres act as
supporting points of the membrane and the KS-modes corre-
spond in this picture to their eigenmodes of oscillation. Lo-
calized pressure enhancements in the magnetosheath are dis-
cussed as possible excitation mechanism for the KS-modes.
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1 Introduction

The magnetopause represents the boundary which separates
the magnetospheric plasma and magnetic field from their
counterparts of solar origin in the magnetosheath. Usually, in
the absence of reconnection, it can be treated as a tangential
discontinuity, across which hardly any normal flow of plasma
takes place (Sonnerup and Cahill, 1967; Sonnerup and Led-
ley, 1974). Although most of the plasma parameters change
across the boundary (for instance direction and strength of
the magnetic field, particle densities and temperatures), the
magnetopause is characterized by an equilibrium of the to-
tal pressure (Paschmann et al., 1993; Phan and Paschmann,
1996): On the magnetosheath side the thermal and magnetic
pressures may be of similar importance; they are balanced
by the dominant magnetic pressure on the magnetospheric
side where, nevertheless, the thermal pressure may also be
non-negligible. Furthermore, the magnetic tension due to the
curvature of the magnetic field contributes on both sides to
the overall pressure balance, which determines the shape and
(average) location of the magnetopause (Spreiter et al., 1966;
Shue and Song, 2002).

Motion and undulation of the magnetopause have first
been studied using single spacecraft measurements (e.g.
Aubry et al., 1971). Its radial velocity and the thickness of
its current and boundary layers could first be reliably deter-
mined with data from the two neighboring spacecraft ISEE 1
and 2 using timing techniques (Berchem and Russell, 1982;
Le and Russell, 1994). These techniques became most use-
ful when applied to measurements of the four spacecraft mis-
sion CLUSTER (Paschmann et al., 2005; Panov et al., 2008),
which also opened the door to more sophisticated analy-
sis methods and inter-method comparisons (Haaland et al.,
2004). However, the reconstruction of the (radial) magne-
topause motion over extended periods of time remained sub-
ject to the integration of the boundary normal plasma velocity
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Fig. 1. Sketch of the box magnetosphere: Half space “b” (back-
ground) corresponds to the inner magnetosphere. Here the back-
ground magnetic field points in z-direction and is confined between
the ionospheric boundaries (green surfaces) atz = 0 (south) and
z = z0 (north). In the magnetosheath (half space “a”, foreground)
the background magnetic field may be tilted within the y-z-plane.
The magnetopause is located between the half spaces atx = 0 (blue
surface).

measured in the vicinity of the magnetopause (Paschmann
et al., 1990) or the more advanced empirical reconstruction
method (De Keyser et al., 2005) until the start of the five
spacecraft mission THEMIS (Angelopoulos, 2008).

During the first months of operation (coast-phase: Febru-
ary to September 2007) the five THEMIS spacecraft were fly-
ing in a row on a common coast-phase orbit. The scale size of
this so-called string-of-pearls configuration allowed for a di-
rect reconstruction of the magnetopause motion solely based
on the observed magnetopause crossing times and corre-
sponding positions of the respective spacecraft. Intervals be-
tween subsequent crossings were bridged using spline func-
tions (Glassmeier et al., 2008). A statistical analysis of the
coast-phase data with this method yielded distributions of the
radial boundary velocity, amplitude, and most notably, fre-
quency of oscillation (Plaschke et al., 2009a). Interestingly,
the magnetopause was found to oscillate with higher prob-
ability of occurrence with some distinct frequencies around
1.3, 1.9, 2.7, 3.1 and 4.1 mHz (Plaschke et al., 2009b).

Two decades ago the lowest three of these frequencies
were found to stand out in ionospheric radar measurements
of geomagnetic pulsations (Ruohoniemi et al., 1991; Samson
et al., 1991). Due to their stability and recurrence they were
attributed to magnetospheric cavity or wave guide modes
(Samson et al., 1992) and called CMS frequencies after the
cavity mode model of Samson. The distinctiveness of these
frequencies has been supported by some studies of geomag-
netic pulsations (e.g.Fenrich et al., 1995; Francia and Vil-
lante, 1997; Mathie et al., 1999) and questioned by others
(e.g.Ziesolleck and McDiarmid, 1995). Sometimes the term

“magic” has been used for their denomination, which may
be more appropriate considering the lack of direct evidence
for the existence of the cavity or wave guide modes (e.g.
Sarafopoulos, 2005). Kepko et al.(2002) and Kepko and
Spence(2003) proposed that the discrete “magic” frequen-
cies (MF) could originate from typical length scales of den-
sity variations in the solar wind. In the Earth’s frame of ref-
erence these length scales are converted into typical frequen-
cies of geomagnetic pulsations driven by the corresponding
solar wind variations.

A third explanation has been more recently suggested by
Plaschke et al.(2009b), where the magnetopause takes a
more active role: Surface waves on the magnetopause which
are reflected at and standing between the ionospheric foot-
points of closed field line shells may also account for the
frequency selection observed. Surface waves propagating
on the interface between two different plasma regimes have
first been predicted byKruskal and Schwarzschild(1954); as
a tribute to their pioneering work they are denominated as
Kruskal-Schwarzschild-modes (KS-modes).

Standing KS-modes on the magnetopause represent sur-
face eigenmodes of the boundary. These modes should be
damped in the presence of a gradual change between the
plasma regimes (Chen and Hasegawa, 1974b; Uberoi, 1989)
due to resonant absorption and excitation of shear Alfvén
waves within the boundary (see alsoBelmont et al., 1995;
De Keyser et al., 1999). Non-standing surface waves may
also be generated by the Kelvin-Helmholtz instability (e.g.
Pu and Kivelson, 1983; Fujita et al., 1996). The aim of this
paper is to calculate and discuss the properties of the stand-
ing KS-modes in the context of the ideal, single-fluid magne-
tohydrodynamic (MHD) theory for incompressible plasmas.
The reflection of the KS-modes at the ionosphere as well as
their excitation are also being addressed.

2 Basic equations

The standing KS-modes on the magnetopause are derived
in the simplified geometry of the box magnetosphere (e.g.
Southwood, 1974). Figure 1 depicts the situation consid-
ered: The x-direction corresponds to the radially inward
pointing direction in the equatorial magnetosphere. The
magnetopause is located atx = 0. Positive values ofx
indicate a location inside the (inner) magnetosphere (half
space “b”), negative values (x < 0) correspond to the mag-
netosheath half space “a”. In this geometry the background
magnetic field is stratified and homogeneous in both half
spaces; it points in the z-direction in the magnetosphere:
B0,b = B0,bez, whereez denotes the unit vector in the z-
direction. The direction of the background magnetic field
in the magnetosheath (half space “a”) shall only be re-
stricted to planes parallel to the magnetopause (y-z-plane):
B0,a = B0,a(0,sinθB ,cosθB)T. Since the background fields
are tangential to the magnetopause in both half spaces,
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the boundary in between can be regarded as a tangential
discontinuity.

The magnetospheric magnetic field is delimited in the z-
direction by the northern and southern ionospheres; in the
box magnetosphere these correspond to x-y-planes atz = 0
(south) andz = z0 (north). The ionospheres are assumed
to be infinitely conducting layers at which the electric field
vanishes. The magnetosheath magnetic field, instead, is not
bounded by the ionospheres. The box magnetosphere model
can only be a rough approximation to reality. In particu-
lar the geometry of the cusp region is extremely simplified:
close to the ionosphere magnetospheric and magnetosheath
flux tubes should no longer be adjacent to each other; their
separation, however, cannot be reflected in the model due to
the stratification of the magnetic fields.

For the derivation of the basic equations we follow the
computations detailed inDe Keyser et al.(1999): The gov-
erning equations in each of the two half spaces shall be the
ideal, single-fluid MHD equations:

ρ

(
∂v

∂t
+(v ·∇)v

)
= −∇p−∇

B2

2µ0
+

1

µ0
(B ·∇)B (1)

∂ρ

∂t
= −∇ ·(ρv) (2)

∂B

∂t
= −∇ ×E (3)

E = −v×B (4)

Hereρ denotes the mass density,v the plasma bulk veloc-
ity, p the isotropic thermal pressure,B = |B| the modulus of
the magnetic field andE the electric field. As usual, the vac-
uum permeability constant is given byµ0; t denotes the time.
Equation (4), the generalized Ohm’s law for the ideally con-
ducting plasma, can be used to substituteE in the induction
Eq. (3). The derivative∂ρ/∂t may be replaced byC−2

S ∂p/∂t ,
whereCS denotes the sound speed. A plane wave ansatz

Q = Q0+δQ = Q0+Q̃eik·r−iωt (5)

is adopted for the quantitiesρ, p, v, B and E; herek =

(kx,ky,kz)
T is the wave vector of the perturbations consid-

ered andω the respective frequency. A vanishing background
electric field and velocity (E0 = 0 andv0 = 0) as well as con-
stant background density (ρ0), pressure (p0) and magnetic
field (B0) are assumed in either of the two half spaces. The
amplitudes of the perturbations in these quantities, denoted
with a tilde sign according with Eq. (5), are also taken as
constant such that temporal and spatial variations are only
given by the exponential functions. Under these assumptions
the Eqs. (1) to (3) can be rewritten after linearization as:

ωρ0ṽ = kτ̃ −(k ·B0)
B̃

µ0
(6)

ωp̃ = (k · ṽ)C2
Sρ0 (7)

ωB̃ = −(k ·B0)ṽ+(k · ṽ)B0 (8)

Here τ̃ denotes the total pressure perturbation (e.g.De
Keyser et al., 1999):

τ̃ = p̃+
B0 · B̃

µ0
(9)

After replacingp̃ in Eq. (7) with τ̃ from Eq. (9) we obtain
a system of seven scalar equations for the perturbed quanti-
ties ṽ, B̃ andτ̃ . Elimination of all of these quantities yields
the well-known dispersion relations for the three MHD wave
modes (e.g.De Keyser et al., 1999):

�2
:= ω2

−(k ·V A)2
= 0 (10)

k2
x =

ω2

V 2
A +C2

S�2/ω2
−k2

t (11)

where V A = B0/
√

µ0ρ0 is the Alfvén velocity andkt =

(0,ky,kz)
T denotes the projection of the wave vectork onto

the magnetopause plane. Equation (10) is the dispersion rela-
tion for the shear Alfv́en wave, for which̃τ = 0 holds. Equa-
tion (11) contains the dispersion relations for both magne-
tosonic waves (fast and slow mode), whereτ̃ shall be non-
vanishing.

The KS-modes on the magnetopause considered in this pa-
per consist of two evanescent magnetosonic surface waves,
one in each of the two half spaces, for which Eq. (11) holds.
Their amplitude shall decay exponentially with increasing
distance from the magnetopause: Hence,k2

x has to be neg-
ative on both sides of the boundary.

FollowingWalker(1981) the boundary normal component
of the velocityṽx and the pressure perturbationτ̃ need to be
continuous at the magnetopause(x = 0):

τ̃a = τ̃b (12)

ṽx,a = ṽx,b (13)

such that pressure equilibrium is maintained at all times. The
indices “a” and “b” denote here the half space, to which the
respective quantities pertain. Furthermore, the frequency of
the perturbationsω and the boundary tangential wave vector
kt are also equal everywhere. The standing KS-modes have
to satisfy the boundary conditions (12) and (13), from which
their dispersion relation can be computed. For this purpose a
relation betweeñvx and τ̃ is needed, which can be obtained
from Eq. (6); substitution ofB̃ with Eq. (8) yields:

ṽ�2
=

ωτ̃

ρ0
k−(k ·V A)(k · ṽ)V A (14)

SinceV A is restricted to y-z-planes in both half spaces, the
x-component of Eq. (14) is:

ṽx�
2

= ωkxτ̃ /ρ0 (15)

Herewith the Eqs. (12) and (13) can be combined to obtain
the general dispersion relation for the magnetopause surface
waves or KS-modes (e.g.Pu and Kivelson, 1983):

kx,a

ρ0,a�2
a

=
kx,b

ρ0,b�
2
b

(16)
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As already mentioned, the amplitude of the surface waves
should decay exponentially with increasing distance from the
boundary on either side of it:kx,a and kx,b have to have
opposite signs, and�2 has to change sign at the boundary,
too. Thus, any KS-mode on the magnetopause will propa-
gate faster than an Alfv́en wave in field parallel direction in
one of the half spaces and slower in the other.

Simplification of the equations can be achieved, if the
plasma is assumed to be incompressible(∇ ·v = 0). Using
the plane wave ansatz forv we obtain the algebraic incom-
pressibility condition:k · ṽ = 0. Herewith, the rightmost term
of Eq. (14) can be omitted yielding:̃v ∼ k. Combining this
relation withk · ṽ = 0 we obtain:

k2
= k2

x +k2
y +k2

z = 0 (17)

This relation substitutes the dispersion relation (11) in the
case of incompressibility; it can also be obtained from that
equation under the assumptionCS = ∞, which is equivalent
to the incompressibility condition.

It should be noted that the assumption of incompressibil-
ity on both sides of the magnetopause is certainly not always
justified. As will be demonstrated in Sect.4 where the valid-
ity of the presented calculations is considered in detail, par-
ticularly the plasma on the magnetosheath side may have to
be regarded as compressible. However, if the boundary tan-
gential wave numberskt are large enough with respect to the
ω-dependent term in Eq. (11), then this equation should be
well approximated by Eq. (17). For these cases the assump-
tion of incompressibility significantly simplifies the analyti-
cal treatment of the standing KS-modes, which is the aim of
this paper. Otherwise the full dispersion relation (11) would
have to be considered: Replacingkx,a andkx,b herewith in
Eq. (16) yields a polynomial of degree 10 inω for which no
analytical solution can be found in general (Pu and Kivelson,
1983).

If Eq. (17) holds,k2
x < 0 is automatically enforced ifky and

kz are chosen to be real numbers. Thus, surface waves occur
at the magnetopause in the incompressible case regardless
of the plasma background parameters in the two half spaces
(Uberoi, 1989). Furthermore,|kx| is independent from the
side of the magnetopause. If compressibility were assumed
(Eq.11) |kx| would be dependent on the plasma conditions of
each side and, hence, would be different in both half spaces.
k2

x could also be positive corresponding to propagating fast
or slow waves instead of evanescent surface waves.

The geometry of the box magnetosphere can be used to
further simplify the dispersion relation (16). The background
magnetic field in half space “b” has been assumed to point
in the z-direction; it follows:�2

b = ω2
− k2

zV 2
A,b. The cor-

responding expression for half space “a” is:�2
a = ω2

−

V 2
A,a(ky sinθB + kzcosθB)2. Substitution ofkx,a = −i

√
k2

t

and kx,b = i

√
k2

t via Eq. (17) finally yields the following
equivalent relations:

ρ0,a�
2
a = −ρ0,b�

2
b (18)

ω2
=

ρ0,bV
2
A,bk

2
z +ρ0,aV

2
A,a(kysinθB +kzcosθB)2

ρ0,b+ρ0,a

As mentioned above, these equations can also be derived for
the compressible case by substitutingkx in Eq. (16) with re-
lation (11).

3 Standing Kruskal-Schwarzschild-modes

The above given equations constitute the basis for studying
the polarization properties of standing KS-modes. We start
with the electric field given by Eq. (4) in half space “b” (mag-
netosphere):̃Eb = −ṽb×B0,b. Replacing̃v with Eq. (14) for
the incompressible case(k · ṽ = 0) yields:

Ẽb = −
ωτ̃

�2
bρ0,b

k×B0,b

= −
ωτ̃

�2
bρ0,b

(kyB0,bex −kx,bB0,bey) (19)

At the ionospheres atz = 0 andz = z0 the electric field in
the x-y-plane should vanish due to the high Pedersen con-
ductivity, assumed to be infinite. An incident magnetopause
surface wave will be reflected there; both, incident and re-
flected waves (upper indizes I and R, respectively) will be
superposed such that the condition for the electric field is sat-
isfied at the ionospheres (Eb = 0). Hence, to find a solution
in the specified geometry a second wave of equal amplitude
with respect to the incident wave needs to be added, which
propagates in opposite direction (−z) with a phase shift of
180◦.

Since perfect reflection of the incident wave is assumed,
the ionospheric dissipation of the wave’s energy due to Joule
heating and the consequent damping are neglected. Further-
more, the Hall conductivity shall not be considered. This
implies that additional ionospheric evanescent waves (Allan
and Knox, 1979, 1982) generated by Hall currents upon re-
flection of an incident magnetopause surface wave are also
neglected.

For the reflected wavekx,b, ky and ω will remain un-
changed. It follows from the incompressibility condi-
tion (17), thatk2

z should be equal, too. Only the sign ofkz
can and must differ. Since the plasma parametersB0,b and
ρ0,b also hold for both waves, the relationsẼI

x,b = −ẼR
x,b and

ẼI
y,b = −ẼR

y,b can only be satisfied in:

δEb = (ẼI
x,b,Ẽ

I
y,b,0)Tei(kx,bx+kyy−ωt)eikzz

+ (ẼR
x,b,Ẽ

R
y,b,0)Tei(kx,bx+kyy−ωt)e−ikzz (20)
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with kz := kI
z = −kR

z and

(ẼI
x,b,Ẽ

I
y,b,0)T

=
ωτ̃ IB0,b

(�I
b)

2ρ0,b
(−ky,kx,b,0)T (21)

(ẼR
x,b,Ẽ

R
y,b,0)T

=
ωτ̃RB0,b

(�R
b )2ρ0,b

(−ky,kx,b,0)T (22)

from Eq. (19), if the quotients ofτ̃ and�2
b in the Eqs. (21)

and (22) differ only by their sign:

τ̃ I

(�I
b)

2
= −

τ̃R

(�R
b )2

=:
τ̃

�2
b

(23)

Taking this into account the disturbance of the electric field
(Eq.20) can be rewritten as:

δEb = 2i(ẼI
x,b,Ẽ

I
y,b,0)Tei(kx,bx+kyy−ωt)sin(kzz) (24)

The factor sin(kzz) is inherent in Eq. (20) and can be obtained
using Eq. (23):

P+,b :=
τ̃ Ieikzz

(�I
b)

2
+

τ̃Re−ikzz

(�R
b )2

= 2i
τ̃

�2
b

sin(kzz) (25)

It should be noted that a minus sign in this sum would result
in a factor cos(kzz). More generally, we defineP±,a/b as
follows to simplify some equations in this section:

P±,a/b :=
τ̃ Ieikzz

(�I
a/b)

2
±

τ̃Re−ikzz

(�R
a/b)

2
(26)

As can be seen, the tangential electric field at the ionospheres
(at z = 0 andz = z0) vanishes, if the condition

kzz0 = nπ for n ∈ N (27)

is satisfied. Hence, for a KS-mode to be standing on the mag-
netopause a multiple of half its wave length in the z-direction
(λ/2) must fit between the ionospheres:z0 = nλ/2. This dis-
cretization ofλ directly results from the confinement of the
background magnetic field in the magnetosphere between the
totally reflecting ionospheric boundaries.

From the x- and y-components of the ansatz (20) of δEb
the corresponding velocity components can be easily calcu-
lated via the linearized Eq. (4):

(δvx,b,δvy,b) = (δEy,b,−δEx,b)/B0,b

= (kx,b,ky)
ω

ρ0,b
ei(kx,bx+kyy−ωt)P+,b (28)

= 2i(kx,b,ky)
ωτ̃

�2
bρ0,b

· (29)

· ei(kx,bx+kyy−ωt)sin(kzz)

The z-component of the velocity field can be obtained via the
incompressibility condition(∇ ·δvb = 0):

∂

∂z
δvz,b = −

∂

∂x
δvx,b−

∂

∂y
δvy,b (30)

Derivation of the components of Eq. (28) and subsequent in-
tegration of Eq. (30) yields after replacingk2

x,b+k2
y by −k2

z
via Eq. (17):

δvz,b = kz
ω

ρ0,b
ei(kx,bx+kyy−ωt)P−,b (31)

Finally we obtain for the velocity disturbance of the standing
KS-mode in half space “b”:

δvb =

ikx,bsin(kzz)

ikysin(kzz)

kzcos(kzz)

 2ωτ̃

�2
bρ0,b

ei(kx,bx+kyy−ωt) (32)

It should be noted, that the amplitudes of the two superposed
waves contributing to the disturbance of the velocity field
are consistent with Eq. (14) for the incompressible case, al-
though they have not been directly obtained using this equa-
tion.

From Eq. (32) the disturbance of the magnetic field can be
easily determined using the induction Eq. (3). Replacement
of E with Eq. (4), usage ofB0,b = B0,bez as well as∇ ·B =

0, ∇ ·v = 0 and linearization yield:

∂

∂t
δBb = (B0,b ·∇)δvb = B0,b

∂

∂z
δvb (33)

With Eqs. (28) and (31) this results into:

δBb = −
B0,b

ρ0,b
ei(kx,bx+kyy−ωt)

kx,bkzP−,b
kykzP−,b

k2
zP+,b

 (34)

= −
2B0,bτ̃

ρ0,b�
2
b

ei(kx,bx+kyy−ωt)

kx,bkzcos(kzz)

kykzcos(kzz)

ik2
z sin(kzz)

 (35)

The quantities in half space “a” (magnetosheath) can be de-
rived using the magnetopause boundary conditions (12) and
(13). Both waves considered in half space “b” (magneto-
sphere) necessarily have to have their counterparts in the
magnetosheath; the spatial structure of these waves result-
ing from their ionospheric reflection on the magnetospheric
side is imposed via the magnetopause boundary conditions
to the waves in the magnetosheath, which lacks ionospheric
reflecting boundaries.

In this half space “a” the x-component of the velocity field
is given by:

δvx,a =
ωkx,a

ρ0,a
P+,ae

i(kx,ax+kyy−ωt) (36)

This equation satisfiesδvx,a = δvx,b at x = 0 (boundary con-
dition 13), if the following relation holds:

kx,aP+,a

ρ0,a
=

kx,bP+,b

ρ0,b
(37)

Considering the continuity of̃τ at the magnetopause (bound-
ary condition12) Eq. (37) is satisfied, as it is equivalent to the
sum of the dispersion relations (16) for each of the surface
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waves (indices I and R) composing the standing KS-mode.
Furthermore, it can be easily seen, that Eq. (23) holds true
also for half space “a”.

The other two components of the velocity field can be ob-
tained with Eq. (14) under the assumtion of an incompress-
ible plasma, whichδvb (Eq. 32) andδvx,a (Eq. 36) are con-
sistent with. We obtain:

(δvy,a,δvz,a) = (kyP+,a,kzP−,a)
ω

ρ0,a
ei(kx,ax+kyy−ωt) (38)

It shall be noted, that the sign inP−,a is negative forδvz,a,
sincekz has opposite signs for the two considered waves.
Altogether, a comparison of the velocity disturbancesδv of
both half spaces at the boundary (x = 0) yields, taking into
account the dispersion relation (18), the boundary conditions
(12) and (13) as well as the definition ofP (Eq.26):δvx,a

δvy,a
δvz,a

 =

 δvx,b
−δvy,b
−δvz,b

 (39)

Hence, the plasma flow tangential to the magnetopause is
expected to oscillate in opposite direction on both sides under
the influence of a standing KS-mode.

Equations (36) and (38) can be further simplified with the
help of Eq. (23):

δva =

ikx,asin(kzz)

ikysin(kzz)

kzcos(kzz)

 2ωτ̃

�2
aρ0,a

ei(kx,ax+kyy−ωt) (40)

As can be seen, this relation is practically identical to the
one of Eq. (32). The mentioned velocity shear across the
magnetopause is consistent with the change in sign ofρ0�

2

(Eq.18).
To obtain the disturbance of the magnetic field in half

space “a” Eq. (33) has to be reevaluated for a non-vanishing
y-component of the background magnetic fieldB0,a:

∂

∂t
δBa = (B0,a·∇)δva (41)

= B0,a

(
sinθB

∂

∂y
δva+cosθB

∂

∂z
δva

)
Herewith we obtain using Eqs. (36) and (38):

δBa = −
B0,a

ρ0,a
ei(kx,ax+kyy−ωt)

· (42)

·

kysinθB

kx,aP+,a
kyP+,a
kzP−,a

+kzcosθB

kx,aP−,a
kyP−,a
kzP+,a


= −

2B0,aτ̃

ρ0,a�2
a
ei(kx,ax+kyy−ωt)

· (43)

·

ikx,akysinθB sin(kzz)+kx,akzcosθB cos(kzz)

ik2
y sinθB sin(kzz)+kykzcosθB cos(kzz)

kykzsinθB cos(kzz)+ ik2
z cosθB sin(kzz)



FromδBb (Eq.35) andδBa (Eq.43) the current densities in
both half spaces (δj = ∇ ×δB/µ0) can be easily computed:

δja = δjb = 0 (44)

Hence, the KS-modes (surfaces waves) are not associated
with any currents flowing inside of the two half spaces (mag-
netosphere and magnetosheath).

Currents do only flow on the magnetopause itself. These
shall now be computed: At the boundary (x = 0) the surface
current densityJ = J 0+δJ is composed of the background
value, associated with the background magnetic fieldsB0 in
both half spaces, and of its disturbanceδJ given byδB. J 0
is the steady Chapman-Ferraro (CF) current on the magne-
topause. The surface current can be computed from the curl
of the magnetic field across the discontinuity (atx = 0) using
Stokes’ theorem:

J =

(
Jy
Jz

)
=

1

µ0

(
Bz,a−Bz,b
By,b−By,a

)
(45)

Herewith the CF current is given by:

J 0 =
1

µ0

(
B0,acosθB −B0,b

−B0,asinθB

)
(46)

andδJ can be written in the following form using the disper-
sion relation (18) and the boundary condition (12):

δJ =
2τ̃

µ0ρ0,b�
2
b

ei(kyy−ωt)

{(
kykzcos(kzz)

−ik2
y sin(kzz)

)
B0,asinθB +

+

(
ik2

z sin(kzz)

−kykzcos(kzz)

)
[B0,acosθB +B0,b]

}
(47)

This vector contains the y- and z-components of the surface
current density. The surface divergence of the current can be
calculated therewith:

∇ ·δJ =
∂

∂y
δJy +

∂

∂z
δJz = 0 (48)

As expected from the current densities (44) inside of the two
half spaces, the divergence of the surface current on the mag-
netopause vanishes.

4 Validity of the calculations

The purpose of this section is to discuss under which condi-
tions the above given calculations are valid. First, a possible
conflict between the dispersion relations of the magnetosonic
waves and the KS-modes has to be considered in detail: The
wave number of the reflected surface wave (R) differs from
the incident wave (I) to the ionosphere only by the sign of
its z-component:kR

z = −kI
z. This is a direct consequence of

the dispersion relation (17) in the incompressible case con-
sidered; assuming compressibilitykR

z could be obtained from
the more general relation (11) for magnetosonic waves. The
frequencyω must be equal for both waves, which potentially
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conflicts with the dispersion relation (18) for the KS-modes,
from which the frequency may be obtained for a given wave
vector. If a common frequency holds for the two waves, ei-
ther Eq. (17) or (18) may not be satisfied. Assuming the
validity of Eq. (17) kR

z = −kI
z the dispersion relation (18) is

consistent herewith only, if(kysinθB +kzcosθB)2 is equal for
both waves orB0,a = 0 in the magnetosheath, which would
be an unrealistic assumption. Sinceky has to remain un-
changed for the boundary conditions at the ionospheres to be
fulfilled, the above stated condition is, hence, only satisfied,
if ky = 0 (case 1), sinθB = 0 (case 2) or cosθB = 0 (case 3).

Additionally, it has to be tested if the assumption of an in-
compressible plasma is justified. For this purpose Eq. (11)
may be used, which converts to Eq. (17) in the limit of in-
compressibility. The first term on the right side of Eq. (11):

K2
:=

ω2

V 2
A +C2

S�2/ω2
(49)

has to be much smaller than the second term on this side:

|K2
| � k2

t (50)

It shall be noted, thatK can be negative (see definition of
�2).

In order to make a realistic assessment of the relation (50)
typical values of the plasma parameterspB (magnetic pres-
sure),Np (proton number density) andβ (quotient of ther-
mal and magnetic pressures) on both sides of the magne-
topause are used: We obtain these for the low shear (high
shear) situation at the magnetopause from the Figs. 9 and
10 of Phan et al.(1994); they are listed in Table1. Aver-
ages for the low and high shear situations are computed for
each half space. FrompB andNp typical values of the back-
ground magnetic fields and of the mass densities can be cal-
culated. For the magnetosheath we obtain:B0,a = 33.1 nT
andρ0,a = 3.18×10−20 kg m−3. It follows an Alfvén veloc-
ity of: VA,a= 166 km s−1. The sound speed can then be com-
puted with βa = 2.75: CS,a = VA,a

√
γβa/2 = 251 km s−1.

Here an adiabatic coefficient ofγ = 5/3 has been used. For
the magnetosphere (half space “b”) we get the following val-
ues:B0,b = 61.3 nT,ρ0,b = 3.35×10−21 kg m−3, βb = 0.15,
VA,b = 945 km s−1 andCS,b = 334 km s−1.

As can be easily seen, the relative importance of the sound
speedCS is greater in the magnetosheath, where it is larger
than the Alfv́en velocity. However in absolute terms both
characteristic speeds (Alfvén and sound speed) are larger in
the magnetosphere than in the magnetosheath. A typical
length along the magnetopause between the ionospheres is
taken fromPlaschke et al.(2009b):

z0 = 2.73×105 km (51)

According to the relation for standing KS-modes (27), the
field parallel wave number (on the magnetospheric side) is
chosen to bekz = nπ/z0.

Fig. 2. RatiosK2/k2
z = K2/k2

t of half space “a” (magnetosheath)
for different values of cos2θB and typical plasma conditions given
in the text. Case 1 (ky = 0) has been considered. For low ratios
K2/k2

z � 1 the assumption of incompressibility would be justified.

We first consider case 1 and setky = 0 as well as the val-
ues given above inK2, k2

t and in the dispersion relation of
the KS-modes (18). From this relation the corresponding
eigenfrequenciesω of the standing KS-modes are obtained.
Please note that in the cases 1 and 2,ω2 is proportional ton2

and weakly dependent on cos2θB ; this holds true also forK2

(Eq.49), which is a function ofω2. The ratio ofK2(cos2θB)

andk2
t is shown in Fig.2 for half space “a” (magnetosheath),

wherek2
t = k2

z for ky = 0. This quotient is no longer depen-
dent onn; hence, it is valid for all the harmonics of the stand-
ing KS-modes under the above given assumptions (case 1)
and parameters. The assumption of incompressibility would
be justified, if the quotient were far below 1 (K2

� k2
z). In

Fig. 2, however, it can be seen that in half space “a” this
quotient is mostly even larger for all the orientations of the
magnetic fieldθB in the magnetosheath. Therefore, we have
to conclude that the assumption of incompressibility is not
valid for typical plasma conditions at the magnetopause if
ky = 0 is chosen.

Let us now consider case 3 (cosθB = 0), where sinθB = ±1
necessarily holds. The background magnetic field in the
magnetosheath (half space “a”) is, hence, assumed to be per-
pendicularly directed with respect to the field within the mag-
netosphere. As described, the quotientK2/k2

t can be com-
puted with the above given plasma parameters. However, in
this case the quotient is only dependent onky and no longer
on θB . If ky is chosen as a factor ofkz, which is propor-
tional to n, it becomes itself proportional to the number of
the harmonic. Thus,K2(ky/kz), ω2(ky/kz) andk2

t (ky/kz)

will be proportional to and the quotientK2/k2
t independent

from n2. This quotient is depicted in Fig.3 for the magne-
tosheath. It can be seen that also in this case 3 the assumption
of incompressibility (K2

� k2
t ) can hardly be justified, since

ratios around 0.7 or larger are obtained for typical plasma
conditions around the magnetopause.
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Table 1. Typical values of the magnetic pressurepB , the proton number densityNp and the quotient of thermal and magnetic pressuresβ

on both sides of the magnetopause for the low and high shear situations. Taken from the Figs. 9 and 10 ofPhan et al.(1994).

low shear high shear

quantity magnetosheath magnetosphere magnetosheath magnetosphere
(half space “a”) (half space “b”) (half space “a”) (half space “b”)

pB 0.6 nPa 1.7 nPa 0.3 nPa 1.3 nPa
Np 20 cm−3 3 cm−3 18 cm−3 1 cm−3

β 2.0 0.2 3.5 0.1

Fig. 3. RatiosK2/k2
t = K2/(k2

y + k2
z) of half space “a” (magne-

tosheath) for different values ofky/kz and typical plasma condi-
tions given in the text. Case 3 (cosθB = 0) has been considered. For
low ratiosK2/k2

t � 1 the assumption of incompressibility would
be justified.

The only remaining option for all equations to be strictly
satisfied is case 2 (sinθB = 0): In this case both frequencies
ω2 and�2 are not dependent onky; hence, this holds true
also forK2. If ky is increased,k2

t = k2
y + k2

z will grow and

the ratio|K2
|/k2

t will decrease correspondingly such that the
relation (50) can be satisfied in both half spaces. Therefore,
if sinθB = 0 yields (case 2), a sufficiently largeky will result
in the incompressibility assumption to be globally justified.

The results of the preceding section are, hence, only ap-
plicable, if the magnetic field in the magnetosheath is par-
allel or antiparallel to the magnetospheric background field.
As already stated, the dispersion relation of the surface KS-
modes (Eq.18) becomes then independent fromky; the
eigenfrequencies of these modes remain only dependent on
the plasma parameters in both half spaces and the distance
between the ionospheresz0 along the magnetopause field
lines.

The validity of the calculations is further limited due to
the simplified geometry of the box magnetosphere and also
due to the assumption of a vanishing background velocity in
both half spaces (v0 = 0). It shall be recalled that the plasma

flow velocity increases in the actual magnetosheath with in-
creasing distance from the stagnation point towards the tail.
If the plasma convection inside the inner magnetosphere is
neglected, a fairly good approximation to this situation could
be achieved in the box magnetosphere model, if a radially
outward directed magnetosheath plasma flow tangential to
the magnetopause would be assumed diverging from a cen-
tral (stagnation) point atz = z0/2.

The theory of the KS-modes can be generalized to include
effects of a constant shear flow across the boundary as shown
for instance inPu and Kivelson(1983) by taking into account
a doppler shift of the frequency in one of the two half spaces;
if only a flow in the magnetosheath half space “a” is present,
this relation would be:

ωa= ωb−kt ·v0,a (52)

Hereωa andωb are the frequencies in the respective plasma
rest frames andv0,a is the background flow velocity vector
(tangential to the magnetopause) in the magnetosheath. By
substitution ofωa with Eq. (52) in �2

a of Eq. (18) a modified
dispersion relation for the KS-modes can be obtained (see
Eq.53below) as computed byPu and Kivelson(1983).

Although the propagation of the KS-modes is in princi-
ple possible in the presence of a magnetosheath plasma flow,
finding a solution of the MHD equations for the complex (di-
vergent) flow situation suggested above would most probably
have to be subject to numerical calculations and, thus, out of
the scope of this paper. Therefore, we opted for consider-
ing only the case of a vanishing background plasma veloc-
ity, which describes best the situation close to the stagnation
point on the terrestrial magnetopause.

Additionally, a strong shear flow would be quite unfa-
vorable for the appearance of standing KS-modes: first, the
boundary could become Kelvin-Helmholtz unstable. In this
case the perturbations caused by a propagating KS-mode
could grow in amplitude fed by the shear flow; the wave
forms would at some point be distorted due to non-linear
effects diminishing the constructive self-interference of the
KS-mode after reflection at the ionospheres, which is re-
quired for a standing wave to occur.

Secondly, the larger the flow is on the magnetosheath side
the more difficult it should be for a KS-mode to propagate
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in opposite direction to this flow. This shall be considered
in detail: In case 2 (parallel magnetic fields in both half
spaces) the dispersion relation (18) of the KS-modes for a
non-vanishing flow in the z-direction (v0,a = v0,aez) is given
by:

ω2
b

k2
z

(ρ0,a+ρ0,b) −
ωb

kz
2ρ0,av0,a+ (53)

+ ρ0,av
2
0,a−ρ0,aV

2
A,a−ρ0,bV

2
A,b = 0

This flow situation may be apparent at the real terrestrial
magnetopause north or south of the stagnation point towards
the cusp regions. The solutions inωb/kz of this quadratic
equation correspond to the propagation speeds parallel or an-
tiparallel to the flow in the z-direction in the frame of the rest-
ing magnetospheric plasma. They are depicted in Fig.4 by
solid lines as a function ofv0,a for the typical values ofρ0,a,
ρ0,b, VA,a andVA,b derived fromPhan et al.(1994). The+

and− signs indicate the flow-parallel and anti-parallel prop-
agation speeds. For comparison the functionωb/kz = v0,a is
shown with a dashed line;ωb/kz = 0 is depicted by a dotted
line.

As can be seen, the flow increases the propagation speed of
the KS-modes in its direction whereas oppositely propagat-
ing KS-modes move slower than without a magnetosheath
flow. In this case of vanishing flow velocity (v0,a = 0) the
propagation is symmetric in the z-direction at (seePlaschke
et al., 2009b):

vph := ωb/kz = 332 km s−1 (54)

given by the typical magnetosheath and magnetospheric
plasma parameters indicated above. If the flow speed reaches
a critical value (here approximatelyv0,a = 350 km s−1) then
KS-modes are no longer able to propagate against the flow
in the magnetospheric plasma rest frame and standing KS-
modes cannot occur. This shows that the concept of the
standing KS-modes is not applicable any more if at any point
along the magnetopause any of the two oppositely propagat-
ing waves composing the standing KS-mode is not able to
propagate against the magnetosheath plasma flow as its speed
may exceed the critical value. Clearly, a slow solar wind
leading to diminished plasma flow velocities in the mag-
netosheath appears to be favorable for standing KS-modes
to occur, as suggested also by the results ofPlaschke et al.
(2009c).

5 Discussion and properties of the KS-modes

The ansatz used in Sect.3 for the standing KS-modes, where
their reflection at infinitely conducting ionospheric layers is
assumed, is not new. It has been used for instance for the
computation of standing Alfv́en waves in the magnetosphere
(e.g.Cummings et al., 1969). In a box magnetosphere model
of the situation the disturbance in the electric field and the

Fig. 4. Solid lines: propagation speeds of a KS-mode in the z-
direction (ωb/kz) in the frame of the resting magnetospheric plasma
as a function of the magnetosheath flow speedv0,a (also in the z-
direction).±: parallel or anti-parallel propagation of the KS-mode
with respect to the flow. Dashed line: functionωb/kz = v0,a, dotted
line: ωb/kz = 0.

velocity for a standing Alfv́en wave would be proportional
to a factor sin(kzz), which maximizes in the equatorial mag-
netosphere in the case of the fundamental mode. The am-
plitude of the magnetic field oscillations, however, would be
strongest in the vicinity of the ionospheres; their amplitude
would be proportional to a factor cos(kzz).

In the case of the KS-modes the amplitude distributions
are not as simple: The reflection takes place only on one side
of the magnetopause, while the plasma parameters on both
sides are important for the propagation of the KS-modes.
The sine and cosine factors are both part of the amplitudes
of the velocity and magnetic field disturbances, depending
on the component, and are both present in each component
of δBa and δJ , which makes the situation more complex.
These differences simply arise from the fact that KS-modes
are not plain Alfv́en waves: The governing dispersion rela-
tion in both half spaces belongs to the magnetosonic waves.
Nevertheless, the standing KS-mode does have some remark-
able similarities with a standing Alfv́en wave, which will be
discussed in this section.

We begin with an interpretation ofδBa andδBb (Eqs.43
and35). According to the results of the previous section the
background magnetic field in the magnetosheath (half space
“a”) is assumed to be parallel to the magnetospheric field:
B0,a= B0,aez. It follows thatθB = 0, sinθB = 0 and cosθB =

1. This simplifies considerably the relations forδBa (Eq.43)
andδJ (Eq. 47). Furthermore, only the fundamental mode
of the standing KS-modes shall be discussed (n = 1). From
Eq. (27) we obtain:kzz0 = π .

Under these assumptions the field perpendicular compo-
nents of the disturbances of the magnetic field (x- and y-
components ofδBa and δBb) are strong only in the vicin-
ity of the ionospheres. In Eq. (35) this is apparent in the
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Fig. 5. Sketch of the magnetic and velocity fields and of the mag-
netopause inclination. In the equatorial plane the radial velocity of
the magnetopause (δvx) is strongest. At the ionospheres no bound-
ary motion takes place. The consequent inclination of the magne-
topause corresponds with the inclination of the magnetic field in
both half spaces, such that it remains tangential to the boundary.

factor cos(kzz) of these components, which maximizes at
z = 0 andz = z0. This applies also to Eq. (43), where due to
sinθB = 0 only the second terms of the sums within the vec-
tor are relevant. However, the field parallel components (z-
direction) in both half spaces vanish atz = 0 andz = z0 due
to the factor sin(kzz). Hence, the disturbances of the mag-
netic field close to the ionospheres are purely field perpen-
dicular and the standing KS-modes look almost like standing
Alfv én waves there. In the vicinity of the equatorial plane the
character of the KS-mode is completely different: The ampli-
tudes of the z-components (field-parallel) of the disturbances
of the magnetic field maximize on both sides of the magne-
topause; the field perpendicular components vanish. Hence,
the oscillations in the magnetic fields are purely compres-
sional there. This difference in the character of the magnetic
field disturbances depending on the location (Alfvénic at the
ionospheres, compressional at the equator) is one of the most
remarkable properties of the standing KS-modes.

The oscillations in the velocity fields correspond with the
results obtained for the magnetic fields via the induction
Eq. (3). Unlike for δBa the direction of the background
magnetic field in the magnetosheath (θB ) is generally irrel-
evant forδv. As already known for standing Alfvén waves
in the magnetosphere, the amplitudes ofδv maximize where
the ones ofδB do not and vice versa. Accordingly, the
field-perpendicular components are strongest in the equato-
rial plane (sine factor); the z-component (field parallel) max-
imizes at the ionospheres.

As computed above the standing KS-mode is associated
with a shear tangential plasma flow across the magnetopause
boundary (see Eq.39). Near the ionospheres only a field
parallel plasma motion (z-component) takes place in the fun-
damental KS-mode. In the equatorial plane, however, the
azimuthal y-component of this shear flow is strongest. Fur-

thermore, it is potentially Kelvin-Helmholtz unstable under
the assumption of parallel background magnetic fields in the
z-direction. The implications this may have to the KS-mode
are unclear at this point; further studies are required to deter-
mine possible adverse effects on the stability of the KS-mode
or any changes in its properties if the Kelvin-Helmholtz in-
stability is taken into consideration.

The continuity of the x-component of the plasma veloc-
ity has been set as boundary condition;δvx (Eqs. 32 and
40) also represents the radial velocity of the magnetopause
boundary itself. Its amplitude distribution is consistent with
the expectation, that the most notable motion of the magne-
topause should occur in the equatorial plane; the boundary
is fixed by the magnetospheric magnetic field at the iono-
spheres and, hence, its motion shall be minimal there, as de-
picted in Fig.5. The inhomogeneous radial velocity field
leads to an inclination of the boundary, which is largest near
the ionospheres in the geometry of the box magnetosphere.
In the real magnetosphere the points of negligible magne-
topause (radial) motion would correspond to the northern
and southern cusp regions. At the magnetic equator, how-
ever, where the magnetopause moves in normal direction, no
inclination in the x-z-plane is observed for the fundamental
KS-mode.

Interestingly, although theδvx component is continuous
across the magnetopause,δBx is not. This raises the ques-
tion if the condition∇ ·B = 0 may not be satisfied at the
boundary. With the dispersion relation (16) and under the
assumption of parallel background magnetic fields (θB = 0)
we obtain from the x-components of the Eqs. (35) and (43)
at the position of the magnetopause (x = 0):

δBx,b/B0,b = δBx,a/B0,a (55)

This result is consistent with the radial velocityδvx and the
inclination of the magnetopause discussed above (see Fig.5).
The amplitudes of theδBx components are largest at the
ionospheres, where the inclination of the magnetopause is
largest. Since the quotient of the disturbance in that direc-
tion and the background magnetic field (in z-direction as
assumed) is continuous across the magnetopause, the total
magnetic field vectors in the x-z-plane at the boundary re-
main tangential to each other on both sides and consistent
with the magnetopause inclination (see Fig.6). This can
be easily proven: The displacementξx of the boundary (in
x-direction) can be obtained from the velocityvx (e.g. De
Keyser et al., 1999):

− iωξx = vx (56)

It is a function of the coordinatesy andz: ξx = ξx(y,z). A
vector normal to the boundaryn is given at any point(y,z)

by:

n =

 1
−∂ξx/∂y

−∂ξx/∂z

 (57)
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Fig. 6. Sketch of the magnetic field in the x-z-plane: The total field
is tangential to the magnetopause on both sides, such that the normal
component vanishes. The magnetopause keeps being a tangential
discontinuity. The inclination of the magnetic fields corresponds
with the local inclination of the magnetopause.

For the total magnetic field to be parallel to be magnetopause,
it must obey the relationn ·B = 0. This gives withB0x = 0
independently of the half space considered:

0 = n ·B0+n ·δB (58)

= −(B0 ·∇)ξx +δBx −
∂ξx

∂y
δBy −

∂ξx

∂z
δBz (59)

Linearization of this Eq. (59) yields the omission of its last
two terms, because they consist of a product of two perturbed
quantities. Thus we obtain:

(B0 ·∇)ξx = δBx (60)

Replacingξx with vx via Eq. (56) yields exactly the x-
component of the induction Eqs. (33) and (41) for the half
spaces “b” and “a”. Hence, in the framework of linearized
MHD theory the magnetopause strictly keeps being a tan-
gential discontinuity without any magnetic field component
normal to its surface, where∇ ·B = 0 is satisfied.

We now focus on the disturbance of the surface current
density: if sinθB = 0 is assumed, the background surface
currentJ 0 flows everywhere on the magnetopause surface
in y-direction (CF current). The disturbanceδJ is given by
Eq. (47), of which only the second term in the brackets (pro-
portional toB0,acosθB + B0,b) is important. Interestingly,
if cosθB = 1 andB0,a = −B0,b then δJ = 0 follows (anti-
parallel background fields of equal strength). Otherwise, the
y-component ofδJ is strongest in the equatorial plane, where
oscillations in its field parallel z-component vanish. Hence,
the CF current is periodically increased and decreased in this
plane, but not deflected. This corresponds to the oscillations
in the z-component of the magnetic fields on both sides of
the magnetopause.

At the boundary (x = 0) the y- and z-components of
δB (Eqs.35 and43) obey the following relation assuming
θB = 0:

y

z

δJ

z=0

z=z0

x

J0=JCF

δJiono

Fig. 7. Current system in the fundamental KS-mode. The indenta-
tion of the equatorial magnetopause (red arrow) is associated with a
disturbance surface current (orange arrows), which increases the CF
current (yellow arrows). The localization of the indentation makes
the currents to be closed via field aligned currents to the ionosphere,
where they are closed via ionospheric currents (green arrows).

δBy/z,a

B0,a
= −

δBy/z,b

B0,b
(61)

When the magnetopause moves in the equatorial plane, the
magnetic field will be compressed on one side and expanded
on the other. Hence, ifB0,a andB0,b are both positive (paral-
lel background fields),δBz must have opposite signs on both
sides consistent with Eq. (61). If the background fields are
anti-parallel, the expansion and compression correspond to
magnetic field disturbancesδBz in equal direction: the nega-
tive sign in Eq. (61) is countered by the opposite signs of the
background fieldsB0.

In the vicinity of the ionospheres only the field parallel z-
component ofδJ remains: The superposed, additional cur-
rent to the CF current in the equatorial plane has to be closed
somehow. Since the surface divergence has been found to be
zero (Eq.48) and also the current densities vanish in both half
spaces (Eq.44), this closure can only be achieved via field
aligned currents in the magnetopause from and towards the
ionospheres atz = 0 andz = z0. In this aspect the standing
KS-modes are similar to standing Alfvén waves, whose field
aligned currents also have to be closed in the ionosphere.
The field aligned currents themselves are associated with the
Alfv énic magnetic disturbances near the ionospheres, which
have already been discussed. The complete current circuit
on the magnetopause and in the ionospheres corresponding
to an inward motion of the boundary is depicted in Fig.7.

As already mentioned, the current density vanishes within
the half spaces (Eq.44). Therein only evanescent waves
propagating alongz in opposite directions can be observed,
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which belong together to the standing KS-mode structure de-
scribed. The KS-mode is, hence, a pure surface wave, which
is supported by currents flowing entirely inside of the bound-
ary (closed via the ionospheres); any divergence of these sur-
face currents would lead to mode coupling of the KS-mode
to propagating waves inside of any of the two half spaces.
The motion of the magnetopause associated with a KS-mode
is very similar to that of a membrane under tension: The
KS-modes correspond in this picture to the membrane eigen-
modes. The wave numberkz along the background field ac-
counts for the quantization of these eigenmodes. The stand-
ing KS-modes are possible due to their reflection at the iono-
spheres, where the magnetopause is at rest and the oscillating
(magnetopause) membrane is supported.

The current system and the characteristics of these mem-
brane eigenoscillations match the excitation mechanism of
the KS-modes described inPlaschke et al.(2009b): A local
indentation of the magnetopause leads to a local disturbance
of the CF current, which is closed via field aligned currents
associated with an Alfv́enic disturbance of the magnetic field
(Glassmeier and Heppner, 1992). The localization of the in-
dentation is emphasized here, because a global motion of the
magnetopause would only result in a global modification of
the strength of the CF current without a qualitative modifica-
tion of the current configuration. The field aligned currents
are closed in the ionosphere, if they flow on closed magne-
topause field lines. Hence, the current system set up by a lo-
cal indentation of the magnetopause matches the one associ-
ated with the KS-mode as described above (see Fig.7). Con-
sequently, a localized pressure enhancement in the vicinity of
the dayside magnetopause within the magnetosheath should
be favourable for the excitation of a standing KS-mode.

This mechanism of excitation is in some respects simi-
lar, however, ultimately different to the field-line resonance
(FLR) process, by which standing Alfvén waves may be gen-
erated inside the magnetosphere; the FLR process shall be
briefly recalled (seeSouthwood, 1974): if compressibility of
the plasma is assumed, then compressional waves traveling
from the magnetopause in the direction of the Alfvén veloc-
ity gradient into the magnetosphere (towards the Earth) may
encounter a turning point where they are totally reflected.
Beyond this point the character of the compressional waves
changes from propagating to evanescent. Nevertheless, fur-
ther inside the evanescent compressional waves can couple
locally to Alfvén waves at a resonance point, where their
propagation velocity in the direction of the magnetic field
equals the Alfv́en velocity (resonant coupling, first resonance
condition). Alfvén waves standing between the ionospheres
may occur where their eigenfrequency coincides with the fre-
quency of the driving compressional wave (second resonance
condition). Since there is a smooth gradient in eigenfre-
quencies across field-line shells in the magnetosphere distur-
bances of a broad range of ultra-low frequencies may lead to
the generation of standing Alfvén waves via the FLR process.

This process can also occur inside the magnetopause,
if the boundary is considered to be of (small but) non-
negligible thickness, wherein a smooth transition between
magnetosheath and magnetospheric values of all relevant
plasma parameters takes place. In this case fast waves in-
coming from the magnetosheath may be reflected at turning
points or couple locally to Alfv́en or slow waves at (multi-
ple) resonance points depending on the characteristics of the
fast wave (the boundary tangential wave vector), the gradient
of the Alfvén velocity and the rotation of the magnetic field
inside the magnetopause. Different classes of possible solu-
tions are discussed in detail inBelmont et al.(1995) andDe
Keyser et al.(1999).

The FLR and the excitation mechanism of KS-modes are
similar with respect to the local coupling of a compressible
disturbance (a fast wave or a pressure enhancement) to an-
other mode (an Alfv́en wave or a KS-mode), which absorbs
part of the energy of the original disturbance and may evolve
into a standing mode due to ionospheric reflection. One of
the major differences are the modes taking part in the re-
spective coupling processes: As stated above, the KS-mode
is a collective mode of oscillation involving plasma on both
sides of the boundary. It is composed of two evanescent mag-
netosonic waves, one in either of the two half spaces. The
Alfv én wave generated by a FLR, instead, may propagate in-
side the magnetosphere or inside the magnetopause boundary
only. Both waves (Alfv́en and KS-modes) may be simultane-
ously present at the magnetopause. The Alfvén wave is gen-
erated via a FLR in a boundary of finite thickness, where the
plasma parameters change smoothly from the magnetosheath
to the magnetospheric side. The KS-mode, instead, will be
exponentially damped unless the boundary has a vanishing
thickness. The damping rate increases if the change in the
plasma parameters is more gradual (less sharp), asChen and
Hasegawa(1974b) have shown.

The nature of the KS-mode actually opposes its excita-
tion by a fast wave incoming from the magnetosheath: on
this side of the boundary the KS-mode resembles an evanes-
cent magnetosonic wave. A propagating fast wave would in-
evitably have to have the same tangential wave vector (kt)
as the (evanescent) KS-mode to which it couples; the wave
numberk2

x would also have to be equal for both waves (see
Eq.11). This, however, is impossible, since a wave cannot be
at the same time evanescent (imaginarykx, amplitude decay-
ing exponentially with distance from the magnetopause) and
propagating (realkx). Thus, a KS-mode cannot be excited
with a running fast wave via resonant coupling (FLR) inside
of the boundary.

Due to the same reason a KS-mode cannot radiate its en-
ergy away by coupling to fast waves. In the real magne-
topause a KS-mode will, however, be damped due to cou-
pling to Alfvén waves inside the magnetopause boundary, as
described above, due to ionospheric dissipation (Joule heat-
ing) or coupling to Alfv́en waves inside the magnetosphere or
magnetosheath regions in the presence of an Alfvén velocity
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gradient (non-uniform plasma conditions) or curvature of the
magnetic field (Chen and Hasegawa, 1974a).

Another major difference between standing Alfvén waves
generated via a FLR and standing KS-modes excited by local
pressure enhancements in the magnetosheath is their range
of possible frequencies: in the magnetosphere a smooth gra-
dient in the Alfv́en velocity directed towards Earth and the
gradual change in field line length yields a smooth gradi-
ent in eigenfrequencies of Alfvén waves standing between
the northern and southern ionospheres. This also holds for
FLRs occurring inside the magnetopause due to the gradual
change in the plasma parameters. The propagation speed of
KS-modes, however, is determined by the plasma conditions
on both sides of the boundary; if the geometry of the mag-
netopause is given (assumption of a fixed distance between
the ionospheres along closed magnetopause field lines) there
is in principle no range of eigenfrequencies KS-modes can
be excited with. Instead there is a set of discrete eigenfre-
quencies for standing KS-modes. A calculation of those has
already been presented inPlaschke et al.(2009b) for case 2
(parallel or antiparallel magnetic fields in both half spaces):

Assuming a fixed propagation speed along the magnetic
field of vph = 332 km s−1 (Eq. 54) and a distance between
the ionospheres ofz0 = 2.73×105 km (Eq.51) a fundamental
frequency of (Eq. 5 in Plaschke et al., 2009b):

f =
vph

2z0
= 0.6 mHz (62)

is obtained. It shall be noted that this is only an approxima-
tion to the real fundamental eigenfrequency of standing KS-
modes; a slightly higher frequency of 0.65 mHz, for instance,
would be in excellent agreement with the “magic” frequen-
cies previously observed (harmonics at: 1.3, 1.95, 2.6 and
3.25 mHz). It is this coincidence of the frequencies which
makes the standing KS-modes a promising candidate for the
explanation of the prominent appearance of the “magic” fre-
quencies in magnetospheric and ground measurements moti-
vating the study of these modes.

6 Summary and conclusions

In this paper the structure of standing KS-modes (surface
waves) on the magnetopause has been computed in the ap-
proximation of the ideal, single-fluid MHD for incompress-
ible plasmas. The KS-modes consist of evanescent mag-
netosonic waves on both sides of the boundary; they are
pure surface waves, as the currents supporting these waves
flow entirely within the magnetopause. Standing KS-modes
can occur, if they are reflected at both northern and south-
ern ionospheres. This is particularly remarkable, as only
the closed magnetospheric field lines on the inner side of
the magnetopause are connected to the ionospheres. Con-
sequently, the reflection of the KS-modes or, more precisely,
the inner magnetospheric surface waves occurs only within

the magnetosphere. However, the outer magnetosheath
plasma is not disconnected from the magnetospheric side due
to the magnetopause boundary conditions: the spatial struc-
ture of the magnetosheath waves is imposed by their mag-
netospheric counterparts, whose spatial structure is, in turn,
determined by the ionospheric reflection. As a result, this
reflection holds for the entire KS-mode and not only for the
waves on one of the two sides. If reflection takes place at
the two opposing ionospheres KS-modes can be trapped in
between and a standing KS-mode can be established.

One of the restrictions for a standing KS-mode to occur
is the consistency between the Eq. (11), the dispersion re-
lation for magnetosonic waves, and (16), the dispersion rela-
tion for the KS-modes. These equations correspond with (17)
and (18), if incompressibility of the plasma is assumed; they
have been found to yield consistent results regardingk and
ω for KS-modes reflected at the ionospheres under realistic
magnetopause plasma conditions if the background magnetic
fields adjacent to the dayside magnetopause are parallel or
anti-parallel to each other.

Furthermore, the background plasma flow velocity has
been assumed to vanish; on the magnetosheath side this is
only strictly fulfilled along the stagnation streamline. As
shown, a magnetosheath flow would enhance the propagation
of KS-modes in the same direction, whereas the propagation
speed in the opposite direction would be diminished. Hence,
there is a critical plasma flow velocity beyond which KS-
modes can only follow the flow, which possibly impedes the
occurrence of standing KS-modes. An increased flow may
also cause the boundary to become Kelvin-Helmholtz unsta-
ble which has been found to be adverse for the development
of standing KS-modes.

In addition, damping of the KS-modes is not considered
in the presented calculations: the ionosphere is treated as
a perfectly reflecting boundary neglecting its Joule heating
and the consequent dissipation of energy of the reflected
KS-mode. The assumptions of a vanishing magnetopause
boundary thickness and of homogeneous background plasma
conditions on both sides thereof prevent any possible cou-
pling between the standing KS-modes considered and Alfvén
waves in the magnetosheath, the magnetosphere or inside
of the magnetopause. Being this the case, energy could be
transferred to Alfv́en waves causing the amplitude of the KS-
modes to decay with time.

Given the stated limitations, the structure of the KS-modes
has been discussed assuming parallel background magnetic
fields in the magnetosphere and the magnetosheath. These
are our main findings:

In the fundamental mode the radial motion of the magne-
topause takes place at the magnetic equator, where the distur-
bances in the magnetic fields are compressional and the mag-
netopause shows only minimal inclination. This inclination
is most pronounced at the ionospheres, where the boundary
is fixed. In contrast to the equatorial situation, the distur-
bances of the magnetic fields are purely field perpendicular
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there, resembling those of a standing Alfvén wave. The iono-
spheric footpoints of the closed magnetopause field lines can
be identified with the supporting points of a magnetopause
membrane, whose eigenmodes of oscillation correspond with
the KS-modes discussed. Consequently, the magnetopause
has been found to resemble a membrane under tension when
moving in accordance with a standing KS-mode.

Remarkably, the inclinations of the total magnetic fields
and the magnetopause agree at every location of the bound-
ary, such that it remains a tangential discontinuity at all times.
The radial motion of the magnetopause corresponds with a
disturbance of the CF current. If this motion is localized,
the additional current on the magnetopause may be closed
via field aligned and ionospheric currents yielding the current
system of a standing KS-mode. Hence, a localized pressure
pulse generating a local indentation of the magnetopause can
lead to the excitation of a standing KS-mode by setting up its
current system.

Unlike for standing Alfv́en waves in the magnetosphere
there is no eigenfrequency gradient for standing KS-modes.
Given the plasma conditions on both sides of the magne-
topause and a fixed distance between the ionospheres along
the boundary there is only one fundamental frequency. Mul-
tiples of this frequency (harmonics) computed for typical
plasma parameters are found to be quite close to the so-called
“magic” frequencies, such that the standing KS-modes can
be regarded as a possible explanation for their prominent ap-
pearance in space and ground-based measurements of geo-
magnetic pulsations.

Apart from the theoretical considerations presented, the
interesting question remains if these KS-modes are actually
present at the Earth’s magnetopause. So far only indirect ev-
idence for their existence has been found (Plaschke et al.,
2009c). The calculations in this paper reveal the structure of
these modes under the stated limiting assumptions. Never-
theless, they yield testable relations for the velocity and the
magnetic fields, which may help to identify in the future KS-
modes in measurements obtained in the vicinity of the mag-
netopause and on the ground at cusp latitudes; more efforts
in this direction are obviously necessary and in progress.
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