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Abstract Assuming that 7' is a potential blow up time for the Navier—Stokes system
in Ri, we show that the norm of the velocity field in the Lorenz space L>9 with
q < oo goes to 0o as time ¢ approaches T'.

1 Introduction
The question that is addressed in the paper is as follows. Let us consider the initial
boundary value problem for the Navier—Stokes system in the space-time domain Q =
©2x]0, oo[ for vector-valued function v = (vy, v2, v3) = (v;) and scalar function ¢,
satisfying the equations

tv+v-Vv—Av=—-Vg, divv=0 (1.1)
in O, the boundary conditions

v=20 (1.2)

on 082 x [0, oo[, and the initial conditions

v(-,0) =vo(") (1.3)
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1328 T. Barker, G. Seregin

in Q. It is assumed that the initial velocity field vg is smooth, compactly supported,
and divergence free in €2, i.e., vg belongs to the space CS?O(Q), and that 2 is a domain

in R? with sufficiently smooth boundary. Here,
C§(R) = (v € CF(Q) : divv = 0}.

Our main aim is to study whether or not the velocity field v blows up in a finite
time, in other words, whether or not there exists a finite time 7 > 0 such that

lim [lv (-, )]l Lo (@) = oo. (1.4)
AT

There is a huge number of papers dedicated to this problem. Among them the most
relevant to us are the following papers. In the first place, one should mention the
classical Leray necessary conditions for 7 to be a blowup time:

e, Ol = (c— (1.5)

T-1'%

forany 0 <t < T, for all s > 3, and for a positive constant c; depending only on s.
Estimates (1.5) have been proven by Leray [11] for Q2 = R3 and then by Giga [5] for a
wide class of domains €2 including a half space and bounded domains with sufficiently
smooth boundaries. However, there is an interesting marginal case s = 3, in which no
estimate of type (1.5) is known. In papers [3, 14,17], it has been shown that

lim sup [[v(:, )|y ) = 00 (1.6)
T

for Q =R3 Q = Ri = {x = (x;) € R} : x3 > 0} and for Q being a bounded
domain with sufficiently smooth boundary.

Recent progress has been made in establishing the validity of (1.6) for other critical
spaces. We refer to X, consisting of measurable functions acting on domains in R3, as
critical if for u € X such that u; (x) = Au(rx) we have ||u,||x = |lullx. In [15,28],
it was shown that when X is the non endpoint Lorentz space with ¢ finite L34 (R?)
condition (1.6) remains to be true. Recently, Gallagher et al. proved in [4] that (1.6)

143
holds for X = B, , * (R?) in the framework of “strong” solutions.
Our work is motivated by the following question: what are the critical spaces X (£2)
and domains €2 for which

li -t = 1.7
IITH;IIU( Mix@ =00 1.7

holds true?

In [21] it is proven that this holds for Q@ = R3 and X () = L3(R?) using the theory
of local energy solutions in [10], in addition to ideas developed in [19,20]. The aim
of the paper is to prove
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A necessary condition of potential blowup... 1329

Theorem 1.1 Let Q = Ri. Let v : Q4 — R3 be a Leray—Hopf solution to (1.2)—
(1.3), with initial data v € CS?O(Q). Suppose 3 < q < oo. Let T be a blow-up time.
Then it necessarily holds that

tim 10, Dl sa e = 0

Before commenting further let us define the Lorentz spaces. For a measurable function
f: Q — R define:

drao(a) :=|{x € Q:]|f(X)] > a}|. (1.8)

Given a measurable subset 2 C R”, the Lorentz space L?9(2), with p €]0, oo,
g €]0, o], is the set of all measurable functions g on 2 such that the quasinorm
llgllLra(q) is finite. Here:

1

o0

q
4 da
lgllLra) = P/Olng,sz(a)”? , (1.9
0
1
lgllLroo(@) = supadg q(a)?. (1.10)
a>0

It is well known that for p €]0, oo[, g1 €]0, oo] and g2 €]0, oo] with g1 < g2 we
have the following embedding L?-9' < [ 792 and the inclusion is known to be strict.
Roughly speaking, the second index of Lorentz spaces gives information regarding
nature of logarithmic bumps. For example, for any 1 > 8 > 0, ¢ > 3 we have

. . 1
|x|_1|log(lxl_l)l_ﬂx|x|<1(x) e L3R if and only if ¢ > E (1.11)

It should be stressed that, at the time of writing, (1.7) is open for the critical norm
L3°°() that contains |x|~!. Furthermore, uniqueness of weak Leray—Hopf solutions
in the space Lo (0, T; L3°°(R)) remains open. We mention that interior regularity
results, that have smallness condition on LOO(L3’°°) norm, have been obtained in
[8,9,12], for example.

We would like to emphasise that to prove Theorem 1.1, a different approach is used
to that of the whole space. Though we focus on the half space, this also provides an
alternative to the proof given for the whole space in [21].

The main difficulty in attempts to prove Theorem 1.1 is as follows. The proof of
this statement, for ¢ = 3, in the case Q = R3 consists of two big parts: rescaling,
leading to a certain class of ancient solutions to the Navier—Stokes equations, and a
Liouville type theorem for those solutions based on the backward uniqueness. The
second part at least conceptually works in the case of a half space Ri as well while
the first one does not. The reason is that the rescaling and the limiting procedure in
the case of the whole space R? give the special type of the so-called local energy
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1330 T. Barker, G. Seregin

ancient solutions to the Navier—Stokes that coincide with Lemarie—Rieusset solutions
to the Cauchy problem for the Navier—Stokes equations on some finite time interval.
Those solutions have been introduced by Lemarie—Rieusset [10], see also for some
definitions in [7]. Unfortunately, an analogue of Lemarie—Rieusset solutions for a half
space is not known yet. In fact, this is an interesting open problem. In this paper,
we are able to work without Lemarie—Rieusset type solutions in half space to get a
local energy ancient solution to which a Liouville type theorem based on backward
uniqueness is applicable. In comparison to [21], our approach doesn’t require a notion
of local energy solution, since we get all desired properties for the ancient solution
directly from a priori estimates associated to the blow up procedure. Those ideas can
be used for the construction of a global in time solution,

for non energy initial data that is contained in the sum of certain Lesbesgue spaces,
that applies in R? and is extendible to other unbounded domains with boundaries.
Further developments in this direction will be published elsewhere. !

2 Preliminaries

In this section, we will introduce notation that will be repeatedly used throughout the
rest of the paper. For spatial domains and space time domains, we will make use of
the following notation:

B(xo,R) = {x e R®: |x — xo| < R},
B(®) = B(0,0), B = B(l),
0(z0, R) = B(xo, R)x1to — R*, 1o, z0 = (x0, 10),
00) = 000,0), Q= 0(1), O_r0:=R>x]—T,0[,
BT (xo, R) = {x € B(xo, R) : x = (x', x3), x3 > x03},
BT (®) = BT (0,6), BT =BT(1),
0" (20, R) = BT (xo. R)x1to — R*, 1o,
0% () = 07(0,0), 0" =0%1), QfT,o = RiX] - T,0l[,

Ry, = {(x',x3) € R3 1 x3 > &)

For @ C R3, mean values of integrable functions are denoted as follows

1
[pla = ﬁ/p(x)dx.
Q

For, @ C R3, the space [C&OO(Q)]L“Q) is defined to be the closure of

Coo(Q) == {u € C°(Q) : div u =0}

1 After submission of this manuscript, the second author and Sverak have carried this out for data in Ls.
See [22].
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A necessary condition of potential blowup... 1331

with respect to the Ls(€2) norm. If X is a Banach space with norm || - ||x, then
Lg(a, b; X), a < b, will denote the usual Banach space of strongly measurable X-
valued functions f(¢) on ]a, b[ such that the norm

s

b
T / 1f (D l5dt ) < +oo
a

for s € [1, oo[, and with the usual modification if s = co. With this notation, we will
define

Lsi(Q—1y0) = Li(~T,0; Ly(R%)),
Ls1(QF ) 1= Li(=T,0; Ly(RY)).

We define the following Sobolev spaces with the mixed norm:
Wyil:?l(QtT’o) = {U € Lm,n(Q-i__T,o) : ||U||LW,H(Q1'T,0)

HIVolL,, 0,0 < %)

W2LQ% ) = {v € Lua (@70t 0l 0%,
+||V2v||Lm,n(QtT.0) + ”afv”Lm,n(QtT o = OO} .

The analogues definitions for the above Sobolev spaces hold when the space-time
domain is replaced by Q_r0.

3 A priori estimates

First we begin by stating and proving a simple (but important) fact about Lorentz
spaces concerning a decomposition. This will be formulated as a Lemma. Analogous
statement is Lemma II.I proven by Calderon [2].

Lemma3.1 Take 1 <t < r < s < oo, and suppose that g € L™°°(2). For any
N >0, welet gn_ = gxjg|<nN and gn, = g — gN_. Then

s _
lgn_ 7, @ < :N‘Y "llg oo () (3.1
ifs <ooand ||gn_llLy) < N, and
reoo,
lgn, Iz, @) < :N' "o () (3.2)

Moreover for Q@ = R3 or Ri, ifge L"P(Q)withl < p <ooanddivg = 0in
weak sense (also g3(x’, 0) = 0 for half space in weak sense), then g = g1 + g, where
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1332 T. Barker, G. Seregin

g1 € [C3% ()11 with

lgtllz @ < Cls,r, p, lgllLrr () (33)
and g3 € [C§%H ()14 @ with

lg2llz, @) < COr.t, p, ligllLrr()- G4

Proof Proof of decomposition (3.1), (3.2) can be found in [13].

Given g, satisfying assumptions of the lemma, we can find g;_ and g;,. We
then can use the Helmoltz—Weyl decomposition g1_ = g1 + Vg1 where g; belongs
to the required space with the estimate ||g1l @) =< cllgi_llL, @), IVqillL, @ =<
cllgi_llLs (), and

/Vql - Vodx =/g17-Vg0dx, Vo € C(RY).
Q Q

The same is true for the second counterpart. So, we have

/V(Cll +q2) - Vodx =0 Vo € C°(R).
Q

Using properties of harmonic functions and the above global integrability of Vg, and
Vgq», we conclude that V(q; + ¢2) = 0. From this, from estimates (3.1), (3.2), and
embedding L"P(2) into L"°°(2), we derive the required estimates (3.3) and (3.4). O

Let us consider a sufficiently smooth solution u and p to the Navier—Stokes system
in the space-time strip QJ_rZ’O = Ri x] — 2, 0[ to the following initial boundary value
problem:

u+divu @u — Au=—Vp, divu =0 3.5)
in 0%,

u(x',0,1) =0 3.6)
for (x', 1) € R? x [—2, 0],
u(-,—2) = up() € L (R3).

Suppose that

ol 303y = M < oo. (3.7)

The key observation for Lorentz spaces is as follows. From Lemma 3.1 (along with
fact embedding into weak L3) we may decompose:
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A necessary condition of potential blowup... 1333

up = u(l) + u%,
where

®3)

3
up € [C§YHRI)] bp®s , uf € [CTH(RI)2ED) (3.8)

2
HMOHLTO ) + ”uOHLz(Ri) <c(M,q). (3.9)

We then decompose u = v! + v? where v! and p! solve the linear problem
81111 —Avl = —Vpl, dive! =0
in sz’o,
' (x,0,1) =0
for (x', 1) € R? x [-2, 0],
0!, =2) = up(. ~2) € Lo (RY).

Below we give some relevant estimates for the linear problem. We note that the cases
k=0,1and % < I < oo follow from [27, Theorem 3.1]. The case [ = oo can be
obtained directly by using Solonnikov estimates for the Green function in half-space,
see [26]. The relevant estimates are (% <I<o00,k=0,1,...):

c(M)

V5O oD sy € ————— (3.10)
A L L
Thus
c(M) . c(M)
' GOl gy € ——, W' GOl Ey < ——-
BEDE 4w HEDT L yw

It is then seen that:

10 1 500%, ) + 10 2407, ) + sugo[nv( t)||L10(R3 <cM). (3.11)

The second counterpart of u satisfies the non-linear system
8;112 +divu @u — Av? = —Vp2, dive? =0
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1334 T. Barker, G. Seregin

in Qiz,o’ the boundary conditions
V2 (x',0,1) =0
for (x',t) € R? x [—2, 0], and the initial conditions
v (-, =2) = uj
inR3.
The standard energy approach to the second system gives
2 2 2 2 _ C U2 —
orllv- (-, t)”Lz(lRi) + 2| Vo~ (-, t)||L2(R1) = 2/u Qu:Vvidxds =1 + I,
el
where
I =2/v1®v1 :szdx, 12=2/v1®v2:Vv2dx.
R3 R}

Next, let us consequently evaluate terms on the right hand side of the energy identity.
For the first term, we have

1 2 2
111 = o (0N IV GO .
The second term can be treated as follows:

L] < clv' (.0 @ v Dl ey, VY2 D @3

1 2 2
<clv ("t)”Ls(Ri)”v ("t)”Llo(Ri)va ("t)”Lz(Ri)'
3

Applying the known multiplicative inequality to the second factor in the right hand
side of the latter bound, we find

2
5

2 8
2] < cllv! GOl gy 102G DI, g IVVAC DI

LyR3)”
Letting
20 12
y(0) = V01 g
and using the Young inequality, we find

/ 2 2 1 5 1 4
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A necessary condition of potential blowup... 1335
Next, elementary arguments lead to the inequality
? /
J— 1 . 5
(y(r)exp( c / v (,s)nLS(Rbds))
< cexp ( - c/nv O, @) )uv O s -
So,
t
() < c/exp ( /uv O, g )nv DI, g3
-2
2,2 1 5
+“u0”L2(R1) €Xp (C/”U ('9 S) “LS(Ri)ds)
-2
Using (3.9) and (3.11), it is easily seen that
2
sup y(1) < C(M), [Vl 0%, ) < C(M). (3.12)

—2<t<0

From these estimates and from the multiplicative inequality, one can deduce that

2
lv “Ls(QfM) <C(s, M)
with any s € [2, TO] Moreover,
lull 0, ) = COD:
Let
f=u-Vu.

Using (3.10) and (3.12), one can decompose

f=a++f
Here,
fi =% Vo,
fr = vl vl 2. Vvl,
f3 = vl V2

(3.13)

(3.14)

(3.15)
(3.16)
(3.17)
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Using (3.12) and multiplicative inequalities, one can readily verify that

A1 ”L-VJ(QJ:Z,O) < C(M,s,1)

provided that

Using (3.10) we see that

||]62||L10(Q+z ) < C(M).

3 3.0

Finally, using (3.12) and (3.10) we see that

||f3||L2(QtZ 0) < C(M).
4

Putting everything together we have

(3.18)

(3.19)

(3.20)

”fl”L%,%(Qirl 0) + ||f2||L|0 (Qirz 0) + ||f3”L2(QJ_rZ 0) + ”M”LIO (Qirz 0) < C(M).
1 3 e 1 3 1

(3.21)

Let us fix a smooth cut-off function x (¢) so that x(#) = 1if —=3/2 <t < 1 and
x(@#) =0if =2 <t < —7/4. Then, we may split xu and x p in the following way:

Xu=u1+u2+u3

and
xp=p' +p°+p
so that,
dut — Au' + Vpi =g, divul =0

in 0%,

u (x',0,1) =0
for all (x', 1) € R? x [—2, 0] and

ul(x,-2)=0
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A necessary condition of potential blowup... 1337

forx € Ri, where

gi(x, 1) = —x () fi(x, 1) + Sinx (Du(x, 1).

Our main tool here is the coercive estimates of the linear theory for the Stokes system
developed in [25] when space and time exponents are the same and subsequently in
[6,24] for unequal space time exponents. In particular, using (3.14) and (3.18)—(3.20)
it follows from that

1 2.1
[0 ”L%%(Qtz,o)_F Vou ”L%,%(Qtz,o)

+Ivp'll, ) < Ci(M) (3.22)

(Qirz'o) =< C”gl”L% (Qirz,o

(S8}
(S8}

9
3

2 2.2
110 u ”L¥(sz.o) +IVu “L§(Qt2,o)

3

VP2l 00%, 0 < clgallL g 0%, < C20) (3.23)
and

181l 1y 0%, o) + 1V U yi0t, o HIVP ILy0, ) = €lgsllLyor, ) < C3(M)
(3.24)

In what follows, we are going to use the following Poincare type inequalities:

0 0 4
1 1 3 i 12
lp" — [P 1B(xo,R)|2dxdt < cR? / / [Vp'|8dx ) dt;
—3/2 B(x,R) -3/2  B(x0,R)
(3.25)
9
2 2 3 8 2 2 .
Ip” — [P"1Bxo,R)|?dxdt < cR™ / / [Vp~|3dx) dt;
—3/2 B(xg,R) =3/2 B(xo,R)
(3.26)
0 3
3 3 3 2 32 N
19° — [P s,y Fdxdr < cRY / / VP ) dr.
—3/2 B(xg,R) =3/2  B(xo,R)
(3.27)

All the formulae are valid provided B(xg, R) C Ri_. They are also valid if we replace
B(xg, R) with semi-balls BT (xg, R) assuming that xo3 = 0.
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1338 T. Barker, G. Seregin

4 Passage to the limit
Suppose that we have a sequence of sufficiently smooth functions «™ and p defined
in the domain Qtz,o = Ri x]—2, O[ that are solutions to the following initial boundary
value problem:
du™ +divu™ @ u™ — Au™ = —vp™, divu®™ =0 (4.1)
in 0%,
u™x',0,6)=0 (4.2)
for (x', 1) € R? x [—2, 0],
W, =2) = ul’() € L*I(R3). 4.3)
It is supposed also that
(n)

Uy — U

in L3 (R3).
We let

M := sup ”u(()n)||L3’q(Ri) < 00.
n

Proposition 4.1 There exist subsequences still denoted in the same way with the
following properties:

u®™ oy (4.4)
in L (0%, ),
Vu™ —~ vu 4.5)
in Ly(BY(R)x]—2+8,0[]) forany R > 0 and any 0 < § < 2,
u®™ >y (4.6)
in L3(BT(R)x] — 3/2,0[) for any R > 0 and
P —=p @7

in L%(B*‘(R)x] —3/2,0[) for any R > 0.
Functions u and p satisfy (3.5) in Q1 /2.0 and (3.6) for (x', 1) € R%x]—3/2,01[.
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A necessary condition of potential blowup... 1339

For the pressure p, the following global estimates are valid:

with the estimates

”VP ”L% )+|| P ”LTO )++”VP ||L2(Q+ 0 <oo (4.8

3(
2

Moreover, forany R > 0, the limits pair u and p satisfies the local energy inequality

t
/ @*(x, Olulx, 1)*dx +2 / / ©?|Vu|*dxdt

B(xo,R)NRY, t0—R? B(xo, R)NRY,

/ / [u?(3,0% + A@?) +u - Vo> (Jul> + 2p)dxds  (4.9)

i0—R? B(xo,R)NRY.

forall =3/2 < to — R> <t <ty < 0, for all xo € R, and for all ¢ €
C°(B(xo, R)x1to — R, 19 + R[).

Proof Obviously, we may assume, without loss of generality, that (4.4) follows from
(3.14) . Moreover, the limit function obeys the estimate

||u||L10/3(Qt2_()) < 0. (4.10)

Obviously, (3.10) and (3.12) imply (4.5). From (3.22)-(3.24), we may split u™ =
u™-1 M2 .3 guch that for (x,¢) € Q+ o we have the following uniform

bounds:
(n),1 (n),2 (n),3
n g2 20 3 30 —-5.0
4.11)

By known compact embeddings we infer, that there exists a subsequence (denoted
here by the original sequence) such that the following holds for any a > 0:

u™t —ul in C([=3/2,00: Ly (BT (@), (4.12)
u™? —u? in C([~3/2,0%: Lo (B (@), (4.13)
u™3 = ud in C([-3/2,0]; La(BT (a))). (4.14)
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Using the above, along with the fact u™ is bounded in L 10 (sz o)» we can deduce
(4.6).
Now, let us treat the pressure p", using the decomposition of the previous section

3
p® =3 pmi,
i=1

Then, using (3.22)—(3.24) and (3.25)—(3.27), we can justify (4.7) and (4.8).
Since functions ™ and p™ satisfy the local energy inequality, i.e.,

1t
/ |<p2(x,t)|u(”)(x,t)|2dx—|—2/ / ©*|Vu'™Pdxdt

B(xo, H)NRE. 10—R? B(xo, R)NR3.

t
< / / ™2 (3,0> + A@?) +u™ -V (u™)? +2p")dxds
to—R2 B(xo,R)ﬂ]Ri
forall =2 < 1p—R? <t < 19 < 0,forallxg € R3,andf0rall<p € C§P(B(xo, R)x]to—

R?, to + R?[), we can find (4.9) by passing to the limits and taking into account (4.6)
and (4.7). O

Proposition 4.2 Let u and p be a limit function from Proposition 4.1. There exists a
number Ry > 0 such that

lu(x,t)] <c 4.15)

forall (x,t) € (Ri\B"‘(R])) x| —5/4, 0] and for some universal constant c. More-
over, given§ > 0andk =1,2, ...,

Ve u(x, )] < e1(k, 9) (4.16)
forall (x, 1) € (R3,\BT(R1))x] —5/4,0[. Here, R3; := R3 N {x3 > §}.

Proof By (4.8), we can state that

3

0 0
/ / |u|3dxdt+/ / \Vp'|Sdx | dr

—3/2R3\B*(R) =3/2 \R3\B*+(R)
9 3
0 20 0 4
2,0 32
+ [Vp~|3dx dt + [Vpolcdx | dt — 0
=3/2 \R3\B*+(R) =3/2 \R3\B+(R)
as R — oo.

@ Springer



A necessary condition of potential blowup... 1341

Given ¢ > 0, there exists a positive number R > 0 such that

1 3
> / (ul® + 1p — [Placor|)dxdr

0(z0.r)
1 3 ¢ < i i 3
< juldxds + Z 1P = [p'1Bxg.r) |2 dxdt
0o0.1) =100
1 3
<= lu|”dxdt
,
0(zo0.7)
4 9
3 0 20
_3 1,9 2 5, 10
+cr—2 IVp'|8dx | dt+ cr2 [Vp“|3dx dt
—3/2 \B(xo,r) —3/2 \B(xo,r)
0 4
: 3.2
+cr? / / IVp l“dx | dt <e
—3/2 \B(xq,r)
with 7 = 1/100 and Q(zo,r) C (Ri\B*(Rl/Z))x] —3/2,0[.
The same can be done for boundary points:
1 3 3 1 3
2 (Iul” +1p = [P1B+(xp. 0|2 )dxdt < P lul"dxdt
07 (z0.p) 07" (20,p)
c > 3 1
+ > / 1P = [P 15+ (xp.py | 2 dxdt < pe udxdt
=10+ (z0.) 0+ (z0.0)
4 9
0 3 0 20
_3 1,2 23 2,10
+cp 2 IVp'|8dx | dt+cp [Vp“|3dx dt
=3/2 \B*(x0,0) =3/2 \B*(x0,0)
0 4
i 32
+cp? / / [Vp l7dx | dt <e
—3/2 \B*(x0,p)

with ¢ = 1/10 and Q™ (z0, 0) := B (x0, 0)x1to — 0%, to[C (RI\B*(R1/2))x] —
3/2,0[, xop3 = 0. From the e-regularity theory developed in [1,16,18], see details
also in [3], in particular, we can show the validity of (4.15) in (Ri\B+(3R1 /2))x]—
4/3,0][.

The second statement of the proposition can be deduced from the local regularity
theory for the heat equation and bootstrap arguments applied to the vorticity equation
and is described in detail in [23]. O
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5 Rescaling: scenario I

Let us go back to our original problem (1.1)—(1.3).
We assume that 7 > 0 is a blowup time. Theorem 1.1 can be proven ad absurdum.
Suppose that there exists a sequence #, 1 T such that

M = sup [[0C, 1) s ey < 00,
n

then T is NOT a blowup time.

It is known that there exists a global weak Leray—Hopf solution (energy solution)
to initial boundary value problem (1.1)—(1.3). This solution coincides with v on the
interval ]0, T[ and that is why we are going to denote it still by v. Arguments similar
to used in the previous section show that for every € > 0 there exists Rj(¢) > 0 such
that

sup lv(x, 1) < o0.
x€RI\B(R)),e<t<T

So, by the definition of blowup time T, there should be a singular point xg =
(xg, x03) € Ri_ att = T,i.e.,apoint such that v ¢ Lo (B(xg,7) ﬂRi) 1T —r2, T|)

for any positive 7. Without loss of generality, we may assume that x{, = 0. Then one
should consider two case

x03 =0
and
xo3 > 0.
Now let us focus on the first case, which will be referred to as ‘Scenario I’. The

case xo3 > 0 will be referred to as ‘Scenario II’. We know from [16, 18] that it must
be

1 3
P / (P + g = [g]p+@|?)dxdt > ¢
0*+((0,7);a)

for all 0 < a < ag, for some positive ag, and for some universal constant €.
In this scenario, our rescaling will be as follows:

u™(y,s) = v(x, 1), p™(y.s) = r2qx, ),
where

T —1,
2

x=lny, t=T4+xrs, i, =
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So, sufficiently smooth solutions «™ and p™ satisfy (4.1)—(4.3) with
u(()n)(y) = Av(Any, In).
Hence,

sup lug” ll 30 ry) = M-
n

Without loss of generality, we may assume

(n)

Uy ™ — ug

in L34 (Ri). So, all assumptions and statements of Propositions 4.1 and 4.2 hold for
u™ and p®™ and for their limits u and p.

First examine the profile. Let us recall the known fact that C§° (Ri) is dense in
L“’(Ri), for1 < s, p < oo. Also, recall that

’or Ky
(Ls,P(Ri))/ —15p (Ri)’ 5 = s_ p/ - _P
The identification is as follows, if f € L’ (]Ri) and g € Ls,P(Ri):

Ty(g) = / Fedx.
R3

Now, we mention that our assumption that v : Ri %10, co[— RR3 is a weak Leray
Hopf solution implies that v can be adjusted on some set of time of Lebesgue measure
Zero §uch t.hat v(:, t) € ;2(R1). Moreover, for any ¢(x) € Ci° (Ri) the following
functional is continuous in time on [0, oo[:

t— /v(x,t) ~p(x)dx.

3
R3

Our assumption that ||v(-, #,) || L34(R3) < M implies by O’Neil’s inequality that for
@ € CRY):

[ vt peoax] < migl,
7

3 .
27 ®Y)
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Hence, the weak-continuity implies

/ v(x, T) - px)dx| < Mol
B

3 .
L2 (RY)

This implies, from the aforementioned facts regarding Lorentz spaces, that
lv(-, T) ”ﬁ,q(Ri) <M.
Now, we shall show that
u(x,00=0

Indeed, it follows from (4.12)—(4.14) that

/|u<">(x,0)|dx—> / lu(x, 0)|dx.

B*(a) Bt (a)

5.1

(5.2)

Using generalized Holder inequality for Lorentz spaces (along with scale invariance),

it is not so difficult to show

1
) / ™ (x, 0)dx < cllu™ (., Ol 3.4+ @) = cllvC, Tl 3.4+ (a))-

Bt(a)

Now v(-, T) € L3 4(R3) and obviously dy(. 7). p+(:,a)) (@) — 0. This implies,

||U(" T)||L3‘q(B+()»na)) - 0

Now, we need to show that the limit function is not identically zero. Fix 0 < a, <

1/4 then we have

1 3
L / @™ P + [p® — [p™ e | Ddxdr
a

0% (@)
1

I 3
- (Ana?) / (vl + lg — [qlB+@,a)?)dxdt > &

0%((0,7),kna)

for0 < a < as.
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We know that

3
/ (™ P +1p™ — [p™1p+ 24,2 dxdt
0 (2ay)

1
M (ay) := sup H (a,)?

+  sup ||u<”><-,r>||§,3+(2a*)+||Vu<">||§,Q+(za*>]<°°-<5.3)
—(2a4)?<t<0

Let us fix a C2-domain €2, such that Bt(ay) C Q4 C BT(2ay) and let Q, =
Qux] — ai, O[. We may use the same type of decompositions as in the previous
sections

W™ =l p ol p™ =l g2
so that
dw!' —Aw!' +Vvrl =0, divw' =0
in Oy,
w'(x’,0,1)=0
forall (x,1) € 9Qy X [— a , 0] with x3 =0,
w!(x, —af) =u™(x, —af)
for all x € Q, and
dyw? — Aw? + Vr? = —~divu™ @ u™, divw? =0
in Qy,
w?>=0
on the parabolic boundary of Q.
By coercive estimate for the linear Stokes system with different time and space

exponents, see [6,24], we have

1?21 g+ I72ly 0y (4

20 (0.) < C@u™ - VulL ;50
2

0
3(

12 3

12 2

Using (5.4) one infers
0 1
2 2 3 2,12 ’
|7 — [r°] g+, 2dxdt < c(ax) IVre|Tidx ) dt
Q+(d*) *%2( B+(“*)
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11

0 N
Sc(a*)/ (/|Vr |11dx) dt
— 2 Qe
%
<c(a*)/ (/|u(”) Vu(")llldx) dt
—a2

3 3 3
< c@)IVu™ 17,0, 1u™ | zzew(Q*)nu(") 1700

3
SC(G*,M1)||M(n)||Z3(Q*)Sc(a*,M1)( / Iu(”)|3dxdt)
07" (2ax)

(5.5)

12

By the local regularity theory up to the boundary for the Stokes system developed in
[16,18] and by (5.3)—(5.5), for any s > 17,

0

/ ( / |Vr|abc)21

—(ax/2)?  B*(ax/2)

3 3
2 1 bl
= () (”w 12, sot@n TIVWIL, | 0r )
113 112
%
+||r — [r ]B*(a*)”L 1 3(Q+(a*)))
112
= (@ s) (”w 12,0 sty + 1V ”L 12 3(0% (@)
2 12
3 3
n
+lu ||§i2 0+ T I1VU" lilggua*»
I 11°2

3

*2
3

+ Ir! — [r"pe(a,)| 2 dxdt

O (ax)
3 3
< c(ax, My, s)( (Up™ = [P+ |2 + Ir? — 1B+ |2)dxdr + 1)

07 (ax)
S C(a*a Ml)

Next, we have for 0 < a < a,/2 and fors = 9,
1 3
e < a_2 / (|p(n) _ [p(n)]B+(a)|2 + Iu(")|3)dxdt
0t (a)
1 1 1 3
= -3 (Ir —1[r ]B+(a)|2)dxdt
a

0*(a)
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1
+— /(|r2—[r2]B+(a)|%+|u<”>|3)dxdz
a

0t (a)
1 3
< cn M)+ 5 [ 07 = Pl + i P
0% (@
c(ay) 3
=S [P 1 = 12 ol Dt + o, MG
O*(as)
1
c(a c(ax, M 4
< (a;) / |u(”)|3dxdl + %( / IM(")|3dxdt) + c(ay, Ml)az
0t (ax) 0+ (2ay)
1
clas, M 4
< (*—21) |u(")|3dxdt) + c(as, My)a’.
a
0+ (2ay)

For sufficiently small a > 0,

Bl

M
0<e/2 <& —clan Mpa? < S0 M0 / ™ Pdxdi
a

*(2ay)

and thus

2

™ Pdxdr > (L) .
C(a*v Ml)

Q+(2a*)

Passing to the limit as n — oo, we find

2 4

uPdxdt > (L) . (5.6)
0 C(a*a Ml)

07" (2ay)

Next, we follow arguments of the paper [3] that related with backward uniqueness
for the heat operator with lower order terms. By Proposition 4.2, we have

|00 — Aw| < c(jo] + Vo)), |o| <c

in {x € R3 : x3 > 2Ry} x] — 5/4,0[, where w = V A u. Next recall (5.2), which
implies

w(x,0)=0
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for x € {R?: x3 > 2R;}. Thus, we can apply arguments from the paper [3] that
are related with backward uniqueness for the heat operator with lower order terms
(Theorem 5.1 of [3]) to obtain

w(x,t) =0 (5.7

forall (x,7) € {x € R®: x3 > 2R;}x] — 6/5, O[. Recall that from Proposition 4.2
that for arbitrary § > 0 and k = 0, 1, 2, ... we have the decay estimate for spatial
derivatives,

[VEu(x, )| < e1(k, 8) (5.8)

valid for all (x,?) € (Ria\BJr(Rl))x] — 5/4, 0[. This allows one to apply unique
continuation through spatial boundaries (Theorem 3.1 of [3]) to conclude that (5.7) is
valid in (Ri\BJF(R]))x] —17/6,0][.

Since divu(-,t) = 01in Ri\B*(Rl) with u(x’,0,¢) =0 fortin] — g, 0[, we see
that for u = (u; (x, t));=1,2,3 we have

dusz(x’,0,1) _ dur(x’,0,1)  dua(x’,0,1) _
0x3 o dx1 x> N

0 (5.9)

forx = (x/,0) € Ri\BJ“(R]) anda.at in]—g, O[. Additionally, since V xu(-,¢t) =0
in Ri\B*‘(Rl) with u(x’,0,¢) =0fortin] — g, O[, we see that we have

dui(x’,0,1) B dusz(x’,0,1) B
0x3 - 0x] -

0 (5.10)

and

dur(x’,0,1) _ ousz(x’,0,1) _
0x3 B d9x7 -

0 (5.11)

forx = (x’,0) € Ri\B*(Rl) and the same 7. From (5.9)—(5.11), one can deduce
that

Vu(x',0,1) =0 (5.12)

forx = (x/,0) € Ri\B‘*(Rl) and the same 7. Indeed, one may argue further to
conclude that for any multi-index o

DY (x’,0,t) =0 (5.13)

for x = (x/,0) € ]Ri\BJF(R]) and a.a t in | — g,O[. Using Au(-,t) = 0 in
Ri\B“L(Rl), one can also infer that an appropriate extension of u(-, f) is harmonic
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and hence analytic in R3\ B(R;). From the analyticity of this extension and (5.13),
one can deduce that

u(x,t) =0 (5.14)

forall x € Ri\BJ“(ZR]) and for the same ¢. Recall, from (4.12)—(4.14) that we have
continuity on [—g, 0] for the following functional in time (here ¢ € C§° (R3)):

t — /go(x) ~u(x, t)dx. (5.15)

B

Now, (5.14) also implies that there exists ¥ C] — g, O[ with |X]| = 0 such that for
tel— £, 00\

/ |Vu|?dx < oo. (5.16)

3
R+

Recall from Proposition 4.1 that (u, p) satisfy a local energy inequality. These facts
imply that there exists a sufficiently smooth bounded domain Q C Ri and a set
¥ cx c]— g, O[ such that for any ¢y € Z,, u is a Leray—Hopf solution to (1.1)-
(1.3) on 2x]#g, O[ with initial data that additionally has finite dirichlet norm (5.16)
over 2. By local in time solvability for the Navier—Stokes equations with initial data
with finite Dirichlet integral, see details in [3,21], one can infer that there exists 69 > 0
such that forany 0 <€ <dpandk =1,2...

sup sup |Vku(x, )| < oo.
tote<t<tp+s—e Q

An application of unique continuation through spatial boundaries allows us to deduce
that w = 0 in Rix]to + €, to + & — €[. Using this, along with u € L§ (Q+6 0) and
-8,

(5.15), gives that u = 0 in R} x] — &, 0].
The latter contradicts with (5.6) and thus 7T is not a blowup time. O

6 Rescaling: scenario I1

Recall that ‘Scenario II” refers to the case x¢3 > 0O for the singular point at blowup time
T. Here, the scaling is x = xg + A, y. So, we replace Ri with R?l ={y=0',») e
R: y3>h}withh = h, = —x03/An.

In the case, sufficiently smooth functions ™ and p™ are a solution to the following
initial boundary value problem:

du™ +div® @u™ — Au™ = —vp™  divu =0

@ Springer



1350

T. Barker, G. Seregin

inR; x]—2,0L,
u™(x', —h,, 1) =0
for (x', 1) € R? x [-2, 0],
u™(,—2) = ug’() € LR} )
and
sup gl 3z < M-
Without loss of generality, we may assume
u(()") — U

in L3"1(Ri) for any h > —o0.

We can use estimates of Sect. 2 in domains Rf’l" with constants independent of 7.

Proposition 6.1 There exist subsequences still denoted in the same way with the

following properties:

u® oy

(6.1

in LQ(R?,X] — 2,0 forany h > —oco withu € LITO(Q_Z’O) and Q_20 = R3x]—

2,0[,
Vu'™ —~ Vi
in Ly(B(R)x]—2+6,0]) forany R > 0 and any 0 < § < 2,
u™ >y
in L3(B(R)x] —3/2,0[) forany R > 0;
p™ = p

in L%(B(R)x] —3/2,0[) forany R > 0.

Functions u and p satisfy the Navier—Stokes system in Q_3,2 o.

For the pressure p, the following global estimates are valid:
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with the estimates
”Vpl ”L%%(Q—yz,o) + ”VPZHLQ(Q—VM) + +”Vp3”L2(Q—3/2,0) <o0. (6.5)

Moreover, forany R > 0, the limits pair u and p satisfies the local energy inequality

t
/‘PQ(XJ)W(X,INQCIX—FZ/ /¢2|Vu|2dxdt

B(xo.R) 1o—R? B(x0,R)

</ / lul>(9,0> + A@?) +u - Vo> (|lul> + 2p)dxds  (6.6)

to—R? B(x0,R))

forall =32 < 1o — R*> <t < 19 < 0, for all xo € R3, and for all ¢ €
C5°(B(xo, R)x1to — R?, 1o + R).

The proof of Proposition 6.1 goes along the lines of the proof of Proposition 4.1 with
minor modifications. Scenario II can then be ruled out in the same way as in [21].
We would like to stress that a major simplification in Scenario II, compared with
Scenario I, is related to showing non-triviality of the limit solution. In the interior
case we may follow the local pressure decomposition used in [21] one of which is
harmonic and the other satisfies a coercive estimate. Interior properties of harmonic
functions are essential in the use of this decomposition for showing non-triviality of
the limit function. In the boundary case of Scenario I the same decomposition doesn’t
apply. Instead, in order to show non-triviality, one uses a local decomposition of the
velocity and pressure together with estimates for the Stokes system near the boundary
as described in Scenario 1. O
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