
Xu et al. Advances in Difference Equations  (2015) 2015:172 
DOI 10.1186/s13662-015-0520-9

R E S E A R C H Open Access

Growth of the solutions of some
q-difference differential equations
Hong-Yan Xu1*, Lian-Zhong Yang2 and Hua Wang1

*Correspondence:
xhyhhh@126.com
1Department of Informatics and
Engineering, Jingdezhen Ceramic
Institute, Jingdezhen, Jiangxi
333403, China
Full list of author information is
available at the end of the article

Abstract
In view of Nevanlinna theory, we study the growth and poles of solutions of some
complex q-difference differential equations. We obtain the estimates on the
Nevalinna order, the lower order, and the counting function of poles for meromorphic
solutions of such equations.
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1 Introduction and main results
In this paper, the fundamental theorems and the standard notations of the Nevanlinna
value distribution theory of meromorphic functions will be used (see Hayman [], Yang
[] and Yi and Yang []). For a meromorphic function f (z), we also use S(r, f ) to denote any
quantity satisfying S(r, f ) = o(T(r, f )) for all r outside a possible exceptional set E of finite
logarithmic measure limr→∞

∫
[,r)∩E

dt
t < ∞, and a meromorphic function a(z) is called a

small function with respect to f , if T(r, a) = S(r, f ) = o(T(r, f )).
In , Ritt [] gave the form of solutions of the Schrödinger equation

f (cz) = R
(
f (z)

)
,

where c ∈ C, c �= , , and R(f ) is a rational function in f . In , Rubel [] posed the
following question:

What can be said about the more general equation

f (cz) = R
(
z, f (z)

)
,

where R(z, f ) is rational in both variables?
Later, Ishizaki [] and Wittich [] investigated the existence of meromorphic solutions

of the equation of the following form:

f (cz) = a(z)f (z) + b(z),

where a(z) and b(z) are meromorphic functions.
In , Gundersen et al. [] studied the growth of meromorphic solutions of q-

difference equations and obtained results as follows.
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Theorem . ([], Theorem .) Suppose that f is a transcendental meromorphic solution
of an equation of the form

f (cz) = R
(
z, f (z)

)
=

∑p
j= aj(z)f (z)j

∑q
j= bj(z)f (z)j

with meromorphic coefficients aj(z), bj(z) are of growth S(r, f ), and a constant c (|c| > ),
assuming that d := max{p, q} ≥ , ap(z) �= , bq(z) �= , and that R(z, f (z)) is irreducible in f .
Then ρ(f ) = log d

log |c| , where ρ(f ) = lim supr→+∞
log log T(r,f )

log r .

Theorem . ([], Theorem .) Let c be a complex constant satisfying |c| > , and suppose
that f is a nonconstant meromorphic solution of a functional equation of the form

A
(
cz, f (cz)

)
= B

(
z, f (z)

)
,

where A(z, y) and B(z, y) are rational functions with meromorphic coefficients of growth
S(r, f ) such that A(z, y) and B(z, y) are irreducible in y. If  < a := degf A ≤ degf B =: b, then
ρ(f ) = log b–log a

log |c| .

In , Beardon [] studied entire solutions of the generalized function equation

f (qz) = qf (z)f ′(z), f () = , ()

where q is a non-zero complex number. To state the results of Beardon [], we first intro-
duce some notations as follows.

Let the formal series O and I be defined by

O :=  + z + z + · · · , I :=  + z + z + z + · · · ,

and the sets Kp = {z : zp = p + } (p = , , . . .), and K = K ∪ K ∪ · · · . Thus, we see that
Kp contains p elements and |z| = rp, for z ∈Kp, where rp = (p + )


p . Since p ∈N+, we have

|z| > . Since log(x+)
x is decreasing as x > , we have r > r > · · · > , and rp →  as p → ∞.

Based on the above notations, Beardon obtained two main theorems as follows.

Theorem . ([]) Any transcendental solution f of () is of the form

f (z) = z + z
(
bzp + · · · ),

where p is a positive integer, b �=  and q ∈Kp. In particular, if q /∈K, then the only formal
solutions of () are O and I .

Theorem . ([]) For each positive integer p, there is a unique real entire function

Fp(z) = z
(
 + zp + bzp + bzp + · · · ),

which is a solution of () for each q ∈ Kp. Further, if q ∈ Kp, then the only transcendental
solutions of () are the linear conjugates of Fp.
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Recently, Zhang [] further studied the growth of solutions of () and obtained the
following theorem.

Theorem . ([], Theorem .) Suppose that f is a transcendental solution of () for
q ∈K, then we have

ρ(f ) ≤ log 
log |q| ,

where

ρ(f ) = lim sup
r→∞

log T(r, f )
log r

.

Regarding Theorem ., Zhang [] asked the following question: Is the order of tran-
scendental solutions of () exactly ρ(f ) ≤ log 

log |q| ?
In this paper, we further investigate the growth of solution of some class of q-difference

differential equation and obtain the following results.

Theorem . Suppose that f is a solution of equation

f (qz)n = qf (z)
[
f (j)(z)

]s, ()

where q ∈ K and n, s, j ∈ N+. If f is a transcendental entire function, then n ≤ s +  and the
order of f satisfies

ρ(f ) ≤ log(s + ) – log n
log |q| .

The following example shows that () has non-transcendental entire function solution.

Example . Let q = , n = , j = , and s = , then f (z) = z satisfies equation

f (z) = f (z)
(
f ′(z)

).

The following example shows that () also has a transcendental entire function solution.

Example . Let q = , n = , j = , and s = , then f (z) = exp{– 
 z} satisfies the equation

f (z) = f (z)
(
f ′(z)

),

and

ρ(f ) =  =
log  – log 

log 
.

Remark . Thus, a question arises naturally: Does () have a transcendental meromor-
phic solution?

When the constant q of the right of () is replaced by a function, the following example
shows that the equation has a transcendental meromorphic solution.
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Example . Let f (z) = ez

z and q = , then f (z) satisfies the equation

f (z) =
z

z – 
f (z)f ′(z)

and the order is

log  – log 
log || = ρ(f ) =  ≤ log  – log 

log 
.

Thus, we have the following theorems.

Theorem . Let f be a transcendental solution of the equation

f (qz)n = ϕ(z)f (z)
[
f (j)(z)

]s, ()

where q is a non-zero complex number and |q| > , n, j, s are positive integers and ϕ(z) is
a rational function. If f is an entire function, then n ≤ s +  and

ρ(f ) ≤ log(s + ) – log n
log |q| .

Furthermore, if n =  and f is a meromorphic function with infinitely many poles, then we
have

log(s + )
log |q| ≤ ρ(f ) ≤ log(sj + s + )

log |q| .

Theorem . Let f be a transcendental solution of the equation

f (qz)n = ϕ(z)f (z)
[
f (j)(z)

]s, ()

where q is a complex number and |q| > , n, j, s are positive integers and ϕ(z) is a small
function with respect to f . If f is a meromorphic function with N(r, f ) = S(r, f ), then n < s + 
and f satisfies

ρ(f ) ≤ log(s + ) – log n
log |q| .

Furthermore, if n =  and f has infinitely many poles with N(r, f ) = S(r, f ), and the number
of distinct common poles of f and 

ϕ
is finite, then we have

ρ(f ) =
log(s + )

log |q| .

The following example shows that () has a transcendental meromorphic solution f with
the order ρ(f ) = log(s+)

log |q| .

Example . Let n = j = s =  and q = , then f (z) = (z–)ez

z satisfies the equation

f (z) =
z – z
z – 

f (z)f ′(z),



Xu et al. Advances in Difference Equations  (2015) 2015:172 Page 5 of 12

where ϕ(z) = z–z
z– with T(r,ϕ) = S(r, f ) and the order of f (z) satisfies

ρ(f ) =  =
log  – log 

log 
.

Let p(z) = pkzk + pk–zk– + · · · + pz + p, where pk(�≡ ), . . . , p are complex constants.
Now, we investigate the growth of solutions of such equations, where qz is replaced by
p(z) in ()-(), and we obtain the following result.

Theorem . Let f be a transcendental solution of equation

f
(
p(z)

)n = ϕ(z)f (z)
[
f (j)(z)

]s, ()

where k ≥ , n, j, s are positive integers and ϕ(z) is a small function with respect to f . If f
is a transcendental meromorphic function and n < sj + s + , then f satisfies

T(r, f ) = O
(
(log r)α

)
, α =

log(sj + s + ) – log n
log k

.

Recently, there were many results on meromorphic solutions of complex functional
equations (see [–]). In , Barnett et al. [] firstly established an analog of the log-
arithmic derivative lemma on q-difference operators. In , by applying their theorems,
Zheng and Chen [] considered the growth of meromorphic solutions of q-difference
equations and obtained results which extended some theorems given by Heittokangas et
al. [].

Theorem . ([], Theorem ) Suppose that f is a transcendental meromorphic solution
of equation

n∑

j=

aj(z)f
(
qjz

)
= R

(
z, f (z)

)
=

P(z, f (z))
Q(z, f (z))

,

where q ∈ C, |q| > , the coefficients aj(z) are rational functions and P, Q are relatively
prime polynomials in f over the field of rational functions satisfying p = degf P, t = degf Q,

d = p – t ≥ . If f has infinitely many poles, then for sufficiently large r, n(r, f ) ≥ Kd
log r

n log |q|

holds for some constant K > . Thus, the lower order of f , which has infinitely many poles,
satisfies μ(f ) ≥ log d

n log |q| , where μ(f ) = lim infr→+∞ log log T(r,f )
log r .

From Theorem ., we further study the growth of the solutions of a class of q-
difference differential equation and obtain a result as follows.

Theorem . Suppose that f is a transcendental meromorphic solution of the equation

f (qz)f ′(z) = R
(
z, f (z)

)
=

P(z, f (z))
Q(z, f (z))

, ()

where q ∈ C, |q| > , and P, Q are relatively prime polynomials in f over the field of rational
functions satisfying p = degf P, t = degf Q, d = p – t ≥ , where the coefficients of P, Q are



Xu et al. Advances in Difference Equations  (2015) 2015:172 Page 6 of 12

rational functions in z. If f has infinitely many poles, then for sufficiently large r, n(r, f ) ≥
K(d – )

log r
log |q| holds for some constant K > . Thus, the lower order of f , which has infinitely

many poles, satisfies μ(f ) ≥ log(d–)
log |q| .

Remark . Under the conditions of Theorem ., by using the same argument as in
Theorem ., we can see that the lower order, the order of f , which has infinitely many
poles, satisfies

log(d – )
log |q| ≤ μ(f ) ≤ ρ(f ) ≤ log(d + )

log |q| .

The following example shows that () has a non-transcendental solution.

Example . Let q =  and d = , then f (z) = 
z satisfies the equation

f (z)f ′(z) = –



zf (z).

The following examples show that () has transcendental entire and meromorphic so-
lutions.

Example . Let q =  and d = , then f (z) = sin z satisfies the equation

f (z)f ′(z) = f (z) – f (z).

Then we have μ(f ) = ρ(f ) =  = log(–)
log  .

Example . Let q =  and d = , then f (z) = 
z ez satisfies the equation

f (z)f ′(z) = z
(

z –



)

f (z).

Then we see that f has finitely many poles and μ(f ) = ρ(f ) =  = log(–)
log  .

Example . Let q =  and d = , then f (z) = 
sin z satisfies the equation

f (z)f ′(z) = –



f (z).

So, f (z) has infinitely many poles and μ(f ) = ρ(f ) =  = log(–)
log  .

Remark . By comparing Example . and Theorem ., we pose a question as follows:
Whether the condition ‘d = p – t ≥ ’ may be relaxed to ‘d ≥  or d ≥ ’ in Theorem .?

2 Some lemmas
Lemma . (Valiron-Mohon’ko []) Let f (z) be a meromorphic function. Then for all
irreducible rational functions in f ,

R
(
z, f (z)

)
=

∑m
i= ai(z)f (z)i

∑n
j= bj(z)f (z)j ,
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with meromorphic coefficients ai(z), bj(z), the characteristic function of R(z, f (z)) satisfies

T
(
r, R

(
z, f (z)

))
= dT(r, f ) + O

(
�(r)

)
,

where d = max{m, n} and �(r) = maxi,j{T(r, ai), T(r, bj)}.

Lemma . ([], p. or []) Let f (z) be a nonconstant meromorphic function in the com-
plex plane and l be a positive integer. Then

N
(
r, f (l)) = N(r, f ) + lN(r, f ), T

(
r, f (l)) ≤ T(r, f ) + lN(r, f ) + S(r, f ).

Lemma . ([]) Let � : (, +∞) → (, +∞) be a monotone increasing function, and let f
be a nonconstant meromorphic function. If for some real constant α ∈ (, ), there exist real
constants K >  and K ≥  such that

T(r, f ) ≤ K�(αr) + KT(αr, f ) + S(αr, f ),

then the order of growth of f satisfies

ρ(f ) ≤ log K

– logα
+ lim sup

r→∞
log�(r)

log r
.

Lemma . ([]) Let f (z) be a transcendental meromorphic function and p(z) = pkzk +
pk–zk– + · · · + pz + p be a complex polynomial of degree k > . For given  < δ < |pk|, let
λ = |pk| + δ, μ = |pk| – δ, then for given ε >  and for r large enough,

( – ε)T
(
μrk , f

) ≤ T(r, f ◦ p) ≤ ( + ε)T
(
λrk , f

)
.

Lemma . ([, ] or []) Let g : (, +∞) → R, h : (, +∞) → R be monotone increasing
functions such that g(r) ≤ h(r) outside of an exceptional set E with finite linear measure, or
g(r) ≤ h(r), r /∈ H ∪ (, ], where H ⊂ (, +∞) is a set of finite logarithmic measure. Then,
for any α > , there exists r such that g(r) ≤ h(αr) for all r ≥ r.

Lemma . ([]) Let ψ(r) be a function of r (r ≥ r), positive and bounded in every finite
interval.

(i) Suppose that ψ(μrm) ≤ Aψ(r) + B (r ≥ r), where μ (μ > ), m (m > ), A (A ≥ ), B
are constants. Then ψ(r) = O((log r)α) with α = log A

log m , unless A =  and B > ; and if
A =  and B > , then for any ε > , ψ(r) = O((log r)ε).

(ii) Suppose that (with the notation of (i)) ψ(μrm) ≥ Aψ(r) (r ≥ r). Then for all
sufficiently large values of r, ψ(r) ≥ K(log r)α with α = log A

log m , for some positive
constant K .

Lemma . (see [])

T
(
r, f (qz)

)
= T

(|q|r, f
)

+ O()

holds for any meromorphic function f and any non-zero constant q.
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3 Proofs of Theorems 1.6-1.8
3.1 The proof of Theorem 1.6
By Lemma . and Lemma ., it follows from () that

T
(|q|r, f (z)

) ≤ 
n

T(r, f ) +
s
n

T
(
r, f (j)(z)

)
+ O(). ()

If f is a transcendental entire function, then we have by Lemma .

T
(|q|r, f (z)

) ≤  + s
n

T(r, f ) + S(r, f ). ()

Since |q| >  and f is transcendental, it follows from () that n ≤ s + . Set α = 
|q| , it follows

T
(
r, f (z)

) ≤  + s
n

T(αr, f ) + S(αr, f ).

By Lemma ., we have ρ(f ) ≤ log(s+)–log n
log |q| .

3.2 The proof of Theorem 1.7
Since ϕ(z) is a rational function, we have T(r,ϕ(z)) = O(log r). If f is a transcendental
entire function, similar to the argument as in Theorem ., we easily get ρ(f ) ≤ log(s+)–log n

log |q| .
If f is a meromorphic function, by Lemma ., Lemma ., and Lemma ., it follows

from () that

T
(|q|r, f (z)

) ≤ sj + s + 
n

T
(
r, f (z)

)
+ S(r, f ).

Since |q| > , by Lemma . we have ρ(f ) ≤ log(sj+s+)–log n
log |q| .

Since ϕ(z) is a rational function, we can choose a sufficiently large constant R (> ) such
that ϕ(z) has no zeros or poles in {z ∈ C : |z| > R}. Since f has infinitely many poles, we
can choose a pole z of f of multiplicity τ ≥  satisfying |z| > R. Then the right side of ()
has a pole of multiplicity τ = (s + )τ + sj at z. Then f has a pole of multiplicity τ at qz.
Replacing z by qz in (), we see that f has a pole of multiplicity τ = (s + )τ + sj at qz.
We proceed to follow the steps above. Since ϕ(z) has no zeros or poles in {z ∈C : |z| > R}
and f has infinitely many poles again, we may construct poles ζk = qkz, k ∈ N+ of f of
multiplicity τk satisfying

τk = (s + )τk– + sj = (s + )kτ + sj
[
(s + )k– + · · · + 

]
,

as k → ∞, k ∈ N. Since |q| > , |ζk| → ∞ as k → ∞. For sufficiently large k, we have

τ (s + )k ≤ (τ + j)(s + )k – j = τk ≤ τ + τ + · · · + τk ≤ n
(|ζk|, f

)

≤ n
(|q|k|z|, f

)
. ()

Thus, for each sufficiently large r, there exists a k ∈N+ such that

r ∈ [|q|k|z|, |q|(k+)|z|
)
, i.e. k >

log r – log r – log |q|
log |q| . ()
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Thus, we have

n(r, f ) ≥ τ (s + )k ≥ τ (s + )
log r–log r–log |q|

log |q| ≥ K(s + )
log r

log |q| , ()

where

K = τ (s + )
– log r–log |q|

log |q| .

Since, for all r ≥ r,

K(s + )
log r

log |q| ≤ n(r, f ) ≤ 
log 

N(r, f ) ≤ 
log 

T(r, f ),

it follows from () that

ρ(f ) ≥ μ(f ) ≥ log(s + )
log |q| .

Thus, this completes the proof of Theorem ..

3.3 The proof of Theorem 1.8
Since ϕ(z) is a small function, similar to (), we have

T
(|q|r, f (z)

) ≤ 
n

T(r, f ) +
s
n

T
(
r, f (j)(z)

)
+ S(r, f ). ()

Since f is a transcendental meromorphic function and N(r, f ) = S(r, f ), by Lemma . we
have

T
(
r, f (j)(z)

) ≤ T(r, f ) + S(r, f ). ()

Thus, from () and (), by using the same argument as in Theorem ., we can get

ρ(f ) ≤ log(s + ) – log n
log |q| . ()

If n =  and f has infinitely many poles, since the number of distinct common poles of
f and 

ϕ
is finite, we can choose a sufficiently large constant R (> ) such that f and 

ϕ(z)
have no common poles in {z ∈ C : |z| > R}. Thus, we can take a pole z of f of multiplicity
τ ≥  satisfying |z| > R. By using the same argument as in Theorem ., we can see that

ρ(f ) ≥ μ(f ) ≥ log(s + )
log |q| . ()

Hence, from () and (), we complete the proof of Theorem ..

4 The proof of Theorem 1.9
Since f is a transcendental meromorphic solution of (), and ϕ(z) is a small function with
respect to f , similar to the proof of (), and by Lemma ., we have

T
(
r, f

(
p(z)

)) ≤ s + sj + 
n

T
(
r, f (z)

)
+ S(r, f ) =

(
s + sj + 

n
+ o()

)

T(r, f ).
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Then, by Lemma ., for any β >  and for all r > r, we have

T
(
r, f

(
p(z)

)) ≤
(

s + sj + 
n

+ o()
)

T(βr, f ). ()

Since p(z) is a polynomial with degz p(z) = k ≥ , by Lemma ., for given  < δ < |pk|, let
μ = |pk| – δ, for given ε >  and for sufficiently large r, it follows for () that

( – ε)T
(
μrk , f

) ≤
(

s + sj + 
n

+ o()
)

T(βr, f ).

Set R = βr, then we have

( – ε)T
(
μβ–kRk , f

) ≤
(

s + sj + 
n

+ o()
)

T(R, f ). ()

Since n < s + sj +  and β > , μ > , we have s+sj+
n >  and μβ–k > . Thus, by Lemma .,

letting ε →  and β → , we have

T(r, f ) = O
(
(log r)α

)
, α =

log(sj + s + ) – log n
log k

.

Thus, this completes the proof of Theorem ..

5 The proof of Theorem 1.11
Suppose that f is a transcendental meromorphic solution of (). Since f has infinitely many
poles, we can take a pole z of f of multiplicity τ ≥ . Since d ≥ , we see that the right side
of () has a pole of multiplicity dτ at z. Then it follows that qz is a pole of f of multiplicity
τ = dτ – τ – . Since d ≥  and τ ≥ , we have τ ≥ . Replacing z by qz in (), we have

f
(
qz

)
f ′(qz) = R

(
qz, f (qz)

)
. ()

Thus the right side of () has a pole of multiplicity dτ at qz. Then we see that qz is a
pole of f of multiplicity τ = dτ – τ –  = (d – )τ – (d – ) – .

We proceed to follow the steps above. Since f has infinitely many poles, we may con-
struct poles ζk = qkz, k ∈ N+ of f of multiplicity τk satisfying

τk = dτk– – τk– –  = (d – )kτ – (d – )k– – · · · – (d – ) – 

= (d – )kτ –
(d – )k – 

d – 
> (d – )k

(

τ –


d – 

)

. ()

Since τ ≥  and d ≥ , τ – 
d– > . Thus, since |ζk| → ∞ as k → ∞, for sufficiently large k,

we have

(d – )k
(

τ –


d – 

)

< τk ≤ τ + τ + · · · + τk ≤ n
(|ζk|, f

) ≤ n
(|q|k|z|, f

)
. ()
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Thus, for each sufficiently large r, there exists a k ∈ N+ such that r ∈ [|q|k|z|, |q|k+|z|).
By using the same method as in the proof of Theorem ., from (), we have

n(r, f ) ≥ (d – )k
(

τ –


d – 

)

≥ (d – )
log r–log |z|–log |q|

log |q|
(

τ –


d – 

)

≥ K(d – )
log r

log |q| , ()

where

K =
(

τ –


d – 

)

(d – )
– log |z|–log |q|

log |q| .

Since for all r ≥ r, we have

K(d – )
log r

log |q| ≤ n(r, f ) ≤ 
log 

N(r, f ) ≤ 
log 

T(r, f ).

Thus, it follows that

ρ(f ) ≥ μ(f ) ≥ log(d – )
log |q| .

Thus, this completes the proof of Theorem ..
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