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Abstract In this study, magnetic measurement of poloidal

fields were used to determine poloidal beta and plasma

internal inductance of Damavand tokamak combination of

poloidal beta and plasma internal inductance (bp þ
li

2
),

known as Shafranov parameter, was obtained experimen-

tally in terms of normal and tangential components of the

magnetic field. Plasma internal inductance and poloidal

beta were obtained using parametrization method based on

analytical solution of Grad-Shafranov equation (GSE) and

compared with parabolic-like profile of toroidal current

density approach for determination of the plasma internal

inductance. Finding evolution of bp þ
li

2
and plasma inter-

nal inductance. Finding poloidal beta (Shafranov parameter

and internal inductance) and using energy balance equa-

tion, thermal energy and energy confinement were deter-

mined qualitatively in terms of poloidal beta during a

regular discharge of Damavand tokamak.

Keywords Damavand tokamak � Magnetic

measurements � Plasma inductance � Poloidal beta

Introduction

Equilibrium parameters of tokamak such as plasma internal

inductance (li), poloidal beta (bp) or combination expres-

sion bp þ
li

2
, known as Shafranov parameter, play very

crucial roles in characterization of tokamak activities. It is

also possible to extract many other plasma parameter such

as displacement of plasma column, prediction of vertical

displacement event (VDE) and energy confinement time of

tokamak using equilibrium parameters [4–7]. In tokamaks

with circular cross section, it is possible to find evolution of

the Shafranov parameter using model which is based on

expansion (with respect to the inverse aspect ratio param-

eter of the tokamak) of polidal flux function w and the first

order solution of the well known Grad-Shafranov equation

(GSE) in toroidal coordinate system [8–10]. This approach

(the first order solution of the poloidal flux function and

finding the first order poloidal and radial components of the

magnetic field), however, is an approximate method which

provide reliable information about Shafranov parameter

and horizontal displacement of the plasma column

(Shafranov shift) in tokamaks with circular cross section or

when the non-circularity of the plasma surface is consid-

ered as a correction factor. Therefore, this model becomes

inaccurate when the plasma non-circularity increases and

does not provide valid assessment about Shafranov

parameter in elongated tokamaks. In non-circular, highly

elongated tokamaks, the plasma internal inductance and

poloidal beta can be determined separately while for cir-

cular ones, only combination of li and bp, (bp þ
li

2
), can be

obtained and separation of li and bp can be made using

diamagnetic flux measurement, in addition to magnetic

diagnostics. This approach, however, makes significant
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fluctuations and noise in small size tokamaks and there are

some difficulties in compensation of the flux differences

using diamagnetic flux measurement technique in circular

and non-circular tokamaks. Therefore, it is highly desirable

to use an effective, independent method to determine bp
and li separately from the external poloidal magnetic

measurements alone (independent of the diamagnetic flux

measurement).

In general, determination of Shafranov parameter relies

on magnetic measurements that are conducted by magnetic

probes which are mounted around the plasma surface. In

large aspect ratio tokamaks, it is possible to find poloidal

beta and plasma internal inductance from Shafranov

parameter using axillary diagnostic facilities such as dia-

magnetic flux measurements [11–14]. However, some

other equilibrium parameters such as plasma edge safety

factor and poloidal flux function can be obtained directly

from calculation of Shafranov parameter [15–17]. Having

evolution of the Shafranov parameter, plasma internal

inductance (poloidal beta) can be found by definition of

toroidal current density or using parametrization method,

based on analytical solution of Grad-Shafranov equation

(GSE) which describes magnetohydrodynamics (MHD)

equilibrium of axi-symmetric configurations such as

tokamak.

To achieve the thermonuclear condition (�nsE �T [ 5�
1021 m�3s keV) in magnetically confined configurations

such as tokamak, it is necessary to maintain plasma for

sufficient time. Therefore, input power time (energy con-

finement time) is one of the most important parameters of

the plasma ignition in tokamaks [1–3]. In general, input

power time should be analyzed by microscopic and trans-

port behavior of the plasma. The maximum energy con-

finement time can be determined by the microscopic

behavior of the plasma such as collisions and microinsta-

bilities. This behavior ultimately leads to macroscopic

energy transport, which can be either classical or anoma-

lous depending on the processes involved. In the absence of

instabilities, the confinement of toroidally symmetric

tokamak plasma is determined by Coulomb collisions.

Since these phenomena require a knowledge of individual

particles motion on short length scales and time scales,

they are usually treated by kinetic models, but including

only limited geometry because of the complexity of the

physics.

In this paper, magnetic measurements method is used to

find equilibrium parameters (Shafranov parameter, internal

inductance and poloidal beta) of Damavand tokamak.

Finding evolution of the Shafranov parameter in typical

discharge of Damavand tokamak, plasma internal induc-

tance (poloidal beta) is determined using analytic solution

of Grad-Shafranov equation and is compared with the

semi-analytical determination of the plasma internal

inductance using parabilic-kike profile of the toroidal cur-

rent density. Having poloidal beta, power balance equation

is used to find thermal energy of the plasma and global

energy confinement time in terms of poloidal beta during a

regular discharge of Damavand tokamak.

Physical description of energy confinement time
and equilibrium parameters of elongated
tokamaks

To maintain thermonuclear temperatures in tokamaks,

there should be an energy balance between heat sources

and power losses. The total energy balance of an Ohmi-

cally heated tokamak is defined as [1, 2]

dU

dt
¼ POhmic

Vp

� U

sE
ð1Þ

where Vp and POhmic are volume and input power due to

Ohmic heating of the plasma, respectively. The parameter

sE is introduced as input power (energy confinement) time

which determines plasma confinement duration. The total

thermal energy density of the plasma can be expressed in

term of volume-averaged pressure as [18]

U ¼ 3

2
Ph iV ¼ 3

2
bp

Bp

� �2
L

2l0
ð2Þ

where the volume averaged pressure of the plasma is

introduced as

Ph iV �
R
PdrR
dr

¼
bp Bp

� �2
L

2l0
ð3Þ

Bp

� �
L
¼

H
BpdlpH
dlp

is defined as line averaged poloidal

magnetic field on the plasma surface. The input power can

be written as [19]

POhmic � VRIp ¼ VLIp �
d

dt

1

2
LI2p

� �
ð4Þ

where VR and VL are resistive and toroidal loop voltages

and L is the total inductance which is defined as

L ¼ l0R0 ln
8R0

a

� �
þ li

2
� 2

� �
ð5Þ

the dimensionless parameter li is introduced as plasma

internal inductance per unit length which is defined as

li ¼
B2
p

D E

Bp

� �2
L

ð6Þ
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Static equilibrium of axi-symmetric toroidal configurations

such as tokamak, is mainly described by well known Grad-

Shafranov equation (GSE) which in cylindrical coordinate

system can be written as [1, 20, 21]

R
o

oR

1

R

ow
oR

� �
þ o2w

oZ2
¼ �l0R

24p2
oP

ow
� 4p2F

oF

ow

¼ �l02pRJu R; Zð Þ ð7Þ

where wðR; ZÞ is a scalar function proportional to poloidal

magnetic flux

2pw ¼
Z

Bp � dsp

PðwÞ denotes the plasma pressure and F wð Þ is a free

function proportional to toridal current. It would be con-

venient to write the GSE in dimensionless coordinate as:

x
o

ox

1

x

ow
ox

� �
þ o2w

oy2
¼� l04p

2R4
0x

2 dP

dw
� 4p2R2

0F
dF

dw

¼� l02pR
3
0xJu ð8Þ

According to Solov’ev model, a simple choice of PðwÞ and
FðwÞ are

l04p
2R4

0

dP

dw
¼ A1

4p2R4
0F

dF

dw
¼ A2

ð9Þ

Therefore, the GSE can be rewritten as

x
o

ox

1

x

ow
ox

� �
þ o2w

oy2
¼ � A1x

2 þ A2

� 	
ð10Þ

The solution of equation (10) can be written as

wðx; yÞ ¼ whðx; yÞ �
A1

8
x4 � A2

2
y2 ð11Þ

where whðx; yÞ is the solution of the homogenios equation.

For tokamaks with up-down symmetry, homogenios part of

the GSE can have polynomial-like solution in which atleast

four terms are required for the description of tokamak

plasma equilibrium. Therefore, the solution of Eq. 10 is

expressed as:

wðx; yÞ ¼ C1 þ C2x
2 þ C3 x4 � 4x2y2

� 	
þ C4 x2 ln x� y2

� 	

� A1

8
x4 � A2

2
y2 ð12Þ

Equation 12 is a desired solution of GSE that describes the

equilibrium of tokamak plasma with arbitrary cross-sec-

tion, elongation, triangularity and b. Coefficient Cn are

determined from the boundary condition of the plasma

surface while particular coefficients A1 and A2 should be

found from experimental parameter of plasma such as

plasma current Ip and bp þ
li

2
(linear combination of plasma

internal inductance and poloidal beta) which is known as

Shafranov parameter (asymmetry factor). In other words,

the homogeneous coefficients are obtained analytically

while particular coefficients A1 and A2 parameterize the

GSE and for this reason, this approach of solving the GSE

is recognized as parametrization method. It is considered

that the surface of plasma boundary is smooth which is

reasonable in Ohmically heated, limiter based tokamaks

such as Damavand. To determine unknown coefficients Cn,

magnetic flux function wðx; yÞ and its derivative should be

matched at three test points of plasma boundary. These

points include: inner equatorial points, outer equatorial

points and the highest point of the plasma surface.

The boundary of the plasma surface for an elongated,

D-shaped cross-section is given by the parametric

equations

x ¼ 1þ e cos hþ a sin hð Þ
y ¼ ej sin h

ð13Þ

where h is the poloidal angle in toroidal coordinate system

which varies from 0 to 2p, j is introduced as elongation of

the cross-section, a ¼ sin�1 dð Þ defines the triangularity of

the plasma surface and e ¼ a

R0

with a as the horizontal half-

width of plasma known as plasma radius, is the inverse

aspect ratio parameter. Figure 1 shows boundary of the

plasma surface and definitions of the geometrical parame-

ters e, j and d. In the case of fixed boundary solution of

GSE, the flux function should be constant on the plasma

surface. For this reason,W ¼ 0 is considered on the plasma

surface. Therefore, the boundary conditions on the plasma

surface are summarized as:

w 1� e; 0ð Þ ¼ C1 þ C2 1� eð Þ2 þ C3 1� eð Þ4 þ C4 1� eð Þ2

� ln 1� eð Þ � A1

8
1� eð Þ4 ¼ 0 ð14Þ

w 1þ e; 0ð Þ ¼ C1 þ C2 1þ eð Þ2 þ C3 1þ eð Þ4 þ C4 1þ eð Þ2

� ln 1þ eð Þ � A1

8
1þ eð Þ4 ¼ 0 ð15Þ

w 1� de;jeð Þ ¼C1 þ C2 1� deð Þ2 þ C3 1� deð Þ4 � 4 1� deð Þ2 jeð Þ2
h i

þ C4 1� deð Þ2 ln 1� deð Þ � jeð Þ2
h i

� A1

8
1þ eð Þ4

� A2

2
jeð Þ2 ¼ 0 ð16Þ

ow x; yð Þ
ox

x ¼ 1� de

y ¼ je





 ¼ 2C2 þ 4C3 1� deð Þ2 � 2 jeð Þ2
h i

þC4 2 ln 1� deð Þ þ 1ð Þ � A1

2
1� deð Þ2 ¼ 0

ð17Þ
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the last condition of Eq. (17) defines the maximum of the

flux function at the highest point of the plasma surface. The

two unknown coefficients A1 and A2 are determined

experimentally from the measurement of plasma current

and Shafranov parameter as:

Ip ¼
Z

JudRdZ ¼ 1

2pl0R0

Z
A1xþ

A2

x

� �
dxdy ð18Þ

Kþ 1 ¼ bp þ
li

2
¼

C2
p

R
A1xþ

A2

x

� �
dxdy

� �2
Vp

� 2:5A1

Z
W x; yð Þxdxdyþ 0:5A2

Z
W x; yð Þ

x
dxdy

� �

ð19Þ

where Cp and Vp are normalized poloidal circumference

and valume of plasma surface.

Vp ¼
1

2pR3
0

Z
dr ¼

Z
xdxdy

Cp ¼
1

R0

I
dlp ¼ 2

Z 1þe

1�e
1þ dy

dx

� �2
" #1=2

dx

The details of experimental determination of Shafranov

parameter in Damavand tokamak is given is Sect. 3. By

substitution of coefficients C1, C2, C3, C4, A1 and A2 in

Eq. (12), it would be possible to determine bp and li

separately without using auxiliary diagnostics system such

as diamagnetic flux measurements.

bp ¼
2l0 Ph iV
Bp

� �2
L

¼
2C2

pA1

R
A1xþ

A2

x

� �
dxdy

� �2

R
W x; yð Þxdxdy

Vp

ð20Þ

li ¼
B2
p

D E

Bp

� �2
L

¼
H
dl

� 	2

l20I
2
p

l0
2p

R
wJudRdZR
RdRdZ

¼
C2
p

R
A1xþ

A2

x

� �
dxdy

� �2

R
w x; yð Þ A1xþ

A2

x

� �
dxdy

R
xdxdy

ð21Þ

To find coefficients A1 and A2 from Eqs. (18, 19),

Shafranov parameter and is obtained experimentally from

well known integral model [22, 23]

K � bp þ
li

2
¼ s1

2
þ s2 1� n

2

� �
ð22Þ

where s1 and s2 are two experimental parameters and are

represented in integral forms as

s1 ¼
1

l20I
2R0

Z
B2
h � B2

r

� 	
rn � er � 2BhBrrs � er

� �
dSn

s2 ¼
1

l20I
2

Z
B2
h � B2

r

� 	
n � eR � 2BhBrs � eR

� �
dSn

ð23Þ

Integral Eq. (23) are taken over the measurement surface

dSn ¼ 2pRdlc which is considered as an elliptical contour

lc that is defined by parametric equations

x � R

R0

¼ 1þ ec cos h

y � Z

R0

¼ ecjc sin h
ð24Þ

where jc and ec ¼
c

R0

are introduced as elongation factor

and inverse aspect ratio parameter of the measurement

surface respectively. Figure 2 shows schematic view of the

measurement surface for a tokamak with elliptical cross

section. Parameter n belongs to the relative difference of

the major radius R0 which can be ignored in large aspect

ratio, up-down symmetric tokamaks. To calculate s1 and s2,

magnetic field components Bh and Br should be measured

at discrete points along the contour element dlc and their

dependency to h should be considered. In the case of

elliptical cross section, inner products of unit vectors in

integrals (23) are given as:

Fig. 1 Geometry view of elongated plasma surface
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n � er ¼ cos a ¼ e2cos2h� 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2 e2 � 2ð Þcos2h

p

s � er ¼ sin a ¼

e2

2

� �
sin 2h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2 e2 � 2ð Þcos2h

p

n � eR ¼ cos h� að Þ ¼ cos h 1� e2 cos 2hð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2 e2 � 2ð Þcos2h

p

s � eR ¼� sin h� að Þ ¼ sin h 2e2cos2h� 1ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2 e2 � 2ð Þcos2h

p

ð25Þ

where e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� j2c

p
=jc is the eccentricity factor of the

measurement surface and a denotes as normal angle which

is the angle between the radius vector r and the normal

vector n. Finding plasma current Ip and Shafranov

parameter K, plasma internal inductance and poloidal beta

are determined separately. It is also possible to find plasma

internal inductance semi-analytically using its definition

(6). For this reason, the well known parabolic-like profile

of the toroidal current density (appropraite for large aspect

ratio, Ohmically heated tokamaks) is used as [1, 23]

Ju rð Þ ¼ J0 1� r2

a2

� �t

; r� a

0; r[ a

8
<

:
ð26Þ

using the Amper’s law
1

r

d

dr
rBhð Þ ¼ l0J, the poloidal

magnetic field, associated to the profile of the toroidal

current density, is obtained as

Bh rð Þ ¼
Bha

a

r
1� 1� r2

a2

� �tþ1
" #

; r� a

Bha
a

r
; r[ a

8
>><

>>:
ð27Þ

where Bha ¼
l0J0

2 tþ 1ð Þ ¼
l0IpH
dlp

and a are the poloidal

magnetic field and minor radius on the plasma surface.

Using Eq. (6) and (27), plasma inductance is found as

li ¼
4j

1þ j2
aþ ln

c

a

� �h i
ð28Þ

where j is the elongation factor of the plasma column,

c defines the minor radius of the measurement surface

and a is a constant which is determined by parameter t.
Finding evolution of K and li form Eqs. (22) and (28),

qualitative evolution of the plasma energy confinement

time can be found in term of bp using energy balance

Eq. (1).

Analysis of experimental measurements

Magnetic fields measurements are required to find the

evolution of Shafranov parameter, plasma internal induc-

tance and the energy confinement time in Damavand

tokamak which is a small size, large aspect ratio

(e ¼ a

R0

� 0:2), non-circular tokamak. The maximum

elongation factor and minor radius (limiter radius) of the

tokamak are j � 1:41 and a0 ¼ 7 cm, respectively. The

maximum current and discharge duration of the plasma are

35 kA and 25 ms, respectively. A set of radial (normal) and

poloidal (tangential) magnetic probes are distributed along

the measurement surface are shown in Fig. 3. In Fig. 4

temporal variation of the plasma current, toroidal magnetic

field and loop voltage are shown during a typical shot of

Damavand tokamak. In large aspect ratio tokamaks, mag-

netic fields Bh and Br can be analyzed using Fourier

expansion [8, 9]

Bhðr; hÞ ¼Bc 1þ
X

k¼1

kk cos kh

" #

Brðr; hÞ ¼Bc

X

k¼1

lk sin kh
ð29Þ

where Bc is the poloidal magnetic field on the measure-

ment surface. Fourier coefficients kk and lk are obtained

from experimental data acquired from poloidal and

radial magnetic probes which are mounted around the

plasma.

Fig. 2 Schematic of measurement surface in a tokamak with

elliptical cross section
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kk �
4

NBc

XN

j¼1

Bh r; hj
� 	

cos khj

lk �
4

NBc

XN

j¼1

Br r; hj
� 	

sin khj

ð30Þ

For elliptical plasma surface with enough symmetry, it

is reasonable to retain first and second harmonics of the

Fourier expansion. The induced voltage in a probe of

turns n per unit length and area A, from the variable

magnetic field produced from current I can be written

as

Vin ¼ �nA
dB tð Þ
dt

ð31Þ

Therefore, the magnetic field induced in a probe can be

expressed in term of output voltage

BðtÞ ¼ �nA

Z
Vin tð Þdt ¼ kVout ð32Þ

where k is a constant parameter that depends on cables

resistance, integrator time scale and geometrical parame-

ters of the magnetic probes. Using empirical definition of

the plasma internal inductance (6), parameter t can be

determined analytically, and therefore, the zeroth order of

the current density and poloidal magnetic field are found in

term of t. Fig. 5. shows radial variation of the toroidal

current density and poloidal magnetic field at different

times of the discharge. Evolution of Shafranov parameter

and semi-analytical expression of the plasma internal

inductance (Eq. 28) are shown in Fig. 6. It is found that the

Shafranov parameter has almost uniform profile during the

plasma discharge. Fig. 7 shows results of parametrization

method (analytical solution of the GSE) in determination of

the poloidal beta and plasma internal inductance. It is

found from Fig. 7b that the GSE approach has good

agreement with the semi-analytical expression of the

plasma internal inductance (Eq. 28) in flat-top, steady state

regime of the plasma current. Fig. 8 represents evolution of

the Ohmic input power, total thermal energy and energy

confinement of Damavand tokamak. The maximum energy

confinement time which corresponds to the minimum

microinstabilities, collisions and transport of the plasma is

about 2:5 ms and takes places at 12:3 ms time of the dis-

charge where the maximum input power is 53 kW.

Conclusion

Output signals of magnetic probes, measuring normal and

tangential components of poloidal magnetic field, were

used to determine poloidal beta and plasma internal

inductance in a regular discharge of Damavand tokamak.

Linear combination of plasma internal inductance with

poloidal beta (bp þ
li

2
) was determined from integral rep-

resentation of poloidal magnetic field components, evolu-

tion of the poloidal beta and plasma internal inductance

was found using analytical solution of Grad-Shafranov

equation and compared with semi-analytic expression of

the plasma internal inductance which is based on definition

of parabolic-like profile of the toroidal current density.

Finding poloidal beta, input power time (energy

(a)

(b)

(c)

Fig. 4 Plasma current (a), toroidal magnetic field (b) and loop

voltage (c) in a typical shot of Damavand tokamak

Fig. 3 Schematic cross sectional view of magnetic probes location in

Damavand tokamak
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confinement time) of Damavand tokamak was determined

qualitatively in terms of poloidal beta using power balance

equation.

Fig. 7 Determination of poloidal beta and internal inductance using

parametrization method (analytical solution of GSE) (a) and com-

parison of the plasma internal inductance with the semi-analytic

expression (Eq. 28) (b)

Fig. 8 Evolution of input Ohmic power (c), total thermal energy

(b) and energy confinement time (c)

Fig. 5 Radial variation of toroidal current density and poloidal

magnetic field at different times of the Damavand tokamak discharge

(a)

(b)

Fig. 6 Temporal variation of Shafranov parameter (a) and semi-

analytical expression of plasma internal inductance (Eq. 28) (b)
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