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1 Introduction and main results

In this paper, the fundamental theorems and the standard notations of the Nevanlinna
value distribution theory of meromorphic functions will be used (see Hayman [1], Yang
[2] and Yi and Yang [3]). For a meromorphic function f(z), we also use S(r,f) to denote any
quantity satisfying S(r,f) = o(T'(r,f)) for all r outside a possible exceptional set E of finite
logarithmic measure lim,_, f[l,r)ﬁ £ % < 00, and a meromorphic function a(z) is called a
small function with respect to f, if T'(r,a) = S(r,f) = o(T'(r,f)).

In 1925, Ritt [4] gave the form of solutions of the Schrodinger equation

f(CZ) = R(f(Z)),

where ¢ € C, ¢ # 0,1, and R(f) is a rational function in f. In 1983, Rubel [5] posed the
following question:
What can be said about the more general equation

f(c2) =R(z,f(2)),

where R(z,f) is rational in both variables?
Later, Ishizaki [6] and Wittich [7] investigated the existence of meromorphic solutions
of the equation of the following form:

f(c2) = a(z)f (z) + b(z),

where a(z) and b(z) are meromorphic functions.
In 2002, Gundersen et al. [8] studied the growth of meromorphic solutions of g-
difference equations and obtained results as follows.
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Theorem 1.1 ([8], Theorem 3.2) Suppose that f is a transcendental meromorphic solution
of an equation of the form

» )
B 240 a,-(z)f(z)’
JA=REIE) = T ey
with meromorphic coefficients aj(z), bj(z) are of growth S(r,f), and a constant c (|c| > 1),

assuming that d := max{p,q} > 1, a,(z) #0, by(z) #0, and that R(z,f (2)) is irreducible in f .

loglog T'(r,f)

Then p(f) = logd "y here p(f) =limsup,_ , Tog 7

log|cl|’

Theorem 1.2 ([8], Theorem 3.4) Let ¢ be a complex constant satisfying |c| > 1, and suppose
that f is a nonconstant meromorphic solution of a functional equation of the form

A(cz,f(c2)) = B(z.f(2)),

where A(z,y) and B(z,y) are rational functions with meromorphic coefficients of growth

S(r.f) such that A(z,y) and B(z, y) are irreducible in y. If 0 < a := deg; A < deg, B =: b, then
) _ logb-loga

P = Fogre

In 2012, Beardon [9] studied entire solutions of the generalized function equation

flaz) =afQ)f'(2),  f(0)=0, )

where g is a non-zero complex number. To state the results of Beardon [9], we first intro-
duce some notations as follows.
Let the formal series O and 7 be defined by

O:=0+0z+02%+---, T:=0+1z+0z2°+02° +---,

and thesets K, = {z: 2 =p+2} (p=1,2,...),and K = K; UKy U --- . Thus, we see that

1
KCp contains p elements and |z| = r, for z € IC,,, where r, = (p + 2)7. Since p € N,, we have

log(x+2)

|z| > 1. Since == ) is decreasingasx >1,we haver; >r; >--->1,and r, - 1 as p — 0.

Based on the above notations, Beardon obtained two main theorems as follows.

Theorem 1.3 ([9]) Any transcendental solution f of (1) is of the form
f@)=z+z(bZ +--),

where p is a positive integer, b # 0 and q € K,,. In particular, if q & K, then the only formal
solutions of (1) are O and 1.

Theorem 1.4 ([9]) For each positive integer p, there is a unique real entire function
Fp(z) = Z(l +2 + b2Z2p + b323p 4. ),

which is a solution of (1) for each q € KCp,. Further, if g € K, then the only transcendental
solutions of (1) are the linear conjugates of F,.
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Recently, Zhang [10] further studied the growth of solutions of (1) and obtained the
following theorem.

Theorem 1.5 ([10], Theorem 1.1) Suppose that f is a transcendental solution of (1) for
q € K, then we have

log2
p(f) <
v log|q|
where
. log T'(r,f)
=1 —_—.
P{f) I?lf;lp logr
Regarding Theorem 1.5, Zhang [10] asked the following question: Is the order of tran-
scendental solutions of (1) exactly p(f) < 15’5; ?

In this paper, we further investigate the growth of solution of some class of g-difference
differential equation and obtain the following results.

Theorem 1.6 Suppose that f is a solution of equation

@) =af @[ @], (2)

where g € KC and n,s,j € N,. If f is a transcendental entire function, then n < s + 1 and the
order of f satisfies

f) < log(s +1) —logn
ol s ———=.
log|q|

The following example shows that (2) has non-transcendental entire function solution.

Example 1.1 Letg=2,n=2,j=1,and s = 2, then f(z) = 2z satisfies equation

2

22 =2f(2)(f'(2))".
The following example shows that (2) also has a transcendental entire function solution.

Example1.2 Letg=3,n=2,j=1,ands =5, then f(z) = exp{?féz} satisfies the equation

B2 =3f@)(f (2)°,

and

log6 —log2
p(f)=1= ————.
log3
Remark 1.1 Thus, a question arises naturally: Does (2) have a transcendental meromor-
phic solution?

When the constant g of the right of (2) is replaced by a function, the following example
shows that the equation has a transcendental meromorphic solution.
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Example 1.3 Let f(z) = ?2 and g = 2, then f(z) satisfies the equation

3

£02) = & @)

and the order is

log2 —log1l
—————=p(f)=1=
log 2] log2

- log3—log1'

Thus, we have the following theorems.

Theorem 1.7 Let f be a transcendental solution of the equation

fq2)" = mf Q@] 3)

where q is a non-zero complex number and |q| > 1, n, j, s are positive integers and ¢;(z) is
a rational function. If f is an entire function, then n <s+1 and

log(s +1) —logn

p(f) <
v log |4

Furthermore, if n =1 and f is a meromorphic function with infinitely many poles, then we
have
log(s +1) < < log(sj + s + 1).
log|q| log|q|

Theorem 1.8 Let f be a transcendental solution of the equation

fq2)" = p@f D[], (4)

where q is a complex number and |q| > 1, n, j, s are positive integers and ¢;(z) is a small
function with respect to f. Iff is a meromorphic function with N(r,f) = S(r,f), then n < s +1
and f satisfies

log(s +1) —logn

p(f) <
4 log |4

Furthermore, if n = 1 and f has infinitely many poles with N(r,f) = S(r,f), and the number
of distinct common poles of f and é is finite, then we have

o(f) = log(s + 1)'
log |g]

The following example shows that (4) has a transcendental meromorphic solution f with
the order p(f) = 0&6+1

loglq| *
Example 1.4 Letn=j=s=1and g =2, then f(z) = % satisfies the equation
27—z
f(22) = f(2)f (),
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where ¢, (z) = 22":_’lz with T'(r, ;) = S(r,f) and the order of f(z) satisfies

log2 —log1

:1:
o(f) Tog2

Let p(z) :pkzk +p/<,1zk‘1 + -+ + p12 + py, where pi(#£ 0),...,po are complex constants.
Now, we investigate the growth of solutions of such equations, where gz is replaced by
p(z) in (2)-(4), and we obtain the following result.

Theorem 1.9 Let f be a transcendental solution of equation

f(p2)" = e Q)] )

where k > 2, n, j, s are positive integers and ¢s(z) is a small function with respect to f. If f
is a transcendental meromorphic function and n < sj + s + 1, then f satisfies

T(rf) = O((logr)*), a= log(sj +s+1) ~logn

logk

Recently, there were many results on meromorphic solutions of complex functional
equations (see [11-20]). In 2007, Barnett ez al. [21] firstly established an analog of the log-
arithmic derivative lemma on g-difference operators. In 2010, by applying their theorems,
Zheng and Chen [22] considered the growth of meromorphic solutions of g-difference
equations and obtained results which extended some theorems given by Heittokangas et
al. [23].

Theorem 1.10 ([22], Theorem 2) Suppose that f is a transcendental meromorphic solution
of equation

_ Paf(2)

4@ (d7) =R/ @) = 5 7o

j=1

where q € C, |q| > 1, the coefficients a;(z) are rational functions and P, Q are relatively
prime polynomials in f over the field of rational functions satisfying p = deg, P, t = deg, Q,

logr
d=p—t=>2.Iff has infinitely many poles, then for sufficiently large r, n(r,f) > Kd el
holds for some constant K > 0. Thus, the lower order of f, which has infinitely many poles,
satisfies u(f) > nl]zig‘liq‘, where u(f) = liminf,_, 5 %
From Theorem 1.10, we further study the growth of the solutions of a class of g-
difference differential equation and obtain a result as follows.

Theorem 1.11 Suppose that f is a transcendental meromorphic solution of the equation

_ Pzf(2)

= Qe f @) ©)

flq2)f'(2) = R(z.f (2))

where q € C, |q| > 1, and P, Q are relatively prime polynomials in f over the field of rational
functions satisfying p = degf P, t= degf Q, d = p—t > 4, where the coefficients of P, Q are
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rational functions in z. If f has infinitely many poles, then for sufficiently large r, n(r,f) >

logr
K(d -1)eldl holds for some constant K > 0. Thus, the lower order of f, which has infinitely
log(d-1)

log|g| ~

many poles, satisfies j1(f) >

Remark 1.2 Under the conditions of Theorem 1.11, by using the same argument as in
Theorem 1.8, we can see that the lower order, the order of f, which has infinitely many
poles, satisfies

log(d 1)
log|q]

log(d +2)

<uf) <pf) < og 4]

The following example shows that (6) has a non-transcendental solution.

Example 1.5 Let g =2 and d = 3, then f(2) = Z% satisfies the equation

f@2) ') =37 @)

The following examples show that (6) has transcendental entire and meromorphic so-
lutions.

Example 1.6 Let g =2 and d = 3, then f(z) = sin z satisfies the equation

f(22)f'(2) = 2f (2) - 2f (2)°.

log(3-1)
Then we have u(f) = p(f) = I_O?OT‘

Example 1.7 Let g =2 and d =5, then f(z) = e * satisfies the equation

fRa)f (@) =7 <z2 - %)I(Z)S-

Then we see that f has finitely many poles and u(f) = p(f) =2 = lolgog;).
Example 1.8 Let g =2 and d = 3, then f(z) = m satisfies the equation
f22)f'(2) = ——f
. . _ _ 1 _ log(3-1)
So, f(z) has infinitely many poles and u(f) = p(f) =1 = 1gog2 .

Remark 1.3 By comparing Example 1.8 and Theorem 1.11, we pose a question as follows:
Whether the condition ‘d = p — t > 4’ may be relaxed to ‘d > 3 or d > 2’ in Theorem 1.11?

2 Some lemmas
Lemma 2.1 (Valiron-Mohon'ko [24]) Let f(z) be a meromorphic function. Then for all
irreducible rational functions in f,

M

(Zf(Z)) Z} Oh )f



Xu et al. Advances in Difference Equations (2015) 2015:172 Page 7 of 12

with meromorphic coefficients a;(z), bj(z), the characteristic function of R(z, f (2)) satisfies
T(r,R(z,f (2))) = dT(r,f) + O(¥(r)),
where d = max{m, n} and W (r) = max;;{T(r,a;), T (r, bj)}.

Lemma 2.2 ([3], p.37 or [2]) Let f(z) be a nonconstant meromorphic function in the com-
plex plane and | be a positive integer. Then

N(rf") =N@.f)+IN(r.f),  T(rfO) < Tf) + ING.f) + S0, f).

Lemma 2.3 ([8]) Let @ : (1,+00) — (0,+00) be a monotone increasing function, and let f
be a nonconstant meromorphic function. If for some real constant « € (0,1), there exist real
constants K1 > 0 and Ky > 1 such that

T(r,f) < Ki®(ar) + Ky T(ar,f) + S(ar,f),

then the order of growth of f satisfies

log K: log ®
p(f) < o8 + lim sup 8 (r)'
—loga oo logr

Lemma 2.4 ([25]) Let f(z) be a transcendental meromorphic function and p(z) = prz* +
P2t + -+ prz + po be a complex polynomial of degree k > 0. For given 0 < 8 < |p|, let

A= |pkl + 8, = |px| — 8, then for given & > 0 and for r large enough,
(1 —s)T(,urk,f) <T(r,f op) < (L+e)T (A5, f).

Lemma 2.5 ([26,27] or [28]) Letg:(0,+00) — R, h:(0,+00) — R be monotone increasing
functions such that g(r) < h(r) outside of an exceptional set E with finite linear measure, or
g(r) < h(r), r ¢ HU(0,1], where H C (1,+00) is a set of finite logarithmic measure. Then,
for any o > 1, there exists ro such that g(r) < h(ar) for all r > ry.

Lemma 2.6 ([29]) Let ¥ (r) be a function of r (r > ry), positive and bounded in every finite
interval.
(i) Suppose that y(ur™) <Ay (r)+ B (r>ry), where u (u>0),m (m>1),A(A>1),B
are constants. Then Y (r) = O((logr)®) with a = 1135::’ unless A =1 and B > 0; and if
A =1and B >0, then for any ¢ > 0, ¥ (r) = O((logr)?).
(i) Suppose that (with the notation of (i)) ¥ (ur™) > Ay (r) (r > ro). Then for all
sufficiently large values of r, ¥ (r) > K(log r)* with o = 1264

logm’

for some positive

constant K.

Lemma 2.7 (see [12])

T(r.f(g2)) = T(lqIr.f) + OQ)

holds for any meromorphic function f and any non-zero constant q.
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3 Proofs of Theorems 1.6-1.8
3.1 The proof of Theorem 1.6
By Lemma 2.1 and Lemma 2.7, it follows from (2) that

T f@) = - T0.0) + S T(f9) + 0. @)

If f is a transcendental entire function, then we have by Lemma 2.2

T(14irf@) <~ T(,f) + 50, ®

Since |g| > 1 and f is transcendental, it follows from (8) that n < s+ 1. Set & = %, it follows

T(r,f(2)) < 1—: T(ar,f) + S(ar,f).

log(s+1)-logn

By Lemma 2.3, we have p(f) < oz

3.2 The proof of Theorem 1.7

Since ¢1(z) is a rational function, we have T'(r,¢1(z)) = O(logr). If f is a transcendental
log(s+1)-logn
log |
If f is a meromorphic function, by Lemma 2.1, Lemma 2.2, and Lemma 2.7, it follows

from (3) that

entire function, similar to the argument as in Theorem 1.6, we easily get p(f) <

Sj+s+

T(lqlnf (@) < L1 @) + S,

log(sj+s+1)-logn
log|q]
Since ¢ (2) is a rational function, we can choose a sufficiently large constant R (> 0) such

Since |g| > 1, by Lemma 2.3 we have p(f) <

that ¢ (z) has no zeros or poles in {z € C: |z| > R}. Since f has infinitely many poles, we
can choose a pole zy of f of multiplicity T > 1 satisfying |zo| > R. Then the right side of (3)
has a pole of multiplicity 7; = (s + 1)t + sj at zo. Then f has a pole of multiplicity 7; at gzo.
Replacing z by gzy in (3), we see that f has a pole of multiplicity 7, = (s + 1)71 + 5 at g°2o.
We proceed to follow the steps above. Since ¢;(z) has no zeros or polesin {z € C: |z| > R}
and f has infinitely many poles again, we may construct poles ¢ = g*zo, k € N, of f of

multiplicity 7 satisfying
o=+ +si=(s+ ¥t + sj[(s + )M 1],
as k — 0o, k € N. Since |g| > 1, |¢x| — o0 as k — oc. For sufficiently large k, we have

s+ <@ +)s+ ) —j=n<t+u+-+ e <n(|G&l.f)

< n(lql"|z0L.f). ©)
Thus, for each sufficiently large 7, there exists a k € N, such that

logr —logry —log|g|

(10)
log |q]

re[lgl¥lzol, 1g1**Plzol), e k>
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Thus, we have
X log r-logrg—logq| logr
n(rf)=t(@s+1)" >1(s+1) Tog 4] > Ki(s + 1) Toeldl, (11)
where
—logrg-log|q|
Ki=t(s+1) logldl
Since, for all r > ry,
logr 1 1
Ki(s + 1)leldl < n(r,f) < —=NQ@2r,f) < —T(2r,f),
log2 log2
it follows from (11) that
log(s +1)
p(f) = plf) = ———+
Dz ulf log |q]
Thus, this completes the proof of Theorem 1.7.
3.3 The proof of Theorem 1.8
Since @;(z) is a small function, similar to (7), we have
1 s .
T(lqlr.f(2)) < - T(r,f) + - T(r,f9(2)) + S(r.f). (12)

Since f is a transcendental meromorphic function and N(r,f) = S(r,f), by Lemma 2.2 we
have

T(r.f(2) < T(r.f) + S(r.f). (13)
Thus, from (12) and (13), by using the same argument as in Theorem 1.6, we can get

log(s +1) —logn

pf) < ~E 28R (14)
log |q

If n =1 and f has infinitely many poles, since the number of distinct common poles of

fand i is finite, we can choose a sufficiently large constant R (> 0) such that f and @

have no common poles in {z € C: |z| > R}. Thus, we can take a pole z; of f of multiplicity

7 > 1 satisfying |zo| > R. By using the same argument as in Theorem 1.7, we can see that

- log(s + 1)'

Pz RNz = (15)

Hence, from (14) and (15), we complete the proof of Theorem 1.8.

4 The proof of Theorem 1.9
Since f is a transcendental meromorphic solution of (5), and ¢s3(z) is a small function with
respect to f, similar to the proof of (12), and by Lemma 2.2, we have

s+sj+1 s+sj+1

T(rf(p)) =

T(r,f(2)) + S(r.f) = < + 0(1)> T(r,f).

Page 9 of 12
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Then, by Lemma 2.5, for any 8 > 1 and for all r > r, we have

s+sj+1
n

T(rf () < ( " o(n) T(6r, ) (16)

Since p(z) is a polynomial with deg, p(z) = k > 2, by Lemma 2.4, for given 0 < § < |p/, let
= |pk| = 6, for given ¢ > 0 and for sufficiently large r, it follows for (16) that

s+sj+1

1 -e) T (ur".f) 5( +0(1)) T(Br.f).

Set R = Br, then we have

s+sj+1

(L&) T(up™Rf) < ( . o(1)) T(R.f). (17)

Sincen<s+sj+1land 8 >1, u>0, we have % >1and up~* > 0. Thus, by Lemma 2.6,

letting ¢ — 0 and 8 — 1, we have

log(sj +s+1) —logn
o= .

T(r,f)= O((log r)"‘), logk

Thus, this completes the proof of Theorem 1.9.

5 The proof of Theorem 1.11

Suppose that f is a transcendental meromorphic solution of (6). Since f has infinitely many
poles, we can take a pole zj of f of multiplicity 7 > 1. Since d > 4, we see that the right side
of (6) has a pole of multiplicity dt at zp. Then it follows that gz, is a pole of f of multiplicity

71 =dt — 1 —1.Since d > 4 and 7 > 1, we have 7; > 1. Replacing z by gz, in (6), we have

f(d°z0)f"(qz0) = R(qz0.f (q20))- (18)

Thus the right side of (18) has a pole of multiplicity dt; at gzo. Then we see that g%z is a
pole of f of multiplicity 7o =dty — 11 —1=(d -1)*t - (d-1) - 1.
We proceed to follow the steps above. Since f has infinitely many poles, we may con-

struct poles & = g*zo, k € N, of f of multiplicity 7 satisfying

G=du -t -1=d-Dr—@d-1)F"—...—(@d-1)-1
(d-1F-1 1
=d-1)r-— T —s@d-Dr-—). 1
(d-1)%t D) >d-1)"[1 FI) (19)
Sincerzlanddzél-,r—ﬁ>O.Thus,since|§k|—>ooask—> 00, for sufficiently large k,
we have

(d—l)"<f - ﬁ) <y <n+n++ 1w <n(lglf) < n(lglflzl.f). (20)
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Thus, for each sufficiently large r, there exists a k € N, such that r € [|¢|¥|zo|, |g/**!|20]).
By using the same method as in the proof of Theorem 1.7, from (20), we have

. 1 logrog 20 -log 1
n(V;f)Z(d—l) (T-n) Z(d—l) log|q| (t_m)

logr

> Ky(d — 1) 08, 1)

where
K 1 d 1)—log%zo|‘—:og|q\
= P — oglq .
’ G d—ﬂ

Since for all r > ry, we have

dogr 1 1
Ky(d -1l < pu(r,f) < —NQr,f) < —TQ2r,f).
A=) <nl0f) = INCR < o TEn)

Thus, it follows that

log(d - 1)

p(f) = n(f) = og I4]

Thus, this completes the proof of Theorem 1.11.
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