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1 Introduction

The study of impulsive functional differential and integro-differential systems is linked to
their utility in simulating processes and phenomena subject to short-time perturbations
during their evolution. The perturbations are performed discretely and their duration is
negligible in comparison with the total duration of the processes and phenomena. Now
impulsive partial neutral functional differential and integro-differential systems have be-
come an important object of investigation in recent years stimulated by their numerous
applications to problems arising in mechanics, electrical engineering, medicine, biology,
ecology, etc. With regard to this matter, we refer the reader to [1-4] and the references
therein.

Stochastic differential equations have attracted great interest due to their applications
in characterizing many problems in physics, biology, mechanics, and so on; see [5]. There
are many publications in the qualitative properties of solutions for these equations (see
[6-9] and the references therein). As the generalization of classic impulsive differential
equations, impulsive partial stochastic differential and integro-differential equations have
been extensively studied in Hilbert spaces. For example, Sakthivel and Luo [10] stud-
ied the existence and asymptotic stability in the pth moment of mild solutions to im-
pulsive stochastic partial differential equations with and without infinite delays through
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fixed point theory. Anguraj and Vinodkumar [11] investigated the existence, uniqueness,
and stability of mild solutions of impulsive stochastic semilinear neutral functional dif-
ferential equations without a Lipschitz condition and with a Lipschitz condition. Hu and
Ren [12] proved the existence of mild solutions for a class of impulsive neutral stochastic
functional integro-differential equations with infinite delays. Lin et al. [13] discussed the
existence of mild solutions for a class of neutral impulsive stochastic integro-differential
equations with infinite delays and analytic resolvent operators. In [14], the authors studied
the existence of mild solutions for a class of impulsive partial neutral stochastic integro-
differential equation with state-dependent delay. Further, Sakthivel et al. [15] were con-
cerned with the existence of mild solutions for the fractional impulsive stochastic differ-
ential equations with infinite delay in Hilbert spaces. Yan and Zhang [16] obtained the
existence and asymptotic stability of solutions to fractional impulsive neutral stochastic
partial integro-differential equations with state-dependent delay. Balasubramaniam et al.
[17] discussed the local and global existence of mild solutions studied for impulsive frac-
tional semilinear stochastic differential equations with a nonlocal condition in a Hilbert
space. Ren et al. [18] proved the existence and uniqueness of the mild solution for impul-
sive neutral stochastic functional integro-differential equations with infinite delay driven
by fBm.

In fact, for these abstract impulsive stochastic partial differential and integro-differential
equations one considers basically problems for which the impulses are abrupt and in-
stantaneous. However, many impulsive systems arising from realistic models can be de-
scribed as partial differential equations and integro-differential with non-instantaneous
impulses. The significance of the study of these equations lies in its diverse fields of ap-
plications such as in the theory of stage by stage rocket combustion, maintaining hemo-
dynamical equilibrium (see [2]). Recently, Herndndez and O’Regan [19] introduced a new
class of first order abstract impulsive differential equations for which the impulses are
not instantaneous. In the model, the impulses start abruptly at the points ¢; and their ac-
tion continues on a finite time interval [#;,s;]. This is a situation with an impulsive action
which starts abruptly and stays active on a finite time interval. Pierri et al. [20] studied
the existence of solutions for a class of first order semilinear abstract impulsive differen-
tial equations with non-instantaneous impulses by using the theory of analytic semigroup
and fractional power of closed operators. Gautam and Dabas [21] established the exis-
tence, uniqueness, and continuous dependence results of mild solution fractional func-
tional integro-differential equations with non-instantaneous impulse. Yu and Wang [22]
discussed the existence of mild solutions for periodic boundary value problems with non-
instantaneous impulse on Banach spaces. Fu et al. [23] were concerned with the exis-
tence of mild solutions for Cauchy and nonlocal problems of impulsive fractional evolu-
tion equations for which the impulses are not instantaneous. Many control systems arising
from realistic models can be described as stochastic systems with non-instantaneous im-
pulses. So it is natural to extend the concept of the existence to dynamical systems repre-
sented by these impulsive systems. Yan and Lu [24] discussed a class of fractional impul-
sive partial stochastic integro-differential equations with non-instantaneous impulses in
Hilbert spaces under the Lipschitz conditions. In this paper we consider the existence of a
new class of impulsive stochastic partial neutral functional integro-differential equations

with infinite delay and non-instantaneous impulses of the form in Hilbert spaces of the
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form

d[x(t) - G(t, xt)] = A|:x(t) + /t h(t - s)x(s) ds:| dt + f(t,x,) dt + F(¢,x;) dw(t),
0

tG(Si,ti+1],i=0,1,...,N, (11)
xo=¢@eb, (1.2)
x(t) :gi(ty xt)r te (ti’Sl']’i =1..,N, (1'3)

where the state x(-) takes values in a separable real Hilbert space H with inner product
(,-) and norm | - ||, and A is the infinitesimal generator of an analytic resolvent op-
erator {R(f)};>0 in H. The history x; : (—00,0] — H, x,(0) = x(¢ + 6), belongs to some
abstract phase space B defined axiomatically in Section 2. Let K be another separable
Hilbert space with inner product (-,-)x and norm || - ||x. Suppose {w(t) : £ > 0} is a given
K-valued Brownian motion or Wiener process with a finite trace nuclear covariance op-
erator Q > 0 defined on a complete probability space (2, F, P) equipped with a normal
filtration {F;};>o, which is generated by the Wiener process w. k(¢), t € [0,b], and is a
bounded linear operator, and let 0 =fy =sg <t <s§1 <l < - <ly1 <SNy <ty <Iny1 =D,
be prefixed numbers, g; € C((¢;,s;] x B;H) for all i = 1,...,N, and G, f, F are given
functions to be specified later. The initial data {¢(f) : —oo < t < 0} is an Fj-adapted,
B-valued random variable independent of the Wiener process w with finite second mo-
ment.

The authors [19-24] supposed that the impulsive systems with the compactness as-
sumption on associated operators and the nonlinear function is a Lipschitz function or
is completely continuous. However, the above conditions are stronger restrictions, which
are not satisfied usually in many practical problems [25, 26]. We can use a measure of non-
compactness to remove the assumptions for the compactness of the operator and Lipschitz
continuity of the nonlinear item. To the best of our knowledge, there are no relevant re-
ports on the impulsive stochastic differential equations with non-instantaneous impulses
via the techniques of the measure of noncompactness. This is one of our motivations.

In this article, we shall study the existence of mild solutions of (1.1)-(1.3) by using the
Hausdorff measure of noncompactness, the Darbo fixed point theorem, Darbo-Sadovskii
fixed point theorem with the theory of analytic resolvent operators and fractional power
of closed operators. We do not assume {R(¢),¢ > 0} is a compact semigroup, and in-
stead we assume that f, F satisfy a compactness condition involving the Hausdorff mea-
sure of noncompactness. Thus the compactness of R(¢) or f, F and the Lipschitz con-
dition of f, F are the special cases of our conditions. The known results appearing in
[19-24] are generalized to the impulsive stochastic systems settings and the case of in-
finite delay without the assumptions of compactness. The nonlinear integro-differential
equation with resolvent operators serves as an abstract formulation of partial integro-
differential equations which arises in many physical phenomena [27-29]. The resol-
vent operator is similar to the semigroup operator for abstract differential equations in
Banach spaces. However, the resolvent operator does not satisfy the semigroup prop-
erties. Our main results can be seen as a generalization of the work in [12-14] and
the above mentioned equations with non-instantaneous impulses. Moreover, motivated
by the results, we see the direct issues which require further study. For instance, we
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will investigate the qualitative properties of solutions for a new class of impulsive par-
tial stochastic differential systems with non-instantaneous impulses by using resolvent
operators, such as controllability, approximate controllability, optimal control, and sta-
bility. Also, we will address the study of the existence and qualitative analysis of solu-
tions of impulsive partial stochastic differential inclusions with non-instantaneous im-
pulses.

The rest of this paper is organized as follows. In Section 2, we introduce some notations
and necessary preliminaries. In Section 3, we give our main results. In Section 4, an ex-

ample is given to illustrate our results. Finally, concluding remarks are given in Section 5.

2 Preliminaries

Let (2, F,P) be a complete probability space equipped with a normal filtration F, ¢t €
[0,b]. Let H and K be separable Hilbert spaces, L(K, H) be the space of linear operators
mapping K into H, and L(K, H) be the space of bounded linear operators mapping K into
H equipped with the usual norm || - ||, L(H) denote the Hilbert space of bounded lin-
ear operators from H to H, and w be a Q-Weiner process on (2, Fp, P) with the covari-
ance operator Q such that Tr Q < co. We assume that there exists a complete orthonormal
system {e, }c; in K, a bounded sequence of nonnegative real numbers {1,}32; such that
Qe, = A,e,, and a sequence B, of independent Brownian motions such that

(wt),e) =" VAulewe)Bult), ecK,te(0,b],
n=1

and F; = F}, where F}* is the o-algebra generated by {w(s) : 0 < s < t}. Let LI =
Ly(QY2K; H) be the space of all Hilbert-Schmidt operators from Q2K to H with the inner
product (1//,9~)L8 = Tr(y Q6%).

The collection of all strongly measurable, square integrable, H-valued random variables,
denoted by L,(£2,H), is a Banach space equipped with norm ||x(:)[|z, = (E||x(-,w)||2)%,
where the expectation, E, is defined by Ex = fQ x(w)dP. Let C([0,b],L,(S2,H)) be the
Banach space of all continuous maps from J into Ly(2,H) satisfying the condition
SUPo</<p E[x()]|? < co. Let LY(RQ, H) denote the family of all Fo-measurable, H-valued
random variables x(0). The notation, B,(x, H) stands for the closed ball with center at x
and radius 7 > 0 in H.

In this paper, we assume that the phase space (B, || - || 3) is a seminormed linear space of
Fo-measurable functions mapping (-0, 0] into H, satisfying the following fundamental
axioms due to Hale and Kato (see, e.g., [30]).

(A) Ifx: (00,0 +b] = H, b >0, is such that %[y 515 € C([o,0 + b],H) and x, € B,

then for every ¢ € [0, 0 + b] the following conditions hold:
(i) x;isin B;
(i) 1@l < Hllxel 5
(iii) |lxllg < K(t—o)sup{l|lx(s)|| : 0 <s <t} +M(t —0)||x, | 3, where H> 0 is a
constant; K, M : [0,00) — [1,00), K is continuous and M is locally bounded,
and H, K, M are independent of x(-).
(B) For the function x(-) in (A), the function ¢ — x; is continuous from [0, o + b] into B.

(C) The space B is complete.
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Remark 2.1 ([3]) Let ¢ € B and ¢ < 0. The notation ¢; represents the function defined
by ¢, = ¢(t + 0). Consequently, if the function x(-) in axiom (A) is such that xy = ¢, then
x; = @;. We observe that ¢, is well defined for ¢ < 0 since the domain of ¢ is (-0, 0].

Remark 2.2 ([3]) In retarded functional differential equations without impulses, the ax-
ioms of the abstract phase space B include the continuity of the function ¢ — x,. Due to
the impulsive effect, this property is not satisfied in impulsive delay systems and, for this
reason, has been eliminated in our abstract description of 5.

The next result is a consequence of the phase space axioms.

Lemma 2.1 (Compare with [31]) Let x: (—o0,b] — H be an F;-adapted measurable pro-
cess such that the Fy-adapted process xo = ¢(t) € LY(R, B) and x|(0,5 € PC([0, b], H), then

’

llxsll8 < MpEll@lls + Ky sup E|x(s)
0<s<b

where Kj, = sup{K(£) : 0 <t < b}, M = sup{M(t): 0 <t < b}.
We introduce the space PC formed by all F;-adapted measurable, H-valued stochastic

processes {x(t) : t € [0, b]} such that x is continuous at ¢ #t;, x(¢;) = x(¢]) and x(t]") exist for
alli=1,...,N. In this paper, we always assume that PC is endowed with the norm

1
I#llpe = ( sup E|=)]*)".
0<t<b

Then (PC, || - | pc) is a Banach space. The notation B,(x, H) stands for the closed ball with
center at x and radius r > 0 in H.

Lemma 2.2 ([27,28]) A family of bounded linear operators R(t) € L(H) is called a resolvent

operator for
% =A [x(t) + /Ot h(t — s)x(s) ds:|,
if

(i) R(0) =1 the identity operator on H;
(ii) forall x € H, R(t)x is continuous for t € [0, b];
(iii) R(¢) € L(X), t € J, where X is the Banach space formed from D(R) endowed with the
graph norm. Fory € X, R(-)y € CY(J, H) N C(J, X) and

d t
d—’;R(t)y - A[R(t)y " / h(t - S)R(s)yds]
0
t
= R(t)Ay + / R(t —s)Ah(s)yds, te].
0
Let 0 € p(A), Then it is possible to define the fractional power (-A)* for 0 <@ <1, as a
closed linear operator on its domain D((—A)%) with inverse (—A)~*. Furthermore, the sub-

space D((—A)*) is dense in H and the expression |x||, = ||(=A)%x|| for x € D((-=A)*). De-
fines a norm on D((—A)%). Hereafter we denote by H, the Banach space D((—A)%) normed
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with || - ||o. Then, for each 0 < @ <1, H, is a Banach space. Furthermore, the following
properties are well known.

Lemma 2.3 ([32]) The following properties hold:
(i) If0< B <a <1,then H, C Hg and the embedding is compact whenever the resolvent
operator of A is compact.
(i) Foreach 0 <a <1, there exists a positive constant M, such that

M,
|-ayrio] < 2.
Definition 2.1 An F;-adapted stochastic process x : (—00,b] — H is called a mild solution
of the system (1.1)-(1.3) if xo = ¢ € B satisfying xy € LY(Q, H), x|(0,5) € PC, for each t €

[0, ], the function AR(t — 5)G(s,x;), s € [0,¢) is integrable and x(¢) = g;(¢,x(¢)) for all ¢ €
(t,s1,j=1,...,N, and

t

x(t) = R(t)[(p(O) - G(O,(p)] + G(t, %) + / AR(t — 8)G(s,x,) ds
0
AR(t - h(s—1)G(t,%;)dt d R(t - L Xs) d.
+/0 (t s)/(; (s—1) (rx)rs+/o (t—38)f(s,%5)ds
R(t — s)F(s,x;)d
+A (t — 8)F(s,x5) dw(s)
forall £ € [0,#] and

x(t) = R(t — 5)[ i (s %(s:)) — Gsix5,)] + G(t, %) + /tAR(t —5)G(s,x5) ds

s
+-/.
Si

2

¥ / tR(t—s)F(S,xs)dW(s)

tAR(t—s)/sh(s—r)G(r,xr)dr ds+/tR(t—s)f(s,xs)ds

forall t € (s;, t1],i=1,...,N.
Now, we introduce the Hausdorftf measure of noncompactness xy defined by
Xy(B) = inf{e > 0; B has a finite ¢-net in H}

for a bounded set B in any Hilbert space Y. Some basic properties of xy(-) are given in the
following lemma.

Lemma 2.4 ([33]) LetY beareal Hilbert space and B, C C Y be bounded, and the following
properties are satisfied:
(1) B s pre-compact if and only if xy(B) = 0;
(2) xy(B) = xy(B) = xy(conv B), where B and conv B are the closure and the convex hull
of B, respectively;
(3) xy(B) = xv(C) when BC C;
(4) xy(B+C) < xy(B) + xy(C) where B+ C={x+y:x € B,ye C};
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(
(

5) xy(BUC) = max{xy(B), xy(O)};
6) xy(AB) < |A|xy(B) for any A € R;
) ifthe map ® : D(®) C Y — Z is Lipschitz continuous with constant k then

Xxz(®PB) <k xy(B) for any bounded subset B C D(®), where Z is a Banach space;
8) if {W,}o2, is a decreasing sequence of bounded closed nonempty subset of Y and
lim,,_, s xy(W},) =0, then ﬂn=1 W, is nonempty and compact in Y.

Definition 2.2 ([34]) The map ®: W C Y — Y is said to be a xy-contraction if there

exists a positive constant k < 1 such that xy (®(C)) < k xy(C) for any bounded close subset

C C W where Y is a Banach space.

In this paper we denote by x¢ the Hausdorff measure of noncompactness of C([0, b], H)

and by xp¢ the Hausdorff measure of noncompactness of PC. To discuss the existence we

need the following results.

Lemma 2.5 ([33]) If W C C([a, b)) is bounded, then x (W (t)) < xc(W), for any t € [a, b],
where W (t) = {u(t) : u € W C X}. Furthermore, if W is equicontinuous on [a, b), then W (t)
is continuous for t € [a, b], and xc(W) = sup{W(¢) : t € [a, b]}.

Lemma 2.6 ([33]) If W C C([a,b],H) is bounded and equicontinuous, then x(W(t))
is continuous for t € [a,b], and X(f; Wi(s)ds) < f;x(W(s))ds for all t € [a,b], where
f; W(s)ds = {f;x(s) ds:xe W)

Obviously, the following lemma holds.

Lemma 2.7 If W C PC([0, ], H) is bounded, then x (W (t)) < xpc(W), for any t € [0, b],
where W (t) = {u(t) :u € W C H}. Furthermore, if W is piecewise equicontinuous on [0, b],
then W (t) is continuous for t € [0, b], and xpc(W) = sup{W(¢) : t € [0, b]}.

Proof Let W C PC,and W = (Y, W;) U (UfV LUy, where Wi € C(J, X), J; = [si tinl, i =

LN, and U; € CI, X), T; = [t,s1), i = .,N. Using Lemmas 2.4 and 2.5, we have

)

= max{max{x(W;()):i=0,1,...,N},max{x (Us(#)) :i=1,...,N}}
< max {max{xC(W) i=0,1,. N},max{xC(Ui):i:l,...,N}}
=max{max{xpc(m):i:0,1,...,N},max{x7>c(L[,~):i:l,...,N}}
=ma

(o3

e () o (Q)

= xpc(W).
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From Lemma 2.5, if W is piecewise equicontinuous on [0, b], then W (¢) is continuous for
t € [0, b]. In addition, we have

max{)(pc(Wi):i:0,1,...,N},max{x7>c(L[,'):izl,...,N}}
max{su { (Wi(t)),tefi:i:O,l,...,N}},

{x(Ui(®),tel:i=1,...,N}}}
= max sup{x(W(t)) te|o, b]}} :sup{x(W(t)),te [O,b]}. O

Lemma 2.8 (Darbo [35]) If W C Y is closed and convex and 0 € W, the continuous map
O : W — Wisa xy-contraction, if the set {x € W : x = A®x} is bounded for 0 < A < 1, then
the map ® has at least one fixed point in W.

Lemma 2.9 (Darbo-Sadovskii [33]) If W C Y is bounded closed and convex, the contin-
uous map ©: W — W is a xy-contraction, then the map ® has at least one fixed point
inW.

3 Main results
In this section we shall present and prove our main results. For some « € (0,1), let us list
the following hypotheses.
(H1) The analytic resolvent operator R(t) generated by A, and there exist constants M,
M; such that |[R()| ¢y < M, |h(E)|| L@y < M, for every t > 0.
(H2) There exist positive constants § € (%, 1), L, Ly, L, such that the function G is
Hg-valued, (-A)? G is continuous and

E|[(~A Gt ¥1) - (AP G(t, ) |* < LIva — ¥l € [0,b], v, 9 € B,
E|(-A G v)|* <Ll I} + L, t€[0,b], v €B.

(H3) The function f : [0,b] x B — H satisfies the following conditions:
(i) For each t € [0, ], the function f(¢,-) : B — H is continuous and for each
x € B, the function f(-, ) : [0,b] — H is strongly measurable.
(ii) There exist an integrable function s : [0, 5] — [0, 00) and a continuous
nondecreasing function ®y : [0, 00) — (0, 00) such that

E|f &, v)|° <m )05 (1w 11%), tel0,b], ¥ €B.

(iii) There exists an integrable function ¢ : [0, b] — [0, 00) such that, for each
bounded D C B,

x (f(&,D)) < & () sup_ X (D))
—00<0<0
for a.e. t € [0, b], where D(0) = {u(P) : u € D}.
(H4) The function F : [0,b] x B — L(K, H) satisfies the following conditions:
(i) For each t € [0, b], the function F(¢,-) : B — L(K, H) is continuous and for
each x € B, the function F(-,¥) : [0,b] — L(K, H) is strongly measurable.
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(ii) There exist an integrable function mf : [0, 5] — [0, 00) and a continuous
nondecreasing function O : [0,00) — (0, 00) such that

E|F@ev)|” < me@)©r (1 1}), tel0,bl,y €B.

(iii) There exists a square integrable function ¢r : [0, 5] — [0, 00) such that, for
each bounded D C B,

x (F(t,D)) < ¢p(t) sup x(D(9))

—00<0<0

for a.e. t € [0, D], where D(0) = {u(0) : u € D}.
(H5) The functions g; : (¢;,5;] x B— H,i=1,...,N, are continuous, and they satisfy the
following conditions:
(i) There exist constants ¢;,d; >0,i=1,...,N, such that

E|lg@tw)|* <cllwl}+ds te (sl v eB.

(ii) There exist constants y; > 0 such that, for each bounded D C B,

x(@(&D)) <yi sup x(D(©))

—00<f<0

forae. te (t;,s],i=1,...,N, where D(8) = {u(0) : u € D}, and

b2 2
max ot (1] e a@) Ayt o 1) )

b b 3
+ (M +1)y; +M/ Lr(s)ds + M(Tr(Q)/ g‘?(s) ds) } <1 (3.1)
0 0

(H6) For every bounded set E C B, the set {t — gi(¢,x;) : %, € E},i=1,...,N, is
equicontinuous in B.

Theorem 3.1 If the assumptions (H1)-(H6) are satisfied, then the system (1.1)-(1.3) has at
least one mild solution on [0, b], provided that

o0 1
/1 0,5+ 0 B (3.2)

and

max {41(,3 ((1 +12M%)c; + |:(1 +12M°) | (-A) ||2

1<i<N

28
+6M; 4 (1+M;b?) 2;’ - 1]Ll) } <l (3.3)

Proof We introduce the space B, of all functions x : (—o0,b] — H such that xy € B and
the restriction x|(o 4 € PC. Let || - ||, be a seminorm in 53, defined by

1
I#lls = lsolls +  sup E[s)]*)", x< B
0<t<b
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We consider the operator ® : 3, — B, defined by

@(8), t € (-00,0],
R(@®)[p(0) - G(0,9)] + G(£,x¢)

+ fot AR(t — 5)G(s, %) ds

+ [y ARt~ 3) [y h(s - T)G(t,x,) dT ds

+ fot R(t - s)f (s, ;) ds

+ [y R(t = $)F(s,x,) dw(s), t€[0,4],i=0,
gi(t, %), te(tysil,i>1,
R(t - s1)[gisir x5;) — G(si, x5,)] + G(t,%1)

+ fsf AR(t - 5)G(s,x,) ds

+ f;AR(t —8) [y h(s — 7)G(t, %) dr ds

+ f; R(t - s)f (s, x5) ds

+ [ R(E = $)F (s, x5) dw(s), te(sitinli>1

(Px)(t) =

From Lemma 2.3 and (H2), the following inequality holds:

2
E

t
/ AR(t — 8)G(s, %) ds
t
<b f (=AY R(t - 5)|*E[| (-4 G(s,x,) | ds
t
<bM; , / (- 5) 2P (L llal|% + Lo) ds

o, Y (L Il + L
<M; ;—— (L1 sup |lxsll5 + 2).
-1\ o F
Then from the Bochner theorem, it follows that AS, (¢ — s)G(s, x;) is integrable on (s;, £),
i=0,1,...,N.
For ¢ € B, we define ¢ by

5(0) = (1), —00 <t =0,
| ROp(0), 0<t<b,

then ¢ € By. Set x(t) = y(£) + ¢(t), —0o < t < b. It is clear that x satisfies Definition 2.1 if and
only if y satisfies yo = 0 and

—-R()G(0,¢) + G(t,y: + §;)

+ fOtAR(t —8)G(s,y5 + @s) ds

+ [y AR(t = $) [5 h(s = ©)G(z,y. + §;) dr ds

+ f(f R(t - $)f (s, y5 + @s) ds

+ [y R(t = $)E(s,y5 + @s) dw(s), te[0,t1],i=0,
y(8) = { &,y + @r), te(t,s)i>1,
R(t - Si)[gi(si:ysi + QZ’si) - G(Sirysi + (Z’si)]

+ Gty + @) + fsiAR(t —8)G(s,ys + @s) ds

+ fﬁ AR(t - 3) [5 h(s - 1)G(T, 9. + §.) dr ds

+ fsz(t-s)f(s, Vs + @s) ds

+ [ R(E = $)F (s, ys + @5) dw(s), telstili>1
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Let B) ={y € By:y0 =0 € B}. Forany y € B3},

[T

s = ol + (sup E|y@]*)" = (sup Elyo]”)" (3.4)

0<t<b

By (3.4), it follows that (B}, || - ||) is a Banach space. For y € B.(0, B)) = {y € B} : E|ly|* < r},

from Lemma 2.1, we have

Ilys +90t||3 <2 ||)’t||3 + ||§0t||3)

(
2 2 2 2 ~ 2 2015 112
< 4[KGE( sup [y0)|”) + MiEIols + KGE( swp [#66)]°) + M 101
0<s<b 0<s<b

IA

4[K} sup E[ts) I + K2M2E| 0 (0)|* + M2 g B]
4[Kbr + (1(,3M2H2 +Mp)lel]=r*, te[0,b]. (3.5)
Define the map @ : 82 — 82 defined by (®y)(t) = 0, t € (—00,0] and

—R(£)G(0, ) + G(&, y: + ¢r)

+ fOtAR(t —5)G(s,ys + @s) ds

+ fOtAR(t -5) [y (s = T)G(t,y; + @) dt ds

+ fot R(t —5)f (s, ys + @s) ds

+ [y R(t = $)E(s,y5 + @s) dw(s), te0,t],i=0,
(DY) = { &ilt,y: + @1), te(tysli>1,
R(t = si)[gisi ys; + @5;) = Glsir ys; + @5,)]

+ Gty + @) + [ AR(E = $)G(s,y; + §5) ds

+ [ AR(E =) [o his = T)G(x,y, + @) dT ds

+ fsf R(t = s)f (s, ys + @5) ds

+ fsf R(t - $)F(s,y5 + @s) dw(s), te[sitinl)i>1.

Obviously, the operator ® has a fixed point if and only if operator ® has a fixed point,
to prove it we shall employ Lemma 2.8. For better readability, we break the proof into a
sequence of steps.

Step 1. For 0 <A <1, set {y € PC:y = A®y} is bounded.

Let y, be asolution of y = )LCT>y for 0 < A < 1. Using Lemma 2.1, we obtain, for all ¢ € [0, 5],

sup llyse + @il < 4[KPEllya |17 + (K3 MPH? + M) Il ],

0<s<t
where |95 ]l; = supg<,<; 19,.(s)||. Consider the function v, defined by
v, (t) = 4[KZE |y |17 + (KpMPH? + Mj) ll@lB], 0<t<b.
Then, by (H1)-(H5), from the above equation, we have, for ¢ € [0, 1],

E|y. ()| < 6E|R©)G(0,9)|” + 6E|G(t, 35 + &)
2

¢
+6E AR(t - $)G(s, Y55 + @5) ds
0
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t s 2
+6E / AR(t—s)/ h(s—t)G(t,y: + @) dT ds
0 0

2

¢
+6E / R(t = s)f (5,535 + @s) ds
0

2

+6E / R(t — $)F(s, Y35 + @s) dw(s)
0

< 6M?||(=A) P |*(Lillglls + La) + || (~A) | * (Liva(e) + Lo)

t
+6M; 4ty / (t - 5)20P (Lyva(s) + Ly) ds
0
t s
+ 6Mf_ﬂMft12 / (¢ —s)720P / (Livi(r) + Ly) dr ds
0 0
t
+ 6M2t1f mf(s)G)f(vA(s)) ds
0
t
+ 6M? Tr(Q)/ WZF(S)@F(V;\(S)) ds.
0
Forany ¢ € (¢;,s],i=1,...,N, we have
E|p 0| =Egt.ye + 3| < cova(t) + d.
Similarly, for any ¢ € (s;,¢;41], i =1,...,N, we have

E|y:.(2) ”2 < 6E|R(t - 5:)[gi(8i>Vss; + Bs;) — Gsi> Vas; + Bs,)] ”2
2

t
+6E| Gty + @)| + 6E / AR(t - $)G(S, y35 + @) ds

2

t s 2
+6E / AR(t—s)/ h(s—1)G(t, 95 + ¢;)dr ds
S; 0

¢ 2
+6E / R(t - s)f (s, 935 + @5) ds
Si

2

4 6E / R = 5)E(s, s + 35) dw(s)

i

< 2M[ea(si) + di + || (AP | (Lavasi) + Lo)]
+ 6] (=A) |} (Liva(e) + Lo)

t
+6M;_g(ti1 —51) / (t —5) 2P (Lyva(s) + Ly) ds

N

t
+ 6Mf_ﬂMf(t,-+1 - si)2/ (t —5)20-P) / (le,\(r) + Lz) dr ds

0 Si

+ 6M%(ti41 — 8;) /t my(s)Op (va(s)) ds

+ 6M2 Tr(Q) /trnp(s)®p(vx(s)) ds.
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Then, for all ¢ € [0, b], we have

E|y:.(0) ||2 < M* + ey (8) + 12M [ei(8) + || (-A) P ||2lex(t)]

+ 6] (-A) P | *Liva(e)

t
+6M;_gb / (t -5 P Ly, (s)ds
0
t s
+6M;_gMib? / (t—s)20F) / Lv,(t)dt ds
0 0
t
+6M2b/ mf(s)®f(v,\(s)) ds
0
t
+GMTHQ) [ )0 (v:(5) s,
0
where

M _Ea§{6M2||( —A)P P (Lllells + Lo) + (1+12M%)d;

b
el cart om0 o) o ool

It is easy to see that
vi(t) < A[KpM* + (KPMPH? + M;) llolls ] + 4K ((1 +12M%)¢;
2 b*f
. [(1 12| (-AY | 6 (1 M) I}Ll)vm
t
+ 24Kb2M2b/ my(s)Op (va(s)) ds
0
t
+ 24K M? Tr(Q)f mp(s)Op (v;.(s)) ds.
0

By (3.3), we have

L* = max {41(2<(1+12M2)c,'+ [(1+12M2) |(-4)* H2

1<z<N

b
+6M;_4(1+M;D?) }h)} <1,

28 -1
and hence
") < 4[KEM* + (KEMPH? + M)l lI%]
1-L*
24K2M*b
+— T / my(s)Or vk(s))
24K2M? Tr(Q
ﬁ mF(S)®F(V)L(S)) ds.
- 0

Page 13 of 27
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Denoting by 1, (¢) the right-hand side of the above inequality, we have v, (t) < 1, (¢) for all
t€[0,b],and

A[KEM* + (KEMPH? + M2)llg|%]

0 — ’
m.(0) -1~
, 24K2M?b 24K M? Tr(Q)
10 < =m0 (0 (0) + =m0 (n:(8)
24K2M?b 24K2M?* Tr(Q)
| 2 ), 2D 00 0 0) + 01 (0]
This implies that
m(6) d b 24K2M?2b 24K>M?T
/ S — =< f max{ bim]c(t), b4r(Q)mF(t)} dt < 00.
n0) ©r(s) +Or(s) ~ Jo 1-L* 1-L*

Using (3.2), this inequality shows that the functions 7, (¢) are bounded on [0, ]. Thus, the
functions v, (¢) are bounded on [0, b], and y,(-) are bounded on [0, b].

Step 2. ® : B) — B is continuous.

Let {y"}2, € By with ) — y (n — o00) in BY. Then there is a number r > 0 such that
9" (¢)|| < rforall mand a.e. t € [0,b],s0 y™ € B,(0, Bg) and y € B,(0, 82). Again, similarly
to (3.5), we have ||y£”) + @¢llg <1, t € [0, b]. Furthermore, from axiom (A), we know that

91" = 5]l 5 < K@ sup{[[y"(s) = (5)]| :0 <5 < £} + M®) | 76" = 30 5
= K(¢) sup{ Hy”(s) —y(s) || :0<s< t}

§KbHy" —th -0 (n— 00),te]0,b].
Thus, by (H3) and (H4), we see that, for ¢ € [0, 5],

FE9 + @) = fty+ @) asn— oo,

F(t,yﬁ”) +@) = F(t,y:+ @) asn— 00
for each t € [0, b], and since

Ef (6.5 + @) ~f &,y + 30" < 204 (-)my(0),

- ~\ 12 *
E|F(t,y" + @) - Ft.ye + @) < 206 (r)me(2).
In view of (H2)-(H6) and by the dominated convergence theorem we have, for ¢ € [0, 1],

E|[(®y™)(2) - (Dy)@®)|

<5](-A)F|E| (-4 G(t.5)" + &) - (AP G(t,y: + @) |

t
+5M2 | (£-5) X PE|(A)PG (s, 9™ + @) — (~A)PGls, ys + @) || ds
1-B8 s
0

t s
+5M}_ MIE /0 (t—s5)20-P) /0 E|(-A)*G(z,5" + )
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— (~AYG(z,y; +¢,)| dr ds
+5M%t /0 tE|Lf(s, 9+ 3) —fls,ys + @) ds
+5M> Tr(Q) fOtE”F(s,yy) +3) —F(s,y+ @) ds —> 0 asn— oo.
Forany £ € (¢,si],i=1,...,N, we have
E[(®y")@®) - @0)®|” = Elgi(t.5t” + 1) — it ye + )| > 0 asn— oo,
Similarly, for any ¢ € (s;, £1], i = 1,..., N, we have

E|[(®y)(2) - (Dy)®)|
2

< 12M(E||gi(s:: 9% + @5,) — gisi» s, + Ps;)
(AP G (509 + Bs,) — (=AY Glsinys, + 7)) ]

+ 6] (AP |’E| (A G(1.9" + 1) - (A Gty + @)

+ | =A) P|E|

t
+6M;_g(ti1 — 1) / (=9 PE|(-AY G5, + 6,)
— (~AY G(s,ys + @) ds
t s
M Mt [ (6=9) %) fo E[(-AYG(z,5% + 3.)
- (-AG(t,y: + §r) ”2 dr ds

t
+ 6M2(ti+l _Si)/ E|[f(8,y§") + @s) —f(s, 95 + ¢s)“2 ds

t
+6M2Tr(Q)/ EHF(s,yg”)+(,5S)—F(s,ys+¢s)”2ds—>O as 1 — 00.

Si
Then
||<i>y(”) - <T>y||2 —0 asn— oc.
Thus ® is continuous.
Step 3. ® maps bounded sets into bounded sets in BY.
Indeed, it is enough to show that there exists a positive constant £ such that each y €
B,(0,BY), one has E||®y||?> < L. For t € [0,#], we have
= 2 _82 _g2 -
E[(@0)0)" = 6M*[(=A) P (Lillells + L2) + [ (=A) 7 | (Lillye + @2l + L2)
t
+6M} 4ty / (& = )P Lallys + Gll + Lo) ds
0

t s
+6M]_ Mt /0 (t —5)"20-F) /0 (Lilly: + @13 + Ly) dr ds

t
+ 602 / mp(5)Of (s + Bull’) ds
0
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t
+ 6M2 Tr(Q) /0 mp(s)OF(|lys + @1 5) ds

< 6M>2||(-A)* ||2(L1||(p||23 + L) + || (=A)* ||2(L1r* +Ly)

28
+ 6M%7‘3 (1 + M%tlz) 2;1_ : (Llr* + Lz)

+ 6M2t1®f(r*) /Otl my(s) ds + 6M? Tr(Q)@F(r*) /Otl mp(s)ds := Ly.
Forany ¢ € (¢;,s;],i=1,...,N, we have
E[@n)®| = cillye + Gl + di < eir* + dy = K.
Similarly, for any ¢ € (s;, ¢;41], i =1,...,N, we have

E[(@)®)|° < 12M2[cillys, + @s % + di + | (AP | (Lullys, + G5 1% + L) ]

+ 6] (=A) P |* (Lally: + @41 + Lo)

t
+6M2 (b — 5) f (65729 Lyl + @l + L) ds
Si
t s
M Mt =) [ (6= [ (Lilyc Gl + L) deds
0 S;
t
60t =) [ 010y (I + ) ds
Si

+ 6M>Tr(Q) / mp(s)OF(|lys + @11 5) ds

< 12M2 [C,’V* + d,' + || (—A)_ﬁ ||2(L11"* + Lz)]
+6 ” (—A)_ﬂ ||2(L11"* + L2)

(ti — 1)

+6M;_g(1+ M; (ti1 —5:)%) Y

(Llr* + Lz)

tiv1
+ 6M2(ti41 — s,»)®f(r*) / my(s) ds
tiv1
+6M*Op (r*) Tr(Q) mp(s)ds := L;.

Si
Take £ = max;<;<n{Lo, K;, L;}, then for each y € B,(0, Bg), we have E||®y||> < L.

Step 4. ® is x -contraction.
To clarify this, we decompose ® in the form ® = ®; + ®, for ¢ € [0, b], where

~R()G(0,9) + G(t,y: + ¢1)

+ [y AR(t = $)G(s, 95 + §5) ds

+ [y ARt~ $) [5 h(s = T)G(t,y. + §.)dvds, te[0,4],i=0,
(P)(®) =1 0, te(tys)i>1,
—R(t - s1)G(si>y5; + @s,) + G, ye + @1)

+ fsf AR(t — $)G(s,ys + @5) ds

+ [LAR(E=3) [o hls = T)G(T, 50 + @) dTds, t€sptinli=1,
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fOtR(t —8)f (s, 95 + @) ds

+ [y R(E—9)F(s, 55 + @) aw(s), t€[0,4],i=0,
&ty + @), te(t,s],i>1,
R(t - s))gi(si, ys; + @s,)

+ [o R(E=$)f (5,5 + @) ds

+ [y R(E=)F(s,ys + ) dw(s), L€ [siytinlii=1.

(D29)(2) =

Claim 1 &, is Lipschitz continuous.
Lett€[0,t1] and u,v € Bg. From (H2) and Lemma 2.1, we have

E|(@1)(®) - (@)(@)]*

< 3E||Glt,us + 1) - Gt vi + 60|

2
+3E‘

/tAR(t - s)[G(s, us + @5) — G(s, vs + @)] ds
0

2
+3E‘

ftAR(t—s) /sh(s— t)[G(r,u, + @) = G(T,ve + @,)] dt ds
0 0

t
_B112 _2(1—
<3|(-A)7| L||ut—vt||é+3M%_ﬁt1/ (t =)L g — vl ds
0

t s
+3M; Mt /0 (t —s5) 2P /0 Lllu, — v, |5 dds

2

<12K2L [ | (A7 + M2, (1+ M207) b

2ﬁ_l]nu—vni.

Similarly, for any ¢ € (¢;,¢,1], i =1,...,N, we have

E|[(@u0)(0) - (@)
= 4E||R(f - Si)[G(Si; Us; + (Z)Si) - G(ss, Vs, + (Z)Si)] “2

+AE| Gt e + G) — Gt ve + )|

t 2
+4E / AR(t - S)[G(S, us + @5) — G(s, vs + g?)s)] ds

1

2
+4E

/tAR(t—s) fs h(s— r)[G(r,uT + @)= G(T,ve + gb,)] dtds
Si 0

_B12 _
< 4M? | (=A) P | Lllus, — v, Il + 4[| (=A) P | Lllue - ve )i
t
P4 a5 [ (=920 P Ll - vl ds
Si
t s
+AMT M (b — i) / (t—s)20P / Liluc - vl dr ds
i 0
2 b*
< 161<§L[(1 + M) | (A" + MGy (1 + bez)m] llu vl
Thus, for all ¢ € [0, b], we have

E|[(®10)(0) - (®10)(@)|* < Lollu - vII3-
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Taking the supremum over ¢,
< s 0 2
|®1u — Pyl < Lollu —vll,

where Lo = 16KZL[(1 + M?)[|(~A) P[> + M_,(1 + M%b%%}. By (3.1), we see that Lo < .

Hence, ®, is Lipschitz continuous.
Claim 2 ®, maps bounded sets into equicontinuous sets of By.

Let0< 1 <19 <t.Foreachxe B,(O,Bg), we have

E[[(@29)(12) (@) (m)

2
<4t

/ [R(r2 =) = Rty = 9)|f (5,35 + ) ds
0

T 2
+4E / R(ty = s)f (5,55 + @5) ds

Lol

2

+4E /11 [R(tz -85)—R(r1 — s)]F(s,yS + @5) dw(s)
0

1) 2
+ 4E f R(‘L'2 - S)F(S;ys + (Z)s) dW(S)

ol

7
< 4®f(r*)t1 f ||R(r2 —8)—R(t; — s)Hsz(s) ds
0
™
+ 4-M2®f(r*)(‘l,'2 - 1:1)/ myg(s)ds
71
7
+40F(r*) Tr(Q) / [R(ts = 8) = R(t1 - 5) ||2mp(s) ds
0
15}
+4M* O (r*) Tr(Q)/ mg(s) ds.
7
For any 73,75 € (£;,8;], 1 < 7o, i = 1,..., N, we have
- - - -2
E|[(®29)(12) = (@23)(@)||* = E||@i(T2, 2y + Br) — i(T1, 70 + @) |-
Similarly, for any 7, 7o € (¢, 1], 1 < 72, i = 1,..., N, we have

E[[(829)(2) ~ (@23)(m)

<5E||[R(rz - s1) = R(t1 - 5:) |gi(si> ¥, + Bs;)

k51 2
+5E / [R('(z —8)—R(t; - s)]f(s,ys + @) ds

[9) 2
+5E / R(ty = s)f (5,55 + @5) ds

3t

2

+5E /n [R(t3 — 5) = R(t1 — $)|E (s, y5 + @5) dw(s)

i
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2
+5E

/ * Rits = )E(s, s + 60 dwis)

3t

<5|R(ry - ) - R(r1 - s1) ||2[Cﬂ”>k +d;

+ 5®f(r*)(r1 —-5;) /VTI HR(TQ —8) —R(11 —5) Hsz(s) ds

Si

)
+4M* O (r*) (zs - rl)/ my(s) ds
7

+ 5®p(r*) Tr(Q) / 1 HR(Q —8) —R(t1 — s)Hsz(s) ds

Si

+ 5M2®F(r*) Tr(Q) /12 mr(s) ds.

The right-hand side tends to zero as 7, — 11, since R(¢) is equicontinuous for ¢ > 0 im-
plies the continuity in the uniform operator topology, and in view of condition (H6). The
equicontinuities for the cases 71 < 7, < 0 or 7; < 0 < 1, are very simple. Hence <f>2 maps

B,(0, Bg) into an equicontinuous family of functions.
Claim3 @, isa X -contraction.

Let there be an arbitrary bounded subset W C B). Since the analytic resolvent op-
erator R(-) is equicontinuous, R(t — s)F(s, W, + ¢;) is piecewise equicontinuous on each
J:=I[si,t41],i=0,1,...,N. For bounded sets W, V € PC, we can deduce the following:

f R = )F(s, W + 3) dw(s) - / R~ $)F(s, Vy + @) dwis)
( b

t 3
< M<Tr(Q) f |F(s, W, + @) — E(s, Vs + @) ds) :

/ R(=9)[Fls, Wo + §2) = F(s, Ve + )] dwls)

and hence

1
2

X ( / ,tR(t —F(s, W, + ) dw(s)) < M<Tr(Q) / 't[x (Es, Wy + )] ds> .

Then, from (H3)-(H5) and Lemmas 2.6, 2.7, we have, for ¢t € [0, ],

t

(@ W)(0) < x ( fo R(E-5)f (s, W, + @)ds) tx ( fo Rt —5)E(s, W, + @)dw(s))

2

<u / 2 (F(s, Wo + 3) dS+M(Tr(Q) / [ (EGs, W +¢s>)]2ds)

§M/t§f(s) sup x(W(s+0)+@(s+0))ds
0

—-00<0<0

¢ 2 \?
+M<Tr(Q)/‘0 [{p(s) sup X(W(s+0)+g5(s+9))] ds)

—00<0<0
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=M Cf(S) sup x (W(v))ds

0<t<s

(1@ [ Terts) sup 2 (wee)]'as)’

0<t<s

<M/ r(s)ds sup X (S))+M<Tr(Q)f0 g“,_%(s)ds)2 sup x(W(s))

0<s<b 0<s<b

sM[ fo £(s)ds + (Tr(Q) /0 c2(s) d8>2}X7>c(W)~

Forany ¢ € (¢;,s;],i=1,...,N, we have

X (@2W)(®)) = x (&, Wi + @1))

<y, sup X(W(t+6)+¢(t+9))

—00<0<0

<yi sup x(W(r)) <y sup x(W(r)) <yixpc(W).

ti<t<t 0<t<b

Similarly, for any ¢ € (s;,t41], i =1,...,N, we have
t
x ((P2W)(©)) < x (R(t - 5:)gi(si, W, + @5)) + x ( / R(t - s)f (s, Wy + @)ds)
t
X ( / R(t - 5)E(s, Wy + ) dw(s))
Si

t
< Mx (gi(sis Wy, + @s,)) +M/ x (f(s, Wy + @5)) ds

1
2

(1@ [ [x (PG W )] as)

<My; sup x(W(s;+6)+@(si+6))

—-00<h<0

t

+M | g(s) sup X(W(s+9)+¢(s+9))

s —00<6<0
+M<Tr(Q) t[{p(s) sug) . X (W(s +0)+@(s+ 9))]2 ds) ’

t

< My; sup x(W(0) +M [ &(s) sup x(W(v))ds

S§i<T=<t Si S§i<T=<S

Si<T=<S

+M<Tr(Q) cr(9) sup x(w(e)]"ds)’

< My; sup x W(r +M g“f (s)ds sup X ())

0<t<b 0<s<b

+M<Tr(Q)/ ;“F(s)ds> sup X(W(s))

0<s<b

sM[m . / g(s)ds + (Tr(Q) / | tﬁ@)ds)z}m(m
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Thus, for all ¢ € [0, b], we have

b t
X((&sz/)(f))f[(M+1)Vi+M /0 cf<s>ds+M<Tr(Q> fo ¢§(s>ds> ]xPc(W)

and

b b )
x<&>zw>§[<M+1m+M fo cf<s>ds+M(Tr<Q) fo f,.%(s)ds) ]mvm.

Since

xPc(@W) = xpc(D1W + P2 W) < xpc(P1W) + xpc(P2 W)

< Lypc(W) < xpc(W),

where L = max,;<n{~/Lo + (M + 1)y, + Mfob ¢r(s) ds + M(Tr(Q) fé’ ¢ (s) ds)?} < 1. There-
fore, ® is a x -contraction. In view of Lemma 2.8, we conclude that ® has at least one fixed
pointy* e W C Bg. Let x(¢) = y*(¢t) + ¢(t), t € (—00, b]. Then « is a fixed point of the oper-
ator @, which implies that x is a mild solution of the problem (1.1)-(1.3) and the proof of
Theorem 3.1 is complete. 0

Theorem 3.2 Ifthe assumptions (H1)-(H6) are satisfied, then the system (1.1)-(1.3) has at
least one mild solution on [0, b], provided that

max 41<§{ (1+12M%)c; + [(1 +12M2) | (-A) |

1<i<N
b* b ©)
+ 6Mf_ﬁ (1 +M12b2) L+ 6M2b/ my(s) dslimsup /(<)
2/3 -1 0 c—>00
b
®
+6M*Tr(Q) | mp(s)dslimsup £(<) } <1 (3.6)
0 =00 9

Proof Let ®, ® be defined as in the proof of Theorem 3.1. We claim that there exists an
k > 0 such that d_D(Bk(O,Bg)) C (Bk(O,B(b))). If we assume that this assertion is false, then
for each k > 0 we can choose y* € Bk(O,Bg) and t* € [0,b] such that k < E||(Dy*)(5)||%.
Consequently, we have, for t* € [0, 4],

k < E[[(29) ()
< 6M|(-A) |} (Lillell + Lo)

+ 6] AT P (Ll + G 5+ L)
tk

602 1 / (¢ =) 2 PL o + G + L) ds
0

tk s
+ 6M%_5M1t12/0 (tk _8)72(175)/0 (L1 Hy]; + @ Hfs +L2) dtds

tk k
+6My / my ()0 (|| + @ ) ds + 6M> Tr(Q) / me(s)O (|95 + @5 ) ds.
0 0
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For any t* € (t;,s,],i=1,...,N, we have

k<E|(@) )] <l + s+

Similarly, for any t* € (s;, ¢;,1],i = 1,..., N, we have

k< E|(@) ()
< 12M[C,‘ ”y;(l + (Z’Si 53 + d,‘ + ||(—A)_ﬁ ||2(L1 ||J’fl + @si

+ 6] AP (Ll + @5+ L2)

ZB+L2)]

k

+ 6Mfiﬂ(tj+1 - Sl') / (tk - S)_Z(l_ﬂ) (Ll ||y£< + (ﬁs ||ZB + LZ) ds

tk s
+ 6M%—ﬂM%(ti+1 -s)? / (& - 5)_2(1_/3) / (La]ly% + e ”is +Ly)dr ds

i 0
*
+ 6M>(ti1 _Si)/ Wlf(S)®f(”J’f + Qs ”is) ds
tk

L6 THQ) [ e (ot + ) ds

Then, for all £ € [0, b], we have

k< E[(@) ()]
< M* +4¢)[KPk + (KZMH* + Mj) ol %] + 12M?{4c)[ Kik
+ (KEMPH? + M2) [l ol%] + | (AP | Lid[ K2k + (KEMPH? + M) llol%])

+ 6] (=A) P | Lia[KZk + (KZM2H? + M3) o115 ]

£k
P oMy [ (¢ =) LAk (AP 4 M)l 1] ds
0

tk
+6M;_zMIb /

N
( —5)20 / Lia[KZk + (KEMPE? + M3) |13 d ds
0

0

tk
+6Mb / my(s)Or (4[ Kok + (KpMPH? + M;) gl ]) ds
0
tk
+6M2 Tr(Q) / mp(s)Op (4[K2k + (KiM*H? + M;) lloll%]) ds,
0
and hence

2 2\ .. 2\ 11 (_ 4B ||
1 <11;1i?1(\]41<b{(1+12M )ei+ [(1+12M ) A7

b2 b o
+6M; 5 (1+Mib*) —— |L1 +6M>b | my(s)dslimsup orls)
261 A oo €

b
+ 6M? Tr(Q)/ mg(s) dslim sup
0

c—>00

Or(s) }
pat



Yan and Jia Advances in Difference Equations (2016) 2016:56 Page 23 of 27

which is contrary to our assumption (3.6). The proofs of the other steps are similar to those
in Theorem 3.1. Therefore, we omit the details. By means of Lemma 2.9, we conclude that
(1.1)-(1.3) has at least a mild solution. The proof is complete. O

4 Application
Consider the impulsive stochastic partial functional neutral integro-differential equations
of the form

d |:z(t,x) - / t H(8) (s — t)z(s,x) ds:|

00
2

" ox?

[z(t, x) + / t b(t — 5)z(s, ) ds] dt
0

. / " Owis - )2l ) ds e

o0

+ /t w1 () (s — £)z(s, x) ds dw(t),

N
(t! x) € U[Si7 ti+1] X [07 7.[]! (41)

i=1
z(¢,0) =z(t,m) =0, te]0,b], (4.2)
z(1,%) = ¢(1,%), (7r,%)€ (-00,0]% € [0,7], (4.3)
z(t,x) = /t ni(s —t)z(s,x)ds, (t,x) € (t;,s;] x [0,7], (4.4)

where ¢ is continuous and there exists a constant K; such that |b(t —5)| < K;. w(¢) denotes
a one-dimensional standard Wiener process in H defined on a stochastic space (€2, F, P)
and we take H = L2([0,1]) with the norm || - || and define the operators A : H — H by
Aw = @” with the domain

D(A) := {a) € H : w,w’ are absolutely continuous, w” € H, w(0) = w(r) = 0}.

Then
o0
Aw = — Z (W, 2,z @ € D(A),
n=1

where z,(x) = \/gsin(nx), n=12,3,..., is an orthogonal set of eigenvector of —A. It is
well known that A generates a strongly continuous semigroup that is analytic, and a re-
solvent operator R(¢) can be extracted from this analytic semigroup (see [27, 28]). Since
the operator R(¢) is analytic there exists a constant M > 0 such that ||R(¢)|| < M and it
satisfies (H1).

The bounded linear operator (—A)% is given by

(-A)iw= an (®,2)20

n=1



Yan and Jia Advances in Difference Equations (2016) 2016:56 Page 24 of 27

on the space

D((-A)) = o) e H: Y n¥ w2z e H

n=1

and (—A)’%a) =3 1 (w,2,)z, for every w € H and ||(—A)’% | is bounded.
w2

Letr>0,1<p<+00 and let h: (00, -r] — R be a nonnegative measurable function
which satisfies the conditions (h-5), (h-6) in the terminology of Hino et al. [36]. Briefly,
this means that / is locally integrable and there is a nonnegative, locally bounded function
y on (-o0,0] such that (& + 7) < y(£)h(z) for all £ <0 and 6 € (—o00,-7) \ N, where
N; C (-0, —r) is a set whose Lebesgue measure zero. We denote by PC, x L? (h, H) the set
that consists of all classes of functions ¢ : (~00,0] — H such that ¢, € PC([-r,0], H),
¢(-) is Lebesgue measurable on (-0, -r), and 4| ¢||? is Lebesgue integrable on (—oo, —7).
The seminorm is given by

-r 1/p
lolls = supOHga(t)H+</ h(r)nwnf’dr) .

The space B ="PC, x 17 (h, H) satisfies axioms (A)-(C). Moreover, when r = 0 andp =2, we
cantake H =1, M(t) = y (=), and K(¢) = 1 + (f_ot h(t)dz)Y2, for t > 0. (See Theorem 1.3.8
in [36] for details.)
Additionally, assume that the following conditions hold:
(i) The functions ¥}, v, @; : R — R, j = 1,2, are continuous with
Ly, =f0 (22(6))? ds< oo, Ly, =f0 ("%(—s))zds<oo,Lw2 =f0 @26 s « 0.

=00 Ji(s) -0 s) O]

~ . 2
(ii) The functions n;: R — R, i=1,...,N, are continuous with L; = f_ooo % ds < 00

foreveryi=1,2,...,N.
Take ¢ € B =PCqy x 12(h, H) with 0(0)(x) = p(0,x), (0,x) € (—00,0] x B. Let z(s)(x) =
z(s,%). G:[0,b] x B— H,f:[0,b] x B— H, F:[0,b] x B— L(H), g;:[0,b] x B— H be
the operators defined by

3 0
(-A) TGt 9)(x) = / D (6)02(0)9(0)(x) do,

—00

0
F(t9)) = / 0 (O)a(6)0(8)(x) b,

0

F(t,¢)(x) = 7 @1 (£)2(0)p(0)(x) d6,
0

gi(t,p)(x) = / 1n:(0)p(8)(x) db.

Under the above assumptions, the problem (4.1)-(4.4) can be written as (1.1)-(1.3). More-
over, for any ¢ € [0,b], ¥, Y1 € B, we have

3 ) b 0 2
E[(-4) 6 v)| =E[ fo ( / m(th(s)w)(x)ds) dx}

0 2
< ( / 910926 v )| ds>
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0 B 2 0 _
<inii ([ ) ([ o vo)as)

< Llv ik

and
E|-4)} [G(t,v) - Gle, )]
kg 0 ,
_ E[ | ( | 1096060 - (61 ds) dx]
0 _

(o]

0 2
< ( f 2O ¥ () - )| ds>

0 2 0 _
< it “’;8) &) ([_Holve -nol )

<Lgly - ¥l

where Lg = [|91]|%,L»,. For any ¢ € [0,b], ¥, ¥, € B, we have

s 0 2
E|Lf<t,w)||2:15[ / ( [ vl(t)vz(s)w)(x)ds) dx}
0 2
- ( / (O v )| ds)
0 2 0
< ||m||?,o< / . ("28) ds) ( f RCIE ||2ds)

<Lyl

and

@ v) - £ v
g 0 ) %
:[ /0 ( / vl(t)vz(s)[w(sxx)—wl(s)(x)]ds> dx]

0
< / (O [ () = v (5)] s

o0

1

O (w2 \2( [0 - 2 \?
snvlnoo(/_wmds) (/_Ooh(s)||w<s)—wl(s>|| ds)
< VLIV - vals,

and we can see that, for each bounded set D C 5,

x(ftD)) <L sup X (D)),

—o0<h <

where Ly = ||v1]|% L,,. Similarly, we have

E|E@t )| < Lrlv I}
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and

|E@, ) - Ft, )| < VeIl - ¥ ll5,

and we can see that, for each bounded set D C B,

x(Ft,D)) </Lr sup x(D®)),

—00<6=<0

where Lr = ||@1 |2 Lo, -
Moreover, we have, for any ¢, € (¢;,s;],i=1,...,N, ¥,y € B,

E|ga@w)|* <Lillv s,

g, v) - @@ v < ﬁ v = valls,

and we can see that, for each bounded set D C 5,

x(@6D) <L swp x(DO)).

—00<0<0

Obviously, Of(s) = Of(s) = s, floo m ds = oo. If also the associated conditions (3.1)
and (3.3) or (3.6) hold, then it satisfies all the assumptions given in Theorem 3.1 or The-
orem 3.2, and we can conclude that the problem (4.1)-(4.4) has at least one mild solution

on [0, b].

5 Conclusion

In this paper, we studied a new class of impulsive stochastic partial neutral evolution equa-
tions with infinite delay in Hilbert spaces. More precisely, by using stochastic analysis, the
theory of analytic resolvent operators, fractional power of closed operators, the Darbo
fixed point theorem, and the Darbo-Sadovskii fixed point theorem combined with the
Hausdorff measure of noncompactness techniques, we investigated the existence of mild
solutions of the impulsive stochastic system. The conditions are formulated and proved
under which R(-) is analytic and f, F satisfy the Carathéodory condition. Finally, an appli-
cation is provided to illustrate the applicability of the new results.
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