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Renormalized solutions of semilinear
equations involving measure data and
operator corresponding to Dirichlet form
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Abstract. We generalize the notion of renormalized solution to semilinear
elliptic and parabolic equations involving operator associated with general
(possibly nonlocal) regular Dirichlet form and smooth measure on the
right-hand side. We show that under mild integrability assumption on
the data a quasi-continuous function u is a renormalized solution to an
elliptic (or parabolic) equation in the sense of our definition if and only
if w is its probabilistic solution, i.e. u can be represented by a suitable
nonlinear Feynman—Kac functional. This implies in particular that for
a broad class of local and nonlocal semilinear equations there exists a
unique renormalized solution.
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1. Introduction

The aim of this paper is to extend the notion of renormalized solution to
encompass semilinear elliptic and parabolic equations involving measure data
and operators associated with Dirichlet forms. The paper consists of two parts.
In the first one we are concerned with elliptic equations of the form

— Lu = f(x,u) + p. (1.1)

In (1.1), L is the operator associated with a regular Dirichlet form (£, D(E))
on L?(E;m) and f : E x R — R is a measurable function. As for y we assume
that it is a bounded smooth measure on FE, i.e. a measure of bounded total

This work was supported by NCN Grant No. 2012/07/B/ST1/03508.

® Birkhduser


https://core.ac.uk/display/193823791?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://crossmark.crossref.org/dialog/?doi=10.1007/s00030-015-0350-1&domain=pdf

1912 T. Klimsiak and A. Rozkosz NoDEA

variation on ¥ which charges no set of zero capacity associated with the form
(€,D(E)). Note that the class of operators L we consider is quite large. It
contains many local as well as nonlocal operators. The model examples are
Laplacian and fractional Laplacian (many other examples are to be found for
instance in [1-4]).

An important problem one encounters when dealing with equations of
the form (1.1) is to define properly a solution. In case L is local and (1.1) is
linear, i.e. f does not depend on wu, some definition, now called Stampacchia’s
definition by duality, was proposed in [5]. To deal with semilinear equations the
definitions of entropy solution (see [6]) and of renormalized solution (see [7])
have been introduced. For a comparison of different forms of these definitions
as well as remarks on other concepts of solutions see [7]. In case E = D C R?
is a bounded domain and L is a uniformly elliptic operator in divergence form
with Dirichlet boundary conditions associated with the classical form

E(p,1h) = /D (Y, Vo) de, . € HL(D)

one of the equivalent definitions of a solution of (1.1) given in [7] says that
a quasi-continuous u : D — R is a renormalized solution of (1.1) if f(-,u) €
LY(D), Tyu € H(D) for k > 0, where Tju = ((—k) V u) A k, and there exists
a sequence {vy} of bounded smooth measures on D such that ||vg|ry — O as
k — oo and for any bounded quasi-continuous v € H} (D) and k € N,

/ (aV(Tyu), Vo) de = / f(z,u)v(z) de +/ v(x)dx —|—/ v(x) v (dx).
D D D D

(1.2)
In fact, the notion of entropy or renormalized solution can be applied to deal
with more general then (1.1) equations in which L is a Leray-Lions type op-
erator and p is not necessarily smooth.

Another approach to (1.1), covering both local and nonlocal operators,
have been proposed in [2,3]. In this probabilistic in nature approach, a quasi-
continuous (with respect to the form &) function v : E — R is a solution of
(1.1) if the following nonlinear Feynman-Kac formula

¢ ¢
(@) = E, (/0 f(Xt,u(Xt))dt—l—/O dAf) (1.3)

is satisfied for quasi-every x € E. Here M = (X, P,) is a Markov process
with life time { associated with £, E, denotes the expectation with respect
to P, and A" is the additive functional of M associated with u in the Revuz
sense (see Sect. 2). In (1.3) we only assume that u is quasi-continuous and the
integrals make sense. In fact, if (1.3) holds and f(-,u) € L*(E;m) then using
the probabilistic potential theory and the theory of Dirichlet forms one can
show that v has some additional regularity properties. Namely, Tiu belongs
to the extended Dirichlet space D.(E) for every k > 0.

In [2,3] also a purely analytical definition of a solution of (1.1) resembling
Stampacchia’s definition is proposed (see also [8,9] for another approach in case
of linear equation with L being a fractional Laplacian). We call it a solution in
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the sense of duality. In [2,3] it is shown that under quite general assumptions
on &, f, p a function u is a solution in the sense of duality if and only if it is a
probabilistic solution defined by (1.3). However, the definition in the sense of
duality seems to be not particularly handy tool for investigating (1.1).

The natural question arises whether the concept of renormalized solution
can be carried over to general (possibly nonlocal) operators corresponding
to € (for some partial results in this direction see [10]). An obvious related
question to ask is what is the relation between (1.2) and (1.3), i.e. between
renormalized and probabilistic solutions? It appears that (1.2) is the right form
of the definition to be generalized to encompass wider class of operators. In
the paper, under the assumption that £ is transient, we define renormalized
solution of (1.1) as a quasi-continuous function u : E — R such that f(-,u) €
LY(E;m), Tyu € D(€) for k > 0 and there is a sequence {vy} of bounded
smooth measures on E such that ||vg|ry — 0 and

E(Tu,v) = / F(, uv(z) m(dz) +/ o(x) u(d) +/ o(@)vilde)  (1.4)
E E E
for every k € N and every bounded quasi-continuous v € D.(£). Thus (1.4)
is a direct extension of (1.2) to general transitive Dirichlet forms. Our main
theorem says that for transitive forms (1.3) is equivalent to (1.4), or more
precisely, that v is a probabilistic solution of (1.1) if and only if it is a renor-
malized solution of (1.1). Since one can prove that under some assumptions on
f there exists a unique probabilistic solution of (1.1) for L associated with &
(see [2,3] and Section 3 for some examples), our result a fortiori says that (1.4)
provides right definition of a solution. In particular, (1.4) ensures uniqueness
for interesting classes of equations. In general, the equivalence of (1.3) and
(1.4) sheds new light on the nature of both probabilistic and analytic (renor-
malized) solutions of (1.1). What is perhaps more important, it also says that
in the study of (1.1) one can use both probabilistic and analytical methods
from the theory of PDEs. Let us point out once again, that contrary to [7],
in our theorem we assume that the measure y is smooth. An interesting open
problem is how to define renormalized solutions for general bounded measures,
at least for some classes of nonlocal operators. Finally, let us note that in case
L = A the equivalence between probabilistic and renormalized solutions to
(1.1) was observed in [11].
In the second part of the paper we consider parabolic equation of the

form

SO L= fa) o u(T) =, (15)

where ¢ : E — R, f:[0,T] x E — R, the operators % + L; correspond to
some time dependent regular Dirichlet form £%7 and p is a bounded measure
on (0, T] x E which is smooth with respect to the capacity associated with
&oT,

In case L; are local, a definition of a renormalized solution of equations
of the form (1.5) involving more general nonlinear local operators L; of Leray—
Lions type but with f not depending on u have been introduced in [12] (see
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also [13] for earlier existence results for equations with general bounded mea-
sure p and [14] for uniqueness results in the case where p is a function in
L'). In [15,16] definitions of renormalized solutions to (1.5) with Leray—Lions
type operators and f depending on u have been proposed (in [16] equations
with general, not necessarily smooth measures are considered). Another de-
finition of a renormalized solution, which is suitable for handling equations
with local operators and nonlinear f, have been introduced in [17]. It may
be viewed as parabolic analogue of (1.2). Existence and uniqueness results for
weak solutions to linear equations with fractional Laplacian and p being a
function in L! are proved in [9]. A probabilistic approach to (1.5) has been
developed in [18]. A probabilistic solution of (1.5) is defined similarly to (1.3),
but with M replaced by a time-space Markov process associated with £%7. In
[18] the existence, uniqueness and regularity of probabilistic solutions of (1.5)
is proved for f satisfying some natural conditions (monotonicity together with
mild integrability conditions) and general operators associated with %7

Similarly to the elliptic case, in the paper we generalize the notion of a
renormalized solution of [17] to the case of general operators corresponding
to £9T. Then we show that the proposed definition is equivalent to the prob-
abilistic definition considered in [18]. As in elliptic case, this shows that the
renormalized solutions are properly defined and gives new information on the
structure of solutions. We illustrate the utility of our result by stating some
theorems on existence and uniqueness of renormalized solutions of parabolic
equations with f satisfying the monotonicity condition and mild integrability
conditions.

For simplicity, in the paper we confine ourselves to equations with op-
erators corresponding to regular forms, but our results can be generalized to
quasi-regular forms (see remarks at the end of Sects. 3 and 4).

2. Preliminaries

In the paper we assume that F is a locally compact separable metric space
and m is an everywhere dense Radon measure on E, i.e. m is a non-negative
Borel measure on FE finite on compact sets and strictly positive on non-empty
open sets.

We set E' =R x E, Er = [0,T] x E, Egr = (0,T] x E. By B(E) we
denote the o-field of Borel subsets of E. By(E) is the set of all real bounded
Borel measurable functions on E and B, (E) is the subset of B,(E) consisting
of positive functions. The sets B(E'), By(E'), B (E') are defined analogously.

We set H = L?(E;m) and Hor = L*(0,T; H). The last space we identify
with L?(Er;my), where my = dt@m. By (-,-)u, (-, )1, we denote the usual
inner products in H and Hy 7, respectively.

2.1. Dirichlet forms

In what follows we assume that (£, D(€)) is a (non-symmetric) Dirichlet form
on H, i.e. positive definite closed form satisfying the weak sector condition
and such that (£, D(€)) has both the sub-Markov and the dual sub-Markov
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property. For the definitions we refer the reader to [4]. Here let us only recall
that (£, D(E)) satisfies the weak sector condition if there is K > 0 (called the
sector constant) such that

&1 (u,0)] < KE (u,u)'/?E (v,0)' 2, u,v e D(E),
where &, (u,v) = E(u, v) + a(u,v) g for o > 0. If there is K > 0 such that
1E(u,v)| < KE(u,u) 2E(v,0)Y/2, w,ve D(E), (2.1)

then we say that (£, D(€)) satisfies the strong sector condition.

By Theorems 1.2.8 and 1.4.4 in [4] every Dirichlet form on H determines
uniquely strongly continuous contraction resolvents (Ga)a>0, (éa)a>0 on H
such that Gy, G are sub-Markov, Go(H) C D(E), Go(H) C D(E) and

Ea(Gafyu) = (fyu)g = Ealu,Gof), f€H,ucD(E),a>0.

In fact, from the sub-Markov and the dual sub-Markov property of (£, D(£))
it follows that (Gu)a>o0, (G’a)a>0 may be extended to sub-Markov resolvents
on L>®(E;m) and on L'(E;m), respectively (see [19, Section 1.1]).

Let f € L>°(E;m) be a non-negative function. Since G/, f increases as
[ T oo, the potential operator

Gf = llim Gl/lf

is m~a.e. well defined but may take the value co. We say that £ is transient if
Gf < 0o m-a.e. for every non-negative f € L°°(E m).

Let £ denote the symmetric part of &, i.e. &(u,v) = 3(E(u,v) + E(v,u)).
The extended Dirichlet space D.(€) associated with (£, D(E)) is the family of
measurable functions v : E — R such that |u| < co m-a.e. and there exists an
&-Cauchy sequence {u,} C D(E) such that u,, — u m-a.e. The sequence {u,, }
is called an approximating sequence for u € D,(E).

For u € D.(&) we set E(u,u) = limy, o0 E(Un, uy), where {u,} is an ap-
proximating sequence for u. If moreover £ satisfies the strong sector condition
(2.1) then we may extend &€ to D.(€) by putting (u,v) = lim,, oo E(Un, vp,)
with approximating sequences {u,} and {v,} for v € D.(€) and v € D.(€),
respectively (see [19, Section 1.3]). This extension satisfies again the strong sec-
tor condition. By [19, Theorem 1.3.9], if (£, D(E)) is transient then (D, (), €)
is a Hilbert space.

Given a Dirichlet form (€, D(€)) we define quasi notions with respect to
& (exceptional sets, nests and quasi-continuity) as in [4, Chapter III] (see also
[19, Sections 2.1, 2.2]). We will say that a property of points in E holds quasi
everywhere (q.e. for short) if it holds outside some exceptional set.

In the paper we assume that (€, D(€)) is regular (see [4, Section IV.4] or
[19, Section 1.2] for the definition). By [4, Proposition IV.3.3], if (£, D(£)) is a
regular Dirichlet form then each element v € D(E) admits an quasi-continuous
m-version, which we denote by @, and @ is g.e. unique for every u € D(E). If
moreover (€, D(E)) is transient then such a unique m-version @ exists for every
u € D¢(€). This follows from [1, Theorem 2.1.7] and the fact that D.(€) and
the notion of quasi-continuity only depend on the symmetric part of £.
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A positive measure p on B(F) is said to be smooth (¢ € S(F) in notation)
if ;4(B) = 0 for all exceptional sets B € B(E) and there exists an nest {F }ren
of compact sets such that pu(Fy) < oo for k € N.

Given a transient form (€, D(E)) satisfying the strong sector condition
we will denote by Séo)(E) the set of measures of finite 0-order energy integral,
i.e. the subset of S(E) consisting of all measures v € S(E) such that for some
c> 0,

/ li(z)| v(dz) < cE(u,u)?,  u € D(E).

Ifve SSO) (E) then from the Lax-Milgram theorem it follows that there is a
unique element Ur (called a copotential of v) such that

E(u,Uv) = /Eﬁ(z) v(dz), u € De(E).

By S’ég)(E) we denote the subset of S(()O) (E) consisting of all measures v such
that v(E) < oo and ||Uv||s < co.

2.2. Time dependent Dirichlet forms

We assume that we are given a family {B®, ¢ € [0,T]} of Dirichlet forms on
H with common domain V' and sector constant K independent of ¢. We also
assume that

(a) [0,T) >t BW(p,1) is measurable for every ¢, € V,
(b) there is a constant A > 1 such that A™1B(p, ¢) < BY(p,¢) < AB(p, ¢)
for every t € [0,T] and ¢ € V, where B(yp, ) = B (p,¢).

By putting B") = B for t € R\[0,7] we may and will assume that B® is
defined and satisfies (a), (b) for ¢t € R.

By the definition of a Dirichlet form V' is a dense subspace of H and
(B, V) is closed. Therefore V is a real Hilbert space with respect to Bl(-, s
which is densely and continuously embedded in H. By || - ||y we denote the
norm in V, i.e. [|¢[|?, = Bi(p,¢), ¢ € V. By V' we denote the dual space of V'
and by | - ||y the corresponding norm. We set H = L?(R; H), V = L*(R; V),
V' = L?(R; V') and

lul2 = / lu@IZ de, luld = / lu(®) 2 dt. (2.2)

We shall identify H and its dual H'. Then V C H ~ H' C V' continuously
and densely, and hence ¥V C H ~ H' C V'’ continuously and densely.

For w € V we denote by “ the derivative in the distribution sense of the
function ¢ +— wu(t) € V and we set

ou ou
W={ueV: o ¢ Vi lullw = llully + ”E”V' (2.3)

ot

We will consider time dependent Dirichlet forms £ and associated
with the families {(B®, V), ¢t € R} and {(B®,V),t € [0,T]}, respectively. We

gO7T
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define £ by

g(u’v){<—%§f,v>+8(u,v), weW,v eV, 2.0

(57, w) +B(u,v), ueV,veWw,
where (-, -) is the duality pairing between V' and V and

B(u,v) :AB(t)(u(t)7v(t)) dt.

Note that € can be identified with some generalized Dirichlet form (see [20,
Example 1.4.9.(iii)]).

Given a time dependent form (2.4) we define capacity as in [19, Section
6.2], and then using it we define quasi-notions (exceptional sets, nests and
quasi-continuity) as in [19, Section 6.2]. Note that by [19, Theorem 6.2.11]
each element u of VW has a quasi-continuous m;-version. We will denote it by
.

To define £%T, we set Hor = L*(0,T; H), Vor = L*(0,T;V), Vjr =
LQ(O, T, V/) and WO,T = {U S V07T : % S V(/J,T} (the norms in V()7T7 V(I)’T, W(),T
are defined analogously to (2.2), (2.3)). Let C([0,T]; H) denote the space of
all continuous functions on [0,7] with values in H equipped with the norm
llullc = supg<i<r |u(t)|lz. It is known (see, e.g., [21, Theorem 2] that there is
a continuous embedding of Wy 7 into C([0,T]; H), i.e. for every u € Wy r one
can find @ € C([0,T]; H) such that u(t) = u(t) for a.e. t € [0,T] (with respect
to the Lebesgue measure) and

for some M > 0. In what follows we adopt the convention that any element of
Wo,r is already in C([0,T|; H). With this convention we may define the spaces

Wy = {u e Wor: ’U,(O) = 0}7 Wr = {u € Wo,r: u(T) = 0}.

By the definition of Wy 1, 9/0t : Wy r — V(’)VT is bounded. Since W, is dense

in Vo 1, we can regard the restriction of 9/9t to Wy as an unbounded operator

from Vy 1 to V(’)_’T defined on W;. Its adjoint is defined on Wy and is given by
—0/0t (see, e.g., [21]). Finally, we set

9T () (=28 ) + [ BO(u(t), v(t)) dt, u € Wr,v € Vor,

“(u,v) =
(22 u) + [ BO(u(t),v(t)) dt, u € Vor,v € W,

where now (-, -) denote the duality pairing between Vj, 7 and Vo r. As in the

(2.6)

case of £, the form £%7 can be identified with some generalized Dirichlet form
(see [20, Example 1.4.9.(iii)]).

By Propositions 1.3.4 and 1.3.6 in [20] the form £%7" determines uniquely
strongly continuous resolvents (G%7) 450, (G%T)a=0 on Hor such that GO,
G'g;T are sub-Markov, GoT (Ho 7) C Wr, CAv'OO;T(Ho,T) C W)y and

Sg’T(G?;T?% U) = (u, 7])7‘(0,1"7 Sg’T (uv Gg’TU) = (u, 77)7‘(0,7‘

for u € Vo and 1 € Hor, where ES7 (u,v) = %7 (u,v) + a(u, v)p, . for
a > 0.
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2.3. Markov processes and additive functionals

In what follows A is a one-point compactification of E. If F is already compact
then we adjoin A to E as an isolated point.

In the case of Dirichlet forms (and elliptic equations) we adopt the con-
vention that every function f on F is extended to EU{A} by setting f(A) = 0.

In the case of time dependent Dirichlet forms (and parabolic equations)
we adopt the convention that every function ¢ on FE is extended to E' by
setting p(t,x) = p(x), (t,z) € E', and every function f on E' (resp. Eyr) is
extended to E* U {A} by setting f(A) =0 (resp. f(z) =0 for z € EY U{A}\
Eo.r).
Dirichlet forms. Let (£, D(E)) be a regular Dirichlet form on H. Then there
exists a unique Hunt process Ml = (€2, (F¢):>0, (X¢)t>0,¢, (Pr)eepu{a}) With
state space F, life time ¢ and cemetery state A properly associated with
(€,D(E)) (see Theorems IV.3.5, IV.6.4 and V.2.13 in [4]). The last statement
means that for every o« > 0 and f € By(E) N H the resolvent of M, that is the
function

x):Ez/ e f(Xy)dt, r€E, a>0
0

is a quasi-continuous m-version of G, f (see [4, Proposition IV.2.8]).

It is known (see, e.g., [4, Theorem VI.2.4]) that there is a one to one
correspondence (called Revuz correspondence) between smooth measures g
and positive continuous additive functionals (positive CAFs) A of M. It is
given by the following relation

h%l+ E / f(Xs)dAs = / f(z)p(dz), feBT(E), (2.7)
t—
where E,, denotes the expectation with respect to the measure P, (-) =
[ Pe(-) m(dz). In what follows the positive CAF of M corresponding to p €
S(F) will be denoted by A*.

For € S(F) we set

¢
J:):EI/ dA}, xzeFE
0

and
R(E)={p:|u € S(E),Rlu| < oo m-ae.},

where |u| denotes the total variation of . Note that by [3, Lemma 2.3], in the
above definition of the class R(E) one can replace m-a.e. by q.e. By Mg ,(E)
we denote the space of all signed measures p on E such that |p| € S(E) and
|| (E) < oo. By [3, Proposition 3.2], if (£, D(E)) is transient then Mg ,(E) C
Time dependent Dirichlet forms. Let us consider the time dependent Dirichlet
form & defined by (2.4). Then by [19, Theorem 6.3.1] there exists a Hunt
process M = (Q, (Ft)i>0, (Xt)i>0,¢, (P:)-ep1u{a}) With state space E*, life
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time ¢ and cemetery state A properly associated with £ in the sense that for
every a > 0 and f € B, N L?(E';m;) the resolvent of M defined as

Raf(z):Ez/ e f(Xy)dt, z€E, a>0
0

is a quasi-continuous version of the resolvent G, f associated with £. Moreover,
by [19, Theorem 6.3.1],

X = (T(t)7X‘r(t))7 t>0,

where 7(t) is the uniform motion to the right, i.e. 7(¢t) = 7(0) + ¢, 7(0) = s,
P,-a.s. for z = (s, x).

Let S(E') denote the set of smooth measures on E! (with respect to &),
which we define analogously to S(E) (see, e.g., [18,20] for details). We say that
a positive AF A of M is in the Revuz correspondence with pu € S(E*) if

lim aEml/ e M f(Xy)dA; = f(z)pu(dz), feBf(EY,
a—00 0 El

where E,,, denotes the expectation with respect to P, (-) = [1 P.(-) mi(dz)
(see [22,23]).

It is known (see [18, Section 2]) that for every pu € S(E!) there exists a
unique positive natural AF A of M, i.e. a positive AF of M such that A and M
have no common discontinuities, such that A is in the Revuz correspondence
with p. In what follows we will denote it by A¥. In fact, A* is a predictable
process (see [24]). On the contrary, if A is a positive natural AF of M then by
Proposition in Section II.1 of [23] and [22, Theorem 5.6] there exists a smooth
measure 4 on E' such that A is in the Revuz correspondence with p.

Let S(Eq,r) denote the set of all 4 € S(E') with support in Eo r and for
ne S(E07T) let

<T
ROTu(z) = Ez/ dAY, ze€ Eyr,
0

where
G = CA (T = 7(0)). (2.8)
We set
R(Eoz) = {p: |ul € S(Eor), ROT|u| < 0o my-ae.}

and by Mg ,(Eo 1) we denote the space of all signed measures p on E' such
that |u| € S(Eor) and |u|(E') < oo. Note that by [18, Proposition 3.8],
Mop(Eor) C R(EoT).

3. Elliptic equations
Let (£, D(&)) be a regular Dirichlet form on H. We consider the problem
—Lu = f, + pu, (3.1)
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where f: E xR — R is a measurable function, f, = f(-,u), p € R(E) and L
is the operator associated with (€, D(E)), i.e.

D(L)={ue D():v— E(u,v) is continuous w.r.t. (-, ~)}1{2on D(&)}

and
(=Lu,v)g = E(u,v), u € D(L),ve D) (3.2)
(see [4, Proposition 1.2.16]).

In what follows M is the Markov process of Sect. 2 associated with
(€,D(E)). Let us recall that a cadlag adapted (with respect to (F;)) process Y
is said to be of class (D) if the collection {Y;, 7 is a finite (F;)-stopping time}
is uniformly integrable.

Definition 3.1. Let f : E x R — R be a measurable function and let A* be a

CAF of M corresponding to some p € R(E). We say that a pair (Y*, M?) is

a solution of the backward stochastic differential equation

TAC TAC TAC

F(Xa, V") ds +/ dAr — / dME, >0 (3.3)
t

tAC AC

Ytz = YZQ“E/\( +/

tAC
under the measure P, if

(a) Y* is an (F;)-progressively measurable cadlag process such that Yiie —
0, Py-a.s. as t — oo, Y* is of class (D) under P, and M?* is a cadlag
(Ft)-local martingale under P,

(b) For every T >0, [0,T] > t — f(X;,Y®) € L1 (0,T) and (3.3) is satisfied
P,-a.s.

The following definition is taken from [2,3].

Definition 3.2. Let p € R(E). We say that a quasi-continuous function w :
E — R is a probabilistic solution to (1.1) if f,, -m € R(E) and for q.e. x € E,

¢ ¢
u(z) = B, ( /O ful(Xp)dt + /O dAf). (3.4)

Remark 3.3. (i) The quasi-continuity requirement on u in the above defin-
ition can be omitted, because if u, f, - m € R(E) then from the very
definition of the class R(E) it follows that the right-hand side of (3.4)
is finite for m-a.e. x € E, and, in consequence, it is a quasi-continuous
function of z (see [2, Lemma 4.3] and [3, Lemma 2.3]).

(ii) If w is a probabilistic solution to (1.1) then there exists a martingale
additive functional (MAF) M of M such that M is a martingale under
P, for q.e. x € E and for q.e. x € E the pair

(Yy, My) = (w(Xt), My), t>0

is a solution of (3.3) under P,. Indeed, with our convention (see the
beginning of Sect. 2.3),

u(z) = B, (/OOO Fu(Xp)dt + /OOO dAf) .
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Set
¢ ¢
M? = B, / fu(Xs)der/ dA"| Fone | —u(Xo), t>0.
0 0

By [1, Lemma A.3.6] there exists a MAF M od M such that M} = M,
t > 0, P,-a.s. for q.e. x € E. Therefore

¢ ¢
0 0

under P, for q.e. z € E. By the strong Markov property, under P, we
have

tAC ¢
Mine = /0 (fu(Xs)ds + dAY) + By </t/\<(fu(XS) ds + dAif)Ifm)

—u(Xo)

tAC ¢
- / (fu(X.)ds + dA) + Ex, . / (fa(Xs) ds + dAS) — u(Xo)
0 0

tAC
- / (fu(Xa) ds + dAR) + u(Xonc) — u(Xo)

for q.e. x € E. Hence

w(Xon) — u(Xrng) = /

tAC

TAC TAC

(FulX) ds + dAW) — / dM,,

tAC

which shows (3.3). Taking ¢ = 0 in the above equality and using (3.5) we
get

TAC ¢ ¢
U(XTAC):*/O (fu(Xs)ds +dAY) + E, (/O fu(Xs)d5+/0 dA;‘IfTM)-

It follows that for q.e. x € E, u(Xpnc) — 0, Py-a.s. as T — oo.

In what follows we assume that (€, D(E)) is transient and satisfies the
strong sector condition. For a measure y on E and a function u : £ — R we
use the notation

o.0) = [ uta) )

whenever the integral is well defined.
We adopt the following definition of renormalized solution of (1.1). In the
case of local operators, this is essentially [7, Definition 2.29].

Definition 3.4. Let pn € Mo (E). We say that u : E — R is a renormalized
solution of (1.1) if
(a) w is quasi-continuous, f, € L'(E;m) and Tyu € D (&) for every k > 0,
(b) there exists a sequence {v} C Mg (E) such that ||vg|ry — 0ask — oo
and for every k € N and every bounded v € D (E),

E(Tru,v) = (fu-m+ p,0) + (v, 0). (3.6)
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Theorem 3.5. Assume that (£, D(E)) is transient, satisfies the strong sector
condition and that p € Mg p(E).
(i) If u is a probabilistic solution of (1.1) and f, € L'(E;m) then u is a
renormalized solution of (1.1).
(ii) If u is a renormalized solution of (1.1) then u is a probabilistic solution

of (1.1).

Proof. (i) Let u be a probabilistic solution of (1.1) and let M be the martingale
of Remark 3.3. (ii) For k£ > 0 put

Y, =u(X,), YF=Tw(X,), t>0.
From the fact that (Y, M) is a solution of (3.3) it follows that
tAC tAC tAC
Y, = Yine :YO—/ f(XS,YS)ds—/ dAl;+/ dM,, t>0. (3.7)
0 0 0
By the Meyer—It6 formula (see, e.g., [25, Theorem IV.70]),
t
('U,/\k)(Xt) — (U/\k)(Xo) = / l{YS,Sk} d}/s *A%’k (38)
0
and
t
(U(Xt) + k) ANO— (U(XO) + k) ANO = / l{ys_g_k} dYS - A?’k (39)
0

for some increasing processes A%, A2F. Since Tpy =y Ak — ((y + k) A 0) for
y € R, it follows from (3.8) and (3.9) that

t
Y-y = / 1 pey,_<ky dYs — (A7" — ADF). (3.10)
0

From (3.8), it follows immediately that A% A%F are AFs of M. Since u is a
probabilistic solution, u(X;) — 0, Py-a.s. as t — oo for q.e. € E. Therefore
from (3.8) and continuity of A* we conclude that for q.e. x € E,

¢
0

Since E,(u A k)(Xo) = (u A k)(z) < u(x) and u is a probabilistic solution of
(1.1), it follows from the above that

¢
B AN < E/ Ly oy (fu(Xa) ds + dAR). (3.11)
0

Similarly, by (3.9) we have
¢
EJEA?I€ < —Ex/ gy, <y (fu(Xs) ds + dAL). (3.12)
0

It follows that for q.e. z € E, E, (Aé’k + Azk) < 00. Therefore by [1, Theorem
A.3.16] there exists AFs B B%* of M such that B%* is a compensator of
Ak i = 1,2 under P, for q.e. z € E. Since AY*, A%¥ are increasing, BY*, B+
are increasing, too. Furthermore, since by [1, Theorem A.3.2] the process X
has no predictable jumps, it follows from [1, Theorem A.3.5] that BY¥, B2 are
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continuous. Thus BY*, B%* are increasing CAFs of M such that A»F — B&*,
i = 1,2, are martingales under P, for q.e. x € E. Let b};, 1 = 1,2, denote the
Revuz measure of B"¥. Since for q.e. z € E, EmAi’k = E,Bl" for t > 0, from
(3.11), (3.12) and [2, Lemma 5.4] we conclude that

0o (E) < | qusiy fullLi(gim) + 1gusky - pllzv,

bi(E) < | qu<—iy fullLr(im) + Mgu<—ry - pllzv.

Hence b}, b7 € Moy(E) and ||bL||l7v — 0, [|b2]|7v — 0 as k — oo. Combining
(3.7) with (3.10) we obtain

vy = | iy, < (X dsHdAR)— (BYE - BEY 4 ME (3.13)
with
M} = /Ot 1y pey, <kydMs — (A" = BPFY + APF - B
From (3.13) and the fact that u(X;) — 0, Py-a.s. as t — oo for q.e. € E it

follows that for q.e. x € F,

Thu(z) = E, (/Og(fu(Xt) dt + dAY) + /C dAZ’“) (3.14)

0
with
vV = 71{u¢ (fu m‘i’,&)‘i’bk*bz

Clearly v, € Mo p(E) and ||Vk||TV — 0 as k — oo. By [3, Theorem 4.2] (see
also [2, Proposition 5.9] in the case of regular symmetric forms), Tyu € D, (&)
for every k > 0. Let A\, = f,-m+pu-+v, and let A = AN Since \, € Mop(E),
R|Ak|(x) < oo for gq.e. z € E. By Fubini’s theorem, for q.e. z € E we have

RAL(z) — Rode(x) = By / Y dA,

= Ez/ (/ ae” ¥ ds) dA;
0 0
= aEz/ et </ dAS> dt
0 t

By the Markov property the right-hand side of the above equality equals

ozEx/ eat (/ d(ASOGt)> dt = ozEx/ e “"Ex, (/ dAs> dt
0 0 0 0

:aEx/ e "R\ (Xy) dt
0
= aRq (R ;)(x).

Hence

RAi(2) — Ro A (z) = aRy(RA;)(x)
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for q.e. x € E. By (3.14), Tiu = RAg. Therefore from the above generalized
resolvent equation it follows that for every bounded v € D(E) we have

a(Tru — Ry (Tru), v) g = a(Ra Ak, 0) H- (3.15)

By [4, Theorem 2.13(iii)] the left-hand side of (3.15) converges to £(Txu,v)
as o — 00. The right-hand side is equal to ()\k,a}?aw, where Ra denotes
the resolvent of a Hunt process associated with the form (£, D(E)) defined
as E(u,v) = E(v,u), u,v € D(E). Since the functions aR,v are bounded uni-
formly in o > 0 and by Propositions 1.2.13(ii) and III.3.5 in [4] we may assume
that aRav — © q.e. as a — 00, the right-hand side of (3.15) converges to (g, D)
as a — oo. Thus (3.6) is satisfied for bounded v € D(E). Now assume that v is
bounded, say by I, and v € D.(£). Let v,, be an approximating sequence for v.
Then Tj(v,) — v m-a.e. and, by [1, Corollary 1.6.3], in (D (), &) as n — oco.
Taking a subsequence if necessary we may assume that Tjv,, — v q.e. By what
has already been proved, for n € N we have

5(Tk:u7 T‘lvn) = <)\k; Tkﬁn>
Letting n — oo we get (3.6), which completes the proof of (i).

(ii) If w is a renormalized solution of (1.1) then u is quasi-continuous and
(3.6) is satisfied for all functions v of the form v = Uy with v € S(gg)(E). Hence

(v, Tyu) = E(Tpu, Uv) = (fu - m + p+ vy, UV).

Therefore Tju is a solution in the sense of duality (see [3, Section 3.3] or [2,
Section 5] for the definition) of the linear problem

— L(Tyu) = fu + 1+ vg. (3.16)

By [3, Proposition 3.9] (or [2, Proposition 5.3] in the case of symmetric forms)
Tu is a probabilistic solution of (3.16). In particular (3.14) (with the measure
vy of (3.16)) is satisfied. Since ||vg||ry — 0 as k — oo, there is a subsequence
(still denoted by k) such that

¢
Rup(z) = By / dA - (3.17)
0

for m-a.e. x € E. To see this, let us first observe that if p € Séo)(E) and a < ¢
p-a.e., where u = ﬁu, then u < ¢ m-a.e. Indeed, we have
EwNeu)=Eune,Upn) = / (a A c)p(de) = / ap(de) = E(u,u).
E E
Hence

Eu—uncu—unc)=Eu—unhcu)—Eu—uAcunc) <0, (3.18)

the last inequality being a consequence of [4, Theorem I.4.4] and the fact that
€ is a Dirichlet form. By (3.18) and [1, Theorem 1.6.2], u — u A ¢ = 0 m-
a.e., which shows that u < ¢ m-a.e. Since m € S(E), by the 0-order version
of [1, Theorem 2.2.4] (see the comment following [1, Corollary 2.2.2]) there

exists a generalized nest {F,} such that p, := 1p, -m € S’éo)(E) forn e N
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and m(E\ UZO=1 F,) =0.Let F n = {zx € F,, : Uun(:c) < N} and ppy =

1p, v fn = 1p, - m. Then p, v € Séo)(E) and U/LmN < Uun < N -
a.e. Therefore by the observation made above, U, v < N m-a.e., and hence

(A],un,N < N q.e. Moreover,

—~

/ Rlvg|(x) m(dz) = E(Rlvi|, Upin,n) = {|viel, Ui, )
Fn N

< Mol rv 10 g, oo

Hence for every n, N € N,

lim Rlvi|(z) m(dz) = 0. (3.19)

k—o0 Fo N

Since Uy, is q.e. finite, m(F,\ UX_; Fan) = m({z € F, : Up,(z) = 00} = 0.
Therefore from (3.19) one can deduce that (3.17) holds for m-a.e. © € F,, for
each n € N. Since m(E \ U,—, F,) = 0, we see that (3.17) holds for m-a.e.
x € E. Letting k — oo in (3.14) and using (3.17) we conclude that (3.4) holds
true for m-a.e. x € E. In fact, since u and the right-hand side of (3.4) are
quasi-continuous, (3.4) holds for q.e. © € E, which completes the proof. g

To illustrate the utility of Theorem 3.5 we now give some results on
existence and uniqueness of renormalized solutions of (1.1) with f satisfying
the monotonicity condition and mild integrability conditions. To state the
results we will need the following hypotheses.

(E1) f: F xR — R is measurable and y — f(x,y) is continuous for every
r e F,

(E2) (f(x,y1) — f(2,92))(y1 — y2) <0 for every y1,y2 € R and z € F,

(E3) u€ Mop(E) and f(-,y) € L*(E;m) for every y € R.

In what follows we assume that (£, D(E)) satisfies the assumptions of
Theorem 3.5.

Theorem 3.6. Let uy, us be renormalized solutions of (1.1) with the data (f*, 1)
and (f?, po), respectively. Assume that py < ps and either that f1(x, ui(z)) <
f2(x,u1(x)) m-a.e. and f? satisfies (E2) or f1(z,uz(z)) < f2(x,uz2(x)) m-a.e.
and f1 satisfies (E2). Then uy(x) < ua(x) for ge. x € E.

Proof. Follows from Theorem 3.5 and [2, Proposition 4.9]. O

Corollary 3.7. If (E2) is satisfied then there exists at most one renormalized
solution of (1.1).

Theorem 3.8. Assume (E1)—(E3). Then there exists renormalized solution of
(1.1).

Proof. Follows from Theorem 3.5 and [3, Theorem 3.8, Proposition 3.10] (see
also [2, Theorem 5.14]). O
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We close this section with some general remarks on possible generalization
of our results and on their applicability.

An inspection of the proof of Theorem 3.5 reveals that it only makes use
of some general results from the theory of stochastic processes that are valid
for general semimartingals, some results from [3], which are proved for quasi-
regular forms and the fact that M associated with £ in the resolvent sense is
a standard process (the fact that M a Hunt process is not needed). Therefore
the proof of Theorem 3.5 carries over to quasi-regular Dirichlet forms.

By using probabilistic methods one can prove that for many interest-
ing equations there exists a unique probabilistic solution u such that f, €
L'(E;m). This can be done for instance for f satisfying (E1)—(E3). For spe-
cific examples of local and nonlocal operators A satisfying our assumptions
see, e.g., [1-4]. Then as in Corollary 3.7 and Theorems 3.8 above, a direct con-
sequence of Theorem 3.5 is that w is a renormalized solution to (1.1), i.e. has
clear analytical meaning, and that u is the unique renormalized solution. On
the other hand, renormalized solutions to (1.1), which are obtained by analyt-
ical methods, automatically have stochastic representation of the form (3.4).
We may then use (3.4) (and the theory of BSDESs; see Remark 3.3) to study
further properties of the solution by probabilistic methods. For instance, prob-
abilistic methods are quite effective in proving comparison results and hence
uniqueness.

It would be desirable to define renormalized solutions for equations with
general bounded measures pu, at least for some classes of nonlocal operators.
Another interesting open problem is to give other equivalent to Definition 3.4
analytical definitions of a solution (like in the local case considered in [7]).

4. Parabolic equations

In this section we assume that the family {B®) ¢ € [0,T]} satisfies the as-
sumptions of Sect. 2.2 and £%7 is the time dependent Dirichlet form defined
by (2.6). By L; we denote the operator associated with B® in the sense of
(3.2) and by % + L, the operator corresponding to £%7, i.e. the generator of
the strongly continuous contraction semigroup corresponding to (G%7) 0.
We consider the Cauchy problem
Ju
ot
where ¢ : E' — R is a measurable function such that d;ry ® ¢ -m € R(Eo,r),
w€R(Eor), f:[0,T] x ExR — R is measurable function and f, = f(-, -, u).
In what follows we maintain the notation of Sect. 2.2 and the second part
of Sect. 2.3 concerning time dependent forms and associated Markov processes.
In particular, M is a Markov process associated with £ and (; is defined by
(2.8). By abuse of notation, in this section

(i t) = [E u(z) p(dz)

Liu= fu+p, u(T)=¢, (4.1)
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for u: Egp — R and p € R(Eo,r).
We will say that a Borel measurable function u on Ey 1 is quasi-cadlag
if for q.e. z € Ey p the process t — u(X;) is cadlag on [0,T — 7(0)], P.-a.s.

Definition 4.1. Let d;7y ® @ -m € R(Eor), it € R(Eo,r). We say that a quasi-
cadlag function u : Eyr — R is a probabilistic solution to (4.1) if f, -mq €
R(Eo,r) and for q.e. z € Ey p,

Cr Cr

u(z) = E, ((p(X(T) + fu(Xy) dt Jr/o dAf) . (4.2)
Remark 4.2. Let ¢, fu, p be as in the above definition. Then by [18, Proposition
3.4] the right-hand side of (4.2) is a quasi-cadlag function of z. Therefore the
quasi-cadlag requirement on « in the above definition can be omitted.

(ii) From the proof of [18, Theorem 5.8] it follows that if u is a proba-
bilistic solution to (4.1) then there is an adapted process M such that M is a
martingale under P, for q.e. z € Ey 1 and

CT CT CT
Yi—oX )+ [ F(XoYa)ds+ / dAL / M, te[0,¢], Poas.
t t

t
(4.3)
for q.e. z € Ey,r, where V; = u(Xy), t > 0.

Remark 4.3. (i) Let v =07y @ - m. If o € L'(E;m) then v € R(Eo 7).

(i) One can check that Ay = 1i7_r(0),00)n{r>r0)}(H)0(X¢, ), t > 0, for v
defined in (i) (see the beginning of the proof of [18, Proposition 3.4]).
Hence

¢
E.p(Xe)=E. | dAY.
0

Our definition of a renormalized solution is similar to [17, Definition 4.1].
Definition 4.4. Let ¢ € L' (E;m), p € Mo p(Eo ). We say that a measurable
function u : Eg r — R is a renormalized solution of (4.1) if

(a) u is quasi-cadlag, f, € L'(Eor;m1) and Tyu € Vo r for every k > 0,
(b) there exists a sequence {A\x} C Moy(Eo,r) such that |[Axl[7y — 0 as
k — oo and for every k € N and every bounded v € W,

EVT(Thu,v) = (T, v(T)) g 4 (fu-m + p, ) + (g, D). (4.4)

Theorem 4.5. Assume that ¢ € L'(E;m), u € Mo y(Eor).

(i) If u is a probabilistic solution of (4.1) and f, € L'(Eor;m1) then u is a
renormalized solution of (4.1).
(ii) If u is a renormalized solution of (4.1) then u is a probabilistic solution

of (4.1).
Proof. (i) Let u be a probabilistic solution of (4.1). For k > 0 put
YVF = Thu(Xy), t>0.
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By Remark 4.2 there is a martingale M such that (4.3) is satisfied. As in the
proof of Theorem 3.5, applying the Meyer—It6 formula we show that for k£ > 0,

t
Yl —v) = / 1 ey, <k dYs — (APF — AP (4.5)
0
for some increasing processes A*, A%F such that

¢r
E.AY < E.(p— 9 AR)(Xc,) + E- / Ly, oy (fu(Xs)ds + dAB)  (4.6)
0
and

Cr
BAZF < “B.((p+ k) AO)(Xc,) — . / Ly, <y (fu(Xa) ds + dAL)
0

(4.7)
for q.e. z € E'. Hence EZAZCTk < oo for q.e. z € Ey p. From this and [1, Theorem
A.3.16] it follows that there is a positive increasing AF B** of M such that

B%* is the compensator of A* under P, for q.e. z € Eg 7. In particular,

E. A = BB >0, i=1,2 (4.8)

for q.e. z € Ep . Since A* is predictable, there exists a sequence {T},} of
predictable stopping times exhausting the jumps of A* i.e.

n>1

where [T},] denotes the graph of T;,. Let A*¢ denote the continuous part of A"
and let A*? = A* — A<, We have

Cr Cr Cr
EZ/ 1oy, >k dAY = EZ/ liv, >k dA’;’CJrEz/ 1oy, >k dAg’d
0 0 0

¢
= Ez/ 1w ) +auX,)>ky AALC
0
+) B l{uxas, )+ Au(Xr, ) 5k) DAY, (4.9)
n>1

Since the filtration {F;,t > 0} is quasi-left continuous (see [26, Proposition
IV.4.2]), Au(Xr,) = AA} by Theorem A.3.6 in [1]. On the other hand, by
[24, Theorem 16.8], there exists a Borel function a : Eyr — R such that
AA} =a(X;_),t >0, P,-as. for q.e. z € Ey r. From this and the fact that X
is quasi-left continuous it follows that Au(Xr,) = a(Xr,). By this and (4.9),

¢r ¢r
F, / 1{Y5_>k} dA’; =F, / 1{11.(XS)+(1(XS)>I€} dAg. (4.10)
0 0

Analogously to (4.10) we show that

Cr ¢r
E, / 1{Y5,§71c} dAéL =F, / 1{u(XS)+a(XS)§7k} dAgL (4.11)
0 0
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Combining (4.6)—(4.8) with (4.10), (4.11) we get

¢r
EzBé;k <FE, (1{<p>k}<P(XCT) -‘r/o 1{u(xs)>k}fu(Xs) ds

CT
+/0 1{<u+a><xs>>k}dA’;‘) (4.12)

and

CT
EZB?;}~C < -FE, (1{<p<7k}<P(XCT) +/ 1{u(xs)§,k}fu(xs)ds
0

CT
+/ 1{(U+a)(xs)§7k}dAl;) (4.13)
0

for q.e. z € Eor. By [1, Theorem A.3.2] the jumps of M occur in totally
inaccessible stopping times, while the jumps of B%* in stopping times which
are not totally inaccessible since B“* is predictable. Therefore M and B"*
have no common discontinuities, and hence B** is a positive natural AF of
M. Let bi, i = 1,2, denote the Revuz measure of B“*. From (4.12), (4.13),
Remark 4.2 and [18, Proposition 3.13] we conclude that

bi(Eor) < | 1gpsip @l mm) + | full ot Bomimn) + Lutasiy - llrv,

e (Eor) < M {pc—iyellrEm) + 1 fullLr(go.mm) + 1l {utra<—ky - v

Hence by, b3 € Mo (Eor) and |[bi||7v — 0, |[bi]7v — 0 as k — oo. Combin-
ing (4.3) with (4.5) we see that

t
v —Yy = —/ Likevi<wy fu(Xs) ds
0

- /Ot 1 _kev,_<ky dAY — (BYY — BPY) + MY
with
Mf = /Ot 1 key,_<xp dM, — (AP" = BPY) + APY — BPF
By the above and the definition of the measures bj, b7 we have

Cr
Tyu(z) = E, (TW(XCT) +/ ey, <iyfu(Xy) dt
0

Cr

- ’ b gt
+/ L k<vio<ky dAY + d(A* — Ay ))-
0

From this and (4.10), (4.11) we obtain

0

0

¢ ¢
Tiu(z) = E. <Tk¢(X<T)+ | xyarany+ | dA;k) (4.14)
with

Ve = =g (—rmfu - M — Liutag(— k) - 4+ by — b
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By what has already been proved, v, € Mg (Eo ) and ||vgl|lry — 0 as
k — oo. Moreover, by [18, Theorem 3.12], Tyu € Vo r, so what is left is to
show that (4.4) is satisfied. We shall show that (4.4) follows from (4.14) by
the same method as in elliptic case (see the proof of the fact that (3.6) follows
from (3.14)). Let Ay, = g7y @ ¢ - m + fu - m+ p+ vy and let A = A By
Fubini’s theorem,

¢r
RO\ (2) — RO\ (2 E/ —e ) dA,

= EZ/ (/ ae” ds) dA;
0 0
¢ ¢
= ok, et / dAg | dt
0 t

for g.e. z € Ey 7. Using the definition of ¢, and the fact that A is an AF of M
one can check that A.. — A; = (A¢, — Ao) 0 0;. Therefore applying the Markov
property shows that

¢r ¢r
RYT\(2) — RYT A\ (2) = aFE, / e “Fx, ( / dAs> dt
0 0

= BT (R ) (2)

for q.e. z € Eyr. Since by Remarks 4.3 and (4.14), Tu = R%T )\, it follows
from the above equation that

a(Tpu — aRYT (Tiu), )3 = (RO N )20 (4.15)

for every bounded v € Wj. Since the left-hand side of (4.15) is equal to
EOT(aGOT Thu,v), it converges to £OT (Tyu,v) as a — oco. Let RYT denote
the resolvent associated with the dual form %7 By [20, Corollary II1.3.8] ap-
plied to the functions aRg7Tv we may assume that aRg;Tv converges to U q.e.
as a — oo. It follows that the right-hand side of (4.15) converges to (A, 0) as
a — 00. Therefore letting a — oo in (4.15) we obtain (4.4), which completes
the proof of (i).

(ii) Let n € L2(Eor;m1) be a bounded non-negative function. Then
GO’TT] € Wy and

EO’T(Tku, GO’TU) = (Tkua n)Ho,T'

From this and (4.4) it follows that Tju is a solution in the sense of duality (see
[18, Section 4] for the definition) of the linear problem

0
<_8t — Lt> Tru= fu+p+uve, TwuT) =Ty, (4.16)

so by [18, Corollary 4.2] Tju is a probabilistic solution of the above equation.
Therefore (4.14) (with the measure v, of (4.16)) is satisfied. Since ||vk||ry — 0
and for every Borel set F' C Ey p such that m(F) < oo we have

(R v, 1F)Hyr = (lve], GOT1g) < T|vil|zv,
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one can find a subsequence (still denoted by k) such that R%Tvy(z) — 0 as
k — oo for my-a.e. z € Ey p. Therefore letting k — oo in (4.14) we show that
(4.2) holds true for mi-a.e. z € Ey r, and hence for q.e. z € Ey r, because u
and the right-hand side of (4.2) are quasi-continuous. O

Remark 4.6. One can show that the function u + a appearing in (4.12) and
(4.13) is equal quasi everywhere to the precise version of u (for the notion of
a precise version of a parabolic potential see [27]).

We now illustrate the applicability of Theorem 4.5. Let us consider the
following hypotheses.

(P1) ww f(t,z,u) is continuous for every (t,z) € Ep .

(P2) There is a € R such that (f(t,z,y) — f(t,z,¥')(y —v') < aly — y/|? for
every (t,z) € Egr and y,y’ € R.

(P3) p€ Mop(Eor) and f(-y) € L' (Eo,r;ma) for every y € R.

Theorem 4.7. Let u; be renormalized solution of (4.1) with terminal condition
i, and right-hand side (f*,u;), i = 1,2. If o1 < o my-a.e., p1 < po and
either f satisfies (P2) and fi < f2 mi-a.c. or f? satisfies (P2) and f. <
fa mi-a.e., then ui(z) < up(z) for q.e. z € Eg .

Proof. Follows from Theorem 4.5 and [18, Corollary 5.9]. O

Corollary 4.8. If (P2) is satisfied then there exists at most one renormalized
solution of (4.1).

Theorem 4.9. Assume (P1)-(P3). Then there exists renormalized solution of
(4.1).

Proof. Follows from Theorem 4.5 and [18, Theorem 5.8, Proposition 5.10]. O

The results of [18] used in the proof of Theorem 4.5 can be generalized to
quasi-regular time dependent Dirichlet forms (see [18, Remark 4.4]). Moreover,
if the forms B®, ¢t € [0,T], are quasi-regular, then by [20, Theorem IV.2.2]
there exists a special standard process M properly associated in the resolvent
sense with the time dependent form determined by {B®") ¢ € [0,T]}. Since
one can check that the results from the theory of stochastic processes used in
the proof of Theorem 4.5 hold true for such process M, Theorem 4.5 can be
extended to quasi-regular time dependent Dirichlet forms.

Open Access. This article is distributed under the terms of the Creative Com-
mons Attribution 4.0 International License (http://creativecommons.org/licenses/
by/4.0/), which permits unrestricted use, distribution, and reproduction in any
medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes
were made.
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