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Abstract We present theoretical model analysis to study
fully nonlinear behavior of gravito-electrostatic fluctuations
in unmagnetized self-gravitating collisional dust cloud in
presence of the ion-drag forces methodologically on the
Jeans scales of space and time. The ion-drag effect as a re-
sult of streaming plasma ions arises here due to the ion or-
bital motion (scattering effect by dust) and the ion momen-
tum transfer (capturing effect by dust) processes in oppo-
site phase with the electrostatic force field. All the realistic
astrophysical processes, such as electron impact-ionization
of the neutral atoms, volume recombination, attachment of
the electrons and ions to the dust grains and the collec-
tive plasma particle collisions are jointly considered. The
Sagdeev pseudo-potential formulation is methodologically
carried out in modified form to derive a new pair of gravito-
electrostatically coupled energy integral equations. A nu-
merical analysis is made to see the fluctuation features in
judicious plasma parameter window. It is shown that the
fluctuation dynamics evolves as self-gravitational rarefac-
tive solitary structures and electrostatic compressive shock-
like spectral patterns. The new features brought about by the
considered ion-drag effects are discussed in the light of the
existing theoretical, experimental and satellite-based predic-
tions. The relevance of our results to understand the dynam-
ics of self-gravitational collapse leading to galactic structure
formation in interstellar space is briefly summarized.
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1 Introduction

The study of nonlinear gravito-electrostatic waves, oscilla-
tions and fluctuations in self-gravitating dusty plasmas in the
form of dust molecular clouds (DMCs) has been an impor-
tantly emerging area of great interest for years. The grow-
ing interest is mainly due to the roles played by such fluc-
tuations in the dynamics of self-gravitational collapse lead-
ing to the formation of bounded equilibrium structures in
diverse astrophysical situations. Such structures, to name a
few, include stars, stellar rings, planets, planetesimals, plan-
etary rings, cometary tails, clusters, etc. (Mace and Hellberg
1993; Mamun and Shukla 2002; Shukla and Mamun 2003;
Paul et al. 2006; Karmakar et al. 2012).

It is seen that many authors have studied the evolutionary
dynamics of various waves in different dusty plasma config-
urations with wide-range existence from laboratory to space
in past. They have found various structural waves which
can either modify the original waves and instabilities or in-
troduce new eigenmodes like solitons, shocks, double lay-
ers, vortices, etc. (Rao et al. 1990; Shukla and Silin 1992;
Mace and Hellberg 1993; Mamun 1999; Shukla and Mamun
2002, 2003). The dynamics of these waves have been inves-
tigated theoretically (Rao et al. 1990; Shukla and Silin 1992;
Mace and Hellberg 1993; Shukla and Mamun 2003) in di-
verse plasma situations. Rao et al. have theoretically pre-
dicted the existence of the low-frequency dust-acoustic wave
(DAW) in an unmagnetized dusty plasma by using the re-
ductive perturbation technique (Rao et al. 1990). They have
showed that these waves propagate linearly as normal sound
modes and nonlinearly as soliton-like eigenmodes, which
arise due to the balance between nonlinear wave steepen-
ing and linear dispersion (Rao et al. 1990). On the other
hand, Shukla and Silin theoretically confirmed the exis-
tence of the low-frequency DAW (Shukla and Silin 1992)
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in weakly unmagnetized dusty plasma. Mamun has investi-
gated both weakly and strongly nonlinear waves in unmag-
netized dusty plasma by using both the reductive perturba-
tion and the Sagdeev pseudo-potential approaches (Mamun
1999). He has considered a three-component fluid model
consisting of the inertial charged dust grains and the Boltz-
mann distributed electrons and ions. It has been found that
both weakly and strongly nonlinear waves admit solitary
structure only with negative potential. Shukla et al. have also
theoretically investigated the dust-acoustic shock in strongly
coupled unmagnetized dusty plasma (Shukla and Mamun
2001) and so forth.

Several authors have investigated the dynamics of these
nonlinear eigenmodes considering self-gravity in dusty
plasma (Khare and Shukla 1994; Pandey and Dwivedi
1996; Burman and Chowdhury 2002; Pandey et al. 2003;
Misra et al. 2004, 2005; Misra and Chowdhury 2006;
Karmakar and Borah 2012). The self-gravitational effect
arises due to the micron-sized massive dust grains, which
balance the electrostatic repulsive effect and induce cou-
pled gravito-electrostatic fluctuations. As a result, differ-
ent nonlinear eigenmodes, i.e., solitons, shocks, double
layers, vortices, etc. evolve, which help us in explaining
the basic physics behind the star formation, the particle-
acceleration, material-transportation and self-gravitational
collapse mechanism in astrophysical situations including
interplanetary dust, galaxies, planetary rings, etc. (Bland-
ford and Ostriker 1978; Khare and Shukla 1994; Bur-
man and Chowdhury 2002; Pandey et al. 2002, 2003;
Bergin et al. 2004; Misra et al. 2005; Ivlev et al. 2010;
Carley et al. 2013).

The excitations of these nonlinear eigenmodes have also
been seen experimentally (Luo et al. 1999; Reighard et al.
2006; Sheridan et al. 2008; Bandyopadhyay et al. 2008;
Merlino et al. 2012), and by satellite (like Viking, FAST,
Freja, Polar, Cluster spacecraft, etc.) observations (Gosling
et al. 1968; Ergun et al. 1998a; Ergun et al. 1998b; Franz
et al. 1998; Lee et al. 2009; Pickett et al. 2003; Carley et al.
2013) in presence of the dust grains. Lue et al. have studied
experimentally the formation of the nonlinear shock struc-
tures in dusty plasma (Lue et al. 1999), whereas, Reighard
et al. have also observed like structures in different exper-
imental conditions (Reighard et al. 2006). Bandyopadhyay
et al. have experimentally studied the excitation and prop-
agation of the solitary waves in Argon plasma with Kaolin
dust grains (Bandyopadhyay et al. 2008). They have found
the nonlinear solitary waves excited by pulse modulating
voltage with electrostatic negative potential.

The instabilities or fluctuations giving rise to the non-
linear structures may also arise in dusty plasma due to the
ion-drag force, ionization, dust-charge fluctuation and so
on (D’Angelo 1998; Misra et al. 2004). Recently, a num-
ber of authors have studied the instabilities of the DAW in

presence of the ion-drag force, ionization, dust charge fluc-
tuation, etc. in dusty plasma (D’Angelo 1998; Ivlev et al.
1999, 2004). The ion-drag force arises due to the ion or-
bital motion around the grains, as well as the momentum
transfer from the ions which are captured by the grains.
It plays a crucial role in understanding the location and
configuration of the grains, interaction between the grains,
instabilities and nonlinear fluctuations in space and labo-
ratory dusty plasmas. D’Angelo has theoretically investi-
gated damped DAW fluctuations in a uniform, unmagne-
tized, four-component plasma consisting of positive ions,
electrons, negatively charged dust grains and neutral atoms
in presence of the ion-drag force (D’Angelo 1998). Accord-
ingly, later Ivlev et al. have shown that the acoustic modes
can be unstable in the presence of the ion-drag forces and
ionization effects (Ivlev et al. 2004).

The main motive behind this work is to study the fully
nonlinear behavior of the gravito-electrostatic eigenmodes
(in 1-D geometry) in the DMC in presence of the ion-
drag force effects. All physical processes, such as ioniza-
tion, recombination, dust-charge relaxation and whole col-
lisional dissipative agencies are taken into account. Apply-
ing the Sagdeev pseudo-potential approach (Sagdeev 1966;
Mace and Hellberg 1993; Mamun 1999; Shukla and Ma-
mun 2003), it is methodologically shown that the electro-
static eigenmodes evolve as compressive shock-like struc-
tures and the self-gravitational eigenmodes germinate as
rarefactive soliton-like patterns, governed by a new pair of
gravito-electrostatically coupled energy integral equations.
The outline of the paper is organized as follows. Apart
from introduction already presented in Sect. 1, Sects. 2 and
3 describe our physical and the mathematical models, re-
spectively. Section 4 includes the properties of the arbitrary
amplitude gravito-electrostatic fluctuation eigenmodes. Sec-
tion 5 presents the numerical results and discussions. Fi-
nally, Sect. 6 depicts the main conclusions derived from our
studies together with futuristic expansion highlights.

2 Physical model

We consider a one-dimensional (1-D), unmagnetized, self-
gravitating and collisional DMC consisting of the warm
electrons, positive ions and negatively charged identical
dust grains (partially ionized) with presumed global quasi-
neutrality condition. The plasma model includes the ion-
drag forces arising due to electro-mechanical ion-grain in-
teraction on the Jeans scales of space and time. These drag-
forces act in anti-phase with the bipolar electrostatic forces
arising due to ambipolar diffusion mechanism. More simply
speaking, the ion-drag forces arise due to the orbital motion
of the ions around the grains and the momentum transfer
from the ions, which are collected by the grains. The charge
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of the grains in interstellar media, in reality, varies with
space and time due to the electron-ion sticking mechanism,
secondary electron emission, photo-emission, thermionic
emission and so forth (Shukla and Mamun 2002). However,
for convenience in mathematical simplifications, we con-
sider the dust charge as a static parameter. This is based on
the justified approximation that the dust charging time scale
(10−8 s) is much smaller than the characteristic evolutionary
time scale (10−3 s) of the considered fluctuation dynamics
(Pandey and Dwivedi 1996). Besides, the background neu-
trals are assumed to be immobile on the time scale of the
wave dynamics of our interest.

On the Jeans scales of space and time, the electrons and
ions are assumed to be thermalized with the corresponding
temperature-scaling Te ≈ Ti = Tp � Td (in eV), dictated by
the asymmetric mass-scaling me < mi � md , the conven-
tional symbols used are discussed later. All the physical pro-
cesses of astrophysical relevance, such as, ion-drag forces,
ionization-recombination processes and collisional dissipa-
tion effects are also included. The dissipative or damping
effects here come from the various collisions between the
electrons-neutrals, ions-neutrals, electrons-ions, etc.

3 Mathematical analysis

The cloud dynamics under consideration is described by
a modified model set of conservative fluid equations in
gravito-electrostatic equilibrium condition. As already dis-
cussed, it considers all the realistic effects like ion-drag
forces, ionization, recombination, attachment of electrons
and ions to the dust grains, etc. Thus, the cloud dynamical
evolution is completely dictated by the continuity equations,
momentum equations and the closing electro-gravitational
Poisson equations in a planar geometry (Misra et al. 2004).
The basic governing equations describing our physical
model in unnormalized form are enlisted respectively as fol-
lows:
∂ne

∂t
+ ∂(neue)

∂x
= Se, (1)

∂ue

∂t
+ νeff

e ue + Te

mene

∂ne

∂x
= e
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∂x
, (2)

∂ni
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+ ∂(niui)

∂x
= Si, (3)
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∂t
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(
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)
∂ni
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∂φ
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∂nd

∂t
+ ∂(ndud)

∂x
= 0, (5)

∂ud
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∂x
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(
Td

mdnd

)
∂nd

∂x

= −
(

qd
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)
∂φ

∂x
+ Fdi
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∂x
, (6)

∂2ψ

∂x2
= 4πGmdnd, and (7)

∂2φ

∂x2
= −4πe

{
(Zini) − (ne) +

(
qd

e

)
nd

}
. (8)

where, nj , uj , mj and Tj (in eV) are the population den-
sity, velocity, mass and temperature of the plasma species,
where j = e for the electrons, i for the ions and d for
the dust grains, such that Te ≈ Ti = Tp � Td ; respectively.
The notations φ and ψ are respectively the electrostatic and
self-gravitational potentials. The source terms in Eqs. (1)
and (3) are defined as Se = −νedne + νine − Veffn

2
e and

Si = −νidni + νine − Veffn
2
e , where, νed and νid repre-

sent the attachment frequencies of the electrons and ions
to the grains, respectively. Also, νi is the rate for electron
impact-ionization of the neutral atoms and Veff is the differ-
ence between the volume recombination rate and the step-
wise ionization rate. For more details, interested readers
are suggested to go through the book by Bittencourt (Bit-
tencourt 2004). Then, the symbol νdn is for the effective
collisional frequency between the grains and neutrals. Be-
sides, νeff

e is the effective collision frequency in momentum
exchange processes between electron-ion, electron-neutral,
ion-neutral, elastic and inelastic electron-ion impacts with
the grains. The notation Fid represents the ion-drag force,
qd = −Zde is the dust charge with e as the electronic charge,
and all the rest, having their usual significances (Shukla and
Mamun 2002; Misra et al. 2004).

As already mentioned, the principal goal of this pa-
per is centered on investigation of fully nonlinear gravito-
electrostatic waves in presence of the complex ion-drag
force influences in the plasma parameter regimes previously
remaining unexplored. The ion-drag force by the stream-
ing plasma ions is well-known to consist of two distinct
components-collection force (capturing effect by the grains,
but not scattering) and orbital force (scattering effect by the
grains, but no capturing). Thus, the explicit unnormalized
form of the resultant ion-drag force with all the usual no-
tations (Shukla and Mamun 2002; Misra et al. 2004) can
analytically be derived and summarily written as,

Fdi = 4πnimiVitvib
2
π/2 ∧ (Vit), (9)

where, Vit = (v2
i + 8V 2

Ti/π)1/2 is the resultant ion-flow
speed, which is the sum of the directed drift speed, vi and the
random thermal speed, VTi. Also, bπ/2 = Zde2/miV

2
it is the

orbital impact parameter for the θ = π/2 deflection relative
to the initial ion-flow. Next, ∧(Vit) = ln[(λ2

De + b2
π/2)/(b

2
c +

b2
π/2)]1/2 is the Coulomb logarithm, analytically obtained by

integrating spatially from the collection impact parameter,
bc = rd(1 + 2Zde2/rdmiV

2
it ) to the electron plasma Debye

length, λDe. The other symbols, like rd and Zd , stand for
the dust grain radius and grain surface charge number under
identical spherical grain approximation.
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The normalized closed set of basic governing Eqs. (1)–
(8), after a standard astrophysical normalization procedure
being discussed later, is set out as below:

∂Ne
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+ ∂MeNe
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2
e , (10)

∂Me

∂τ
+ f eff

e Me + α
1

Ne

∂Ne

∂ξ
= α

∂Φ

∂ξ
, (11)

∂Ni

∂τ
+ ∂MiNi

∂ξ
= −fidNi + fiNe

(
ne0

ni0

)

− Veff0

(
n2

e0

ni0

)
N2

e , (12)

∂Mi

∂τ
+ f eff

i Mi + β

(
Ti

Te

)
1

Ni

∂Ni

∂ξ
= −Ziβ

∂Φ

∂ξ
, (13)

∂Nd

∂τ
+ ∂(NdMd)

∂ξ
= 0, (14)

∂Md

∂τ
+ Md

∂Md

∂ξ
+ fdnMd +

(
Td

Te

)
1

Nd

∂Nd

∂ξ

= −
(

qd

e

)
∂Φ

∂ξ
+ F di

N − ∂Ψ

∂ξ
, (15)
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mdω2
J
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(
qd

e

)
nd0Nd

}
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(17)

Here, α = md/me and β = md/mi represent the asymp-
totic mass ratios of the grains to the electrons and ions, re-
spectively. The independent variables like position (ξ ) and
time (τ ) are normalized by the Jeans length (λJ ) and Jeans
time (ω−1

J ), respectively. The parameters Ne, Ni and Nd

are the normalized population densities of the electrons,
ions and grains, respectively; normalized by their respective
equilibrium values (viz., ni0, ne0 and nd0). Also, their re-
spective fluid velocities Me , Mi and Md are normalized by
the dust-acoustic phase speed css. Moreover, all the colli-
sional frequencies fed, fid, fdn and f eff

e are normalized by
the Jeans frequency ωJ = (4πρ0G)1/2, where ρ0 = mdnd0

is the equilibrium matter density of the cloud. The electro-
static potential Φ is normalized by the cloud thermal poten-
tial Tp/e and the self-gravitational potential Ψ is normal-
ized by c2

ss. Furthermore, Veff is the recombination coeffi-
cient normalized by the Jeans frequency ωJ and the ion drag
force (F di

N ) is normalized by the thermal force Tp/λJ . The
adopted normalization scheme, for convenience of quick
reference, is mathematically summarized as follows:

ξ = x/λJ , τ = t/ω−1
J , Ne = ne/ne0,

Ni = ni/ni0, Nd = nd/nd0, Me = ue/css,

Mi = ui/css, Md = ud/css, css = √
Tp/md,

fed = νed/ωJ , fid = νid/ωJ , f eff
e = νeff

e /ωJ ,

fi = νi/ωJ , Φ = eφ/Tp, Ψ = ψ/css,

Veff0 = Veff/ω
−1
J and F di

N = F diλJ /Tp.

Let us now derive a simplified normalized form of the
complicated ion-drag force from Eq. (9) explicitly as a func-
tion of the relevant plasma parameters and calculate its typ-
ical numerical value in normal astrophysical cloud condi-
tions without using any questionable rough approximation
(Yaroshenko et al. 2007; Huba 2013) as follows,

F di
N (Ni,Mi,Zd) = 10−6

[
NiZd

M2
i

]
. (18)

In the derivation of the above equation, different parameter
values used are ni0 = 2 × 105 m−3, nd0 = 1.39 × 101 m−3,
mi = 1.67 × 10−27 kg, ∧(Vit) ∼ 10 and Tp = 10 eV.

4 The Sagdeev pseudo-potential approach

To study fully nonlinear properties of the gravito-electro-
static fluctuations of arbitrary amplitude, we apply the stan-
dard technique of the Sagdeev pseudo-potential approach,
also known as the Sagdeev energy integral method (Sagdeev
1966; Mamun 1999; Shukla and Mamun 2002; Lakhina
et al. 2008). The basic set of plasma governing equations
(Eqs. (10)–(17)) is transformed into time-stationary form
under the reference frame transformation, η = ξ − μτ ,
where μ is the reference frame velocity (normalized by css).
Then, we apply the appropriate boundary conditions Mi →
0, Me → 0, Md → 0, Ni → 1, Ne → 1, Nd → 1, Φ → 0,
Ψ → 0, ∂Φ/∂η → 0 and ∂Ψ/∂η → 0 at η → ±∞ for lo-
calized disturbances in our analytical integration scheme.
Thus simplified, the coupled set of plasma structure equa-
tions gets transformed into a unique pair of new gravito-
electrostatically coupled energy integral equations set out as
follows:

1

2

(
∂Φ

∂η

)2

+ VE(Φ) = 0, and (19)

1

2

(
∂Ψ

∂η

)2

+ VG(Ψ ) = 0, (20)

where, VE(Φ) and VG(Ψ ) are known as the electrostatic
and self-gravitational Sagdeev potentials, respectively. Their
mathematical constructs are presented as follows:

VE(Φ) = e2
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(−Q
√

Q2 − (4PR)
)
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(
(2PR) ln

(−Q +
√

Q2 − (4PR)
))}
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− ne0
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(
1

4Aα
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(
1

α
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(
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4μ2A
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(
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,

(21)

and

VG(Ψ ) = mdnd0μ

ρ0

[{
F 2 − (2EG)

}1/2

− [μE − F ] ln
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F 2 − (2EG)
}1/2

+ (μE − F)
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, (22)

where, the various involved coefficients are

A = 4α, B = −{
2α − f eff

e (
√

α)ηe + μ + αΦ
}
,

C = −{
μηeNe(−fed + fi) − βeff0ne0ηeμNe

2 − μ2},
P = 4β, Q = −{

β − ZiβΦ + μ2 − f eff
i (

√
α)ηi

}
,

R =
{
μ2 + fidμηiNi − fi

(
ne0

ni0

)
ηeNeμ

+ βeff0

(
n2

e0

ni0

)
ηeμNe

2
}
,

E =
{
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(

Td

Te

)(
1

μ2

)}
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(
Td
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)(
1

μ
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,

G =
{
fdn

√
Td

Te

ηd + qd

e
Φ + Ψ − F di

N η

}
, and

T =
√{

F 2 − (2EG)
}
.

Here, ηe = (ηe1 − η0), ηi = (ηi1 − η0) and ηd = (ηd1 − η0)

are the characteristic spatial variables (on the Jeans scale
length) introduced for analytical simplification of the com-
plex inhomogeneous dust cloud; and they are termed as av-
erage transit scale lengths of the electrons, ions and grains,

respectively. Likewise, Ne and Ni are the spatially averaged
number densities of the electrons and ions in normalized
form, respectively.

In order to explore the basic characteristics of the fully
nonlinear fluctuations, we carry out analytical tests to check
the fulfillment conditions for the existence of possible
structures like shocks, solitons, double layers and so forth
(Sagdeev 1966; Mamun 1999; Shukla and Mamun 2002;
Lakhina et al. 2008). Accordingly, we see that the electro-
static energy integral equation (Eq. (19)) satisfies the follow-
ing extreme conditions meant for the existence of shock-like
structures as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

VE(Φ) = 0,
∂VE(Φ)

∂Φ

= 0, at Φ = 0,

∂2VE(Φ)

∂Ψ 2
< 0, at Φ = 0,

VE(Φ) 
= 0, at Φ = Φmax, and

VE(Φ) < 0 for 0 < |Φ| < |Φmax|

(23)

On the other hand, the self-gravitational energy integral
equation (Eq. (20)) satisfies the following conditions pre-
dicting the dynamical evolution of possible soliton-like pat-
terns (Shukla and Mamun 2002; Lakhina et al. 2008) as fol-
lows:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

VG(Ψ ) = 0,
∂VG(Ψ )

∂Ψ
= 0, at Ψ = 0,

∂2VG(Ψ )

∂Ψ 2
< 0, at Ψ = 0,

VG(Ψ ) = 0, at Ψ = Ψmax, and
VG(Ψ ) < 0 for 0 < |Ψ | < Ψmax

(24)

It may be noted that the analytical conditions, as shown
in Eqs. (23)–(24), for analytically characterizing the exis-
tence of eigenmodes, are obtained by using Φ = 0, Ψ = 0,
Td/Te = 0, Ne = 1, Ni = 1, f eff

e = 0, fed = 0, fid = 0, fi =
0, f eff

i = 0 and βeff0 = 0. It is found that VE(Φ) satisfies
the shock-like structural evolution conditions (Eq. (23)) and
VG(Ψ ) satisfies the solitary evolution conditions (Eq. (24)).
So, our analytical tests show possibility for the existence
of electrostatic shock-like and self-gravitational soliton-like
eigenmode structures.

5 Results and discussions

The main aim of the theoretical model presented here is to
analyze the properties of fully nonlinear gravito-electrostatic
eigenmodes in the presence of ion-drag forces included in
the heavier dust grain dynamics in self-gravitating multi-
fluid dusty plasma. It is analytically shown that the fluctua-



41 Page 6 of 9 A. Haloi, P.K. Karmakar

Fig. 1 Profile of the electrostatic (a) Sagdeev potential V (Φ) and
(b) physical potential Φ . Different lines correspond to Case (A):
md = 4.0 × 10−16 kg (blue line), Case (B): md = 4.3 × 10−16 kg

(red line), Case (C): md = 4.6 × 10−16 kg (green line) and Case (D):
md = 4.9 × 10−16 kg (black line), respectively. Further inputs and de-
tails are discussed in the text.

Fig. 2 Same as Fig. 1, but in different conditions. Different lines correspond to Case (A): Zd = 1.00 × 102 (blue line), Case (B): Zd = 2.00 × 102

(red line), Case (C): Zd = 3.00 × 102 (green line) and Case (D): Zd = 4.00 × 102 (black line); respectively.

tions are governed by a new pair of gravito-electrostatically
coupled energy integral equations (Eqs. (17)–(18)) by apply-
ing the Sagdeev pseudo-potential approach. In addition to
approximate analytical features as already discussed above,
the coupled system is analyzed numerically for exact solu-
tions as initial value problems by the fourth-order Runge-
Kutta method (RK-IV), a well established technique (Press
et al. 2002). It is found by exact numerical integration
that the collective fluctuations evolve as shock-like (electro-
static) and soliton-like (self-gravitational) patterns in judi-
cious plasma parameter window (Goldston and Rutherford
1995) relevant for interstellar space as displayed graphically
in Figs. 1, 2 and 3.

As shown in Fig. 1, the spatial profiles of electrostatic (a)
Sagdeev potential and (b) physical potential depict the ex-
istence of unique class of shock-like structures supported in
our DMC. Here, various lines correspond to Case (A): md =
4.0 × 10−16 kg (blue line), Case (B): md = 4.3 × 10−16 kg
(red line), Case (C): md = 4.6 × 10−16 kg (green line) and
Case (D): md = 4.9 × 10−16 kg (black line); respectively.
The other parameters kept fixed are Zd = 100, neo = 2.40 ×
105 m−3, nio = 2.00 × 105 m−3, ndo = 1.39 × 101 m−3,
me = 9.1 × 10−31 kg, mi = 1.67 × 10−27 kg, Ne = 103,
Ni = 102, fid = 2.00 × 10−3, Zi = 1, ηe = 2.00 × 10−2,
ηi = 3.00 × 10−2, ηd = 2.00 × 10−2, F di

N = 1.00 × 103

(for subsonically streaming ions), fdn = 1.00 × 10−2, fed =
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Fig. 3 Profile of the self-gravitational (a) Sagdeev potential V (Ψ ) and
(b) physical potential Ψ . Different lines here correspond to Case (A):
md = 4.00 × 10−14 kg (blue line), Case (B): md = 4.30 × 10−14 kg

(red line), Case (C): md = 4.60 × 10−14 kg (green line) and Case (D):
md = 4.90 × 10−14 kg (black line), respectively. Further inputs and
details are given in the text.

1.00 × 102, fion = 1.00 × 102, fi = 1.00 × 101, fe =
2.00 × 101, βeff0 = 2.00 × 10−3 and μ = 1.02. It is seen
that the numerical patterns of VE(Φ) (Fig. 1(a)) satisfy all
the extreme analytical conditions given by Eq. (21). So, Φ

must evolve as compressive shock-like eigenmodes, which
is indeed so, as found numerically (Fig. 1(b)). It can be
noticed that a finite value of VE(Φ) exists at maximum
wave amplitude, Φ = Φmax. Thus, in Fig. 1(b), we see, with
proper numerical fitting, that the Φ-fluctuations are conver-
gent to Φ = Φmax for the different increasing md -values. It
is interesting to see that the Φ-amplitude increases with in-
crease in md , but the shock front-thickness remains the same
(Fig. 1(b)). Thus, we can say that the increasing grain-mass
has a destabilizing influential role on the electrostatic fluc-
tuations. It may interestingly be pertinent to note that, when
the Zd = 100 value is kept fixed, the Φ-amplitude increase
with the md -value is attributable to the large-scale ambipo-
lar gravity-induced electrostatic polarization effects (Vran-
jes and Tanaka 2005). The basic physics behind it may eas-
ily be seen as in the following. An isolated isothermal dusty
plasma gas in gravito-thermal equilibrium organizes itself in
such a fashion that the heavier constituents (grains) prepon-
derantly fill lower layers, leaving the lighter species (elec-
trons and ions) distributed in upper layers. In the interstellar
dusty conditions, the grain-to-ion scale heights may, with all
the pre-defined usual notations, be compared as, Hd/Hi ∼
(md/mi)(Tp/Td) � 1. It indicates that a large-scale non-
zero electrostatic potential is evolved in association with the
gravity-induced stratification effects, which in turn, is re-
sponsible for the detected shock-features as in Fig. 1.

Likewise, Fig. 2 gives the same as Fig. 1, but with dif-
ferent conditions. Different lines correspond to Case (A):

Zd = 1.00×102 (blue line), Case (B): Zd = 2.00×102 (red
line), Case (C): Zd = 3.00 × 102 (green line) and Case (D):
Zd = 4.00 × 102 (black line); respectively. In Fig. 2, we get
similar structural patterns as shown in Fig. 1. Here, it is seen
that the fluctuation amplitude of the compressive shock-like
patterns decreases with increase in Zd . This implies that the
Zd -increment introduces stabilizing effect for the electro-
static wave fluctuations. Now, we apply Eq. (18) in given
plasma conditions to compare the relative strength of the
ion-drag forces as, (F di

N )1 : (F di
N )2 : (F di

N )3 : (F di
N )4 = 1 : 2 :

3 : 4, for Zd1 = 100, Zd2 = 200, Zd3 = 300 and Zd4 = 400;
respectively. It shows that the ion-drag force has a stabilizing
influential role on the electrostatic wave propagation in the
cloud, as well-reflected in Fig. 2 too. It parallelly indicates
that if there is no ion-drag force effect, the cloud would elec-
trostatically be more destabilized with far and far enhanced
shock amplitudes. Thus, one can encounter that the ion-drag
effects are important for re-organization of the plasma equi-
librium, subjected to fully nonlinear perturbation against the
equilibrium, where the observed compressive structures are
supported.

In contrast, Fig. 3 graphically shows the spatial profiles
of the self-gravitational (a) Sagdeev potential and (b) phys-
ical potential in some judicious plasma parameter space.
It portrays the existence of soliton-like structures. Various
lines correspond to Case (A): md = 4.00 × 10−14 kg (blue
line), Case (B): md = 4.30 × 10−14 kg (red line), Case (C):
md = 4.60 × 10−14 kg (green line) and Case (D): md =
4.90 × 10−14 kg (black line); respectively. The other pa-
rameters kept fixed are Zd = 100, nd0 = 4.00 × 102 m−3,
F di

N = 1.00×102 (for subsonic ion-flow), ηd = 2.00×10−2,
fdi = 5.00 × 10−3, fdn = 2.00 × 10−2 and μ = 10. It is



41 Page 8 of 9 A. Haloi, P.K. Karmakar

noticed that the numerical patterns (Fig. 2(a)) of VG(Ψ )

also satisfy all the derived analytical conditions (Eq. (22))
required for the existence of solitary structures. Here, Ψ

evolves as rarefactive solitonary eigenmodes (Fig. 2(b)). It
is seen that the amplitude of the eigenmodes increases with
increase in the grain-mass, with the corresponding VG(Ψ )-
fluctuations merging to Ψ = Ψmax (Fig. 2(b)). It is found
that the md -increment plays destabilizing role for the self-
gravitational wave fluctuations. This physically signifies that
the self-gravitational potential has a direct correlation with
the grain-mass. However, unlike the electrostatic fluctua-
tions as already discussed, the md -independent ion-drag
force effect does not play any significant role in influencing
the dynamics of the self-gravitating cloud stability.

In order for quantitative description, the physical strength
of the Φ-fluctuations is calculated as φ ∼ 5.35 V for aver-
age value of Φ ∼ 3.5 × 10−2 (Fig. 1(b)) with T ∼ 104 K.
Similarly, the physical value of Ψ is estimated as ψ ∼
5.70 × 10−3 J kg−1 for average value of Ψ ∼ 3.10 × 10−8

(Fig. 3(b)) with T ∼ 104 K. It is clear from our analysis
that the electrostatic potential fluctuations dominate over
the self-gravitational counterpart within the framework of
relevant interstellar plasma parameter space (Goldston and
Rutherford 1995).

The analytical and the numerical findings in our investi-
gation are in good correspondence with those obtained theo-
retically by others (Mamun 1999; Shukla and Mamun 2003;
Lakhina et al. 2008). In addition, our results also go in good
conformity with the laboratory-based experimental observa-
tions in different plasma situations existing in the literature
(Luo et al. 1999; Reighard et al. 2006; Sheridan et al. 2008;
Bandyopadhyay et al. 2008; Merlino et al. 2012).

Most importantly, our model results might be useful as
theoretical support to explain the satellite observations on
various nonlinear wave features existing in space and as-
trophysical environments (Gosling et al. 1968; Ergun et al.
1998a, 1998b; Franz et al. 1998; Lee et al. 2009; Pickett
et al. 2003; Carley et al. 2013).

6 Conclusions

We theoretically study the properties of fully nonlinear
wave dynamics sourced by gravito-electrostatic coupling, in
collisional, unmagnetized and self-gravitational dust cloud
with the help of the Sagdeev pseudo-potential method. The
adopted model consists of the warm electrons, positive ions
and negatively charged massive dust microspheres with par-
tial ionization in presence of the ion-drag forces acting in
anti-phase with the bipolar electrostatic forces arising due
to ambipolar diffusive mechanism. All the realistic colli-
sional effects, like between the electrons-ions, electrons-
grains, ions-grains, etc., are simultaneously included. It is

found that our model supports the existence of electrostatic
compressive shocks and self-gravitational rarefactive soli-
tons having wide-range stability significance in laboratory,
space and astrophysical situations. To summarize, the main
characteristic points on the fully nonlinear fluctuation dy-
namics investigated here are briefly concluded as follows:

1. A theoretical evolutionary model to see strongly non-
linear gravito-electrostatic fluctuations in astrophysical
dusty plasma in presence of the ion-drag forces is de-
veloped.

2. A new pair of gravito-electrostatically coupled energy in-
tegral equations is systematically obtained by using the
Sagdeev pseudo-potential approach.

3. Fully nonlinear fluctuations evolve as electrostatic com-
pressive shocks and self-gravitational rarefactive soli-
tons.

4. It is found that the strength of the electrostatic fluctu-
ations is stronger than the self-gravitational counterpart
(Φ/Ψ = 0.6×101) due to the considered self-gravitating
grainy plasma environment.

5. The investigation on interplaying gravito-electrostatic
coupling verifies the well-established fact that the grav-
ity also induces finite non-zero electric field in a self-
gravitating system via ambipolar gravity-induced electric
polarization (Vranjes and Tanaka 2005) even in presence
of streaming ions in the cloud.

6. Our results reveal that the electrostatic shock-like fluc-
tuations evolve in the accelerating region (μ > 1) of the
DMC. Thus, it is likely to play an important role in un-
derstanding the mechanism of plasma-based particle en-
ergization in space and astrophysical environments (Pot-
telette et al. 1999).

7. The wave patterns investigated here match qualitatively
with the results found experimentally in laboratories
on dusty plasma systems (Luo et al. 1999; Reighard
et al. 2006; Bandyopadhyay et al. 2008; Sheridan et al.
2008; Merlino et al. 2012). In addition, our results are
in good agreement with different satellite observations
like Viking, FAST, Freja, Polar, Cluster spacecraft, etc.
(Gosling et al. 1968; Ergun et al. 1998a, 1998b; Franz
et al. 1998; Lee et al. 2009; Pickett et al. 2003; Car-
ley et al. 2013). The wave signatures are relevant in un-
derstanding collective plasma wave dynamics in various
space and astrophysical regions, such as auroral zone, in-
terplanetary space, polar magnetosphere, solar wind, etc.

8. Analysis shows that the ion-drag force has a stabilizing
influential role on the electrostatic wave propagation in
the cloud. It seems that if there is no ion-drag force ef-
fect the cloud would electrostatically be more destabi-
lized with boost amplification in compressive shock am-
plitudes. Thus, we see that the ion-drag effects are im-
portant for re-organization of the plasma equilibrium, af-
ter suffering from fully nonlinear perturbation against the
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equilibrium, where the observed compressive structures
are supported. In contrast, the md -independent ion-drag
force effect does not play any significant role in influ-
encing the self-gravitating cloud stability amid complex
gravito-electrostatic interplay in the parameter windows
explored in the study.

9. Lastly, our analysis seems to be useful to understand
the particle-acceleration, material-transportation, clump-
filamentation instabilities significant in self-gravitational
collapse of astrophysical clouds leading to the formation
of stars and other galactic structures. Of course, we ad-
mit that further refinements are necessary to see the real
evolutionary picture by inclusion of unavoidable factors
like dust-charge fluctuations, magnetic field, rotational
dynamics, non-Newtonian viscous-drag effect, etc.
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(2003)
Paul, S.N., Roychowdhury, K., Burman, S., Roychowdhury, A.:

Czechoslov. J. Phys. 56, 12 (2006)
Pickett, J.S., et al.: Nonlinear Proc. Geophys. 10, 3 (2003)
Pottelette, et al.: Geophys. Res. Lett. 26(16), 2629 (1999)
Press, et al.: Numerical Recipes in C, The Art of Scientific Computing,

2nd edn. (2002)
Rao, N.N., Shukla, P.K., Yu, M.Y.: Planet. Space Sci. 38(4), 543

(1990)
Reighard, A.B., et al.: Phys. Plasmas 13, 082901 (2006)
Sagdeev, R.Z.: Rev. Plasma Phys. 4, 23 (1966)
Sheridan, T.E., et al.: Phys. Plasmas 15, 073703 (2008)
Shukla, P.K., Mamun, A.A.: IEEE Trans. Plasma Sci. 29, 2 (2001)
Shukla, P.K., Mamun, A.A.: Introduction to Dusty Plasma Physics. In-

stitute of Physics, Bristol (2002)
Shukla, P.K., Mamun, A.A.: New J. Phys. 5, 17.1 (2003)
Shukla, P.K., Silin, V.P.: Phys. Scr. 45, 508 (1992)
Vranjes, J., Tanaka, M.Y.: Phys. Scr. 71, 325 (2005)
Yaroshenko, V.V., Verheest, F., Morfill, G.E.: Astron. Astrophys. 461,

385 (2007)


	Nonlinear gravito-electrostatic waves in self-gravitating complex plasma in presence of ion-drag effects
	Abstract
	Introduction
	Physical model
	Mathematical analysis
	The Sagdeev pseudo-potential approach
	Results and discussions
	Conclusions
	Acknowledgements
	References


