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1 Introduction and main results
Let R and R, be the set of all real numbers and the set of all positive real numbers, re-
spectively. We denote by R” (1 > 2) the n-dimensional Euclidean space. A point in R” is
denoted by P = (X, x,), X = (x1,%2,...,%,-1). The Euclidean distance of two points P and
Q in R” is denoted by |P — Q|. Also |P — O| with the origin O of R” is simply denoted by
|P|. The boundary, the closure and the complement of a set S in R” are denoted by 98, S,
and S¢, respectively. For P € R” and r > 0, let B(P, r) denote the open ball with center at P
and radius r in R”.

We introduce a system of spherical coordinates (r, ®), ® = (61,05, ...,0,1), in R” which
are related to cartesian coordinates (x1,%3, ..., %,1,%,) by

n-1
X1 = r(l_[ sin 0,) (n>2), X, = rcos b,
j=1

and if n > 3, then

m-1
Kpmsl = r(l_[ sin0,~> cosb, 2<m=<n-1),

j-1

whereO§r<+oo,—%n <6,1< %n,andifnz&then()g@,gn 1<j<n-2).
The unit sphere and the upper half unit sphere in R” are denoted by $”! and §"71, re-
spectively. For simplicity, a point (1,®) on $”! and the set {®;(1,©) € Q} for a set L,
Q C S"7L, are often identified with ® and , respectively. For two sets 2 C R, and
Q C S, the set {(r,0) € R";r € E,(1,0) € Q} in R” is simply denoted by E x . In
particular, the half space R, x "' = {(X,x,) € R";x, > 0} will be denoted by T,,.
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By C,.(R2), we denote the set R, x © in R” with the domain Q on §"! (n > 2). We call ita
cone. Then T, is a special cone obtained by putting Q = S”~!. We denote the sets I x €2 and
I x 92 with an interval on R by C,(€2;1) and S,(£2;1). By S,,(2;r) we denote C,(2) N S,.
By S,(£2) we denote S, (£2; (0, +00)), which is 9C,(€2) — {O}.

Let C,(2) be an arbitrary domain in R” and <7, denote the class of nonnegative radial
potentials a(P), i.e. 0 < a(P) = a(r), P = (r,®) € C,(2), such thata € Lf’OC(C,,(Q)) with some
b>n/2ifn>4andwithb=2ifn=2o0rn=3.

If a € 7, then the stationary Schrédinger operator

Sch, = -A +a(P)I =0,

where A is the Laplace operator and [ is the identical operator, can be extended in the usual
way from the space C5°(C,(£2)) to an essentially self-adjoint operator on L*(C,(2)) (see [1,
Ch. 13]). We will denote it Sch, as well. This last one has a Green-Sch function G&(P, Q).
Here G&(P, Q) is positive on C,(2) and its inner normal derivative dG% (P, Q)/dng > 0,
where 9/9n¢ denotes the differentiation at Q along the inward normal into C,(2). We
denote this derivative by PI (P, Q), which is called the Poisson-Sch kernel with respect to
Cn(92).

We shall say that a set E C C,,(£2) has a covering {r;, R;} if there exists a sequence of balls
{B;} with centers in C,(2) such that E C U;’fo B;, where r; is the radius of B; and R; is the
distance from the origin to the center of B;.

For positive functions /s and h,, we say that iy < hy if by < Mh, for some constant
M >0.1f iy < hy and by < Iy, we say that 7y = k.

Let Q be a domain on $”! with smooth boundary. Consider the Dirichlet problem

(Ay+AM)e=0 ong,

¢=0 onoas,

where A, is the spherical part of the Laplace opera A,
n-19 9% A,

= —+ =+ .

! r dr ar2  r?

We denote the least positive eigenvalue of this boundary value problem by A and the nor-

malized positive eigenfunction corresponding to A by ¢(®), [, ¢*(®)dS; = 1. In order to

ensure the existence of A and a smooth ¢(®). We put a rather strong assumption on Q: if

n >3, then Q is a C*>*-domain (0 < @ < 1) on S"~! surrounded by a finite number of mutu-

ally disjoint closed hypersurfaces (e.g. see [2, pp.88-89] for the definition of C>*-domain).
For any (1, ®) € 2, we have (see [3, pp.7-8])

9(0) ~ dist((1,0),0C,()),
which yields
8(P) ~ re(©), 1.1)

where P = (r, ®) € C,(£2) and §(P) = dist(P, 0C,,(£2)).
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Solutions of an ordinary differential equation

-1 A
-Q'(r) - " Q)+ (—2 + a(r)) Q(r)=0, O<r<oo. (1.2)
r r
It is well known (see, for example, [4]) that if the potential a € <7, then (1.2) has a fun-
damental system of positive solutions {V, W} such that V is nondecreasing with (see
(5-8])

0<V(0+)<V(r) asr— +oo,
and W is monotonically decreasing with
+00=W(0+) > W(r) \\ 0 asr— +o0.

We will also consider the class %,, consisting of the potentials a € o7, such that there
exists the finite limit lim,_, o, 72a(r) = k € [0, 00), and moreover, r~!|r2a(r) — k| € L(1,00). If
a € %, then the (sub)superfunctions are continuous (see [9]).

In the rest of paper, we assume that a € %, and we shall suppress this assumption for
simplicity.

Denote

[,fz 2-n+ (}’1—2)2+4(k+)\.)’

then the solutions to (1.2) have the asymptotic (see [10])
V(r) ~ 1, W(r)~rk asr— oo. 1.3)

We denote the Green-Sch potential with a positive measure v on C,(2) by
G- [ P Q).
Cu(R2)

Let v be any positive measure C,,(R2) such that G4v(P) # +00 (resp. G4 v(P) % +00) for
P € C,(2). The positive measure v’ (rep. v”) on R” is defined by

W()e(®)dv(Q), Q= (t ) e Cy(25(1, +00)),

dav'(Q) = {O, Qe R" - C,(Q; (1, +00)).

av'(Q) = top(®)dv(Q), Q= (t,®) e Cy(2;(1,+00)),
o Qe R" - C\( (1, +00)).

Let € >0, 0 <« < n, and A be any positive measure on R” having finite total mass. For
each P = (r,®) € R” — {0}, the maximal function M(P; A, «) is defined by (see [11])

M(P;1,0) = sup A(B(P,p))V(p)W(p)p* 2.

0<p<?

Page3of 11
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The set
{P=(r,0) e R" — {0} M(P; 1, )V ()W (r)r*™* > €}
is denoted by E(e; 1, ).

Remark 1 If A({P}) > 0 (P # O), then M(P; A, ) = +o0o for any positive number 8. So we
can find {P € R” — {O}; A({P}) > 0} C E(e; A, ).

About the growth properties of Green potentials at infinity in a cone, Qiao-Deng (see
[12, Theorem 1]) has proved the following result.

Theorem A Let v be a positive measure on C,(2) such that G?zv(P) = +00 for any P =
(r,0) € C,(2). Then there exists a covering {rj, Rj} of F(e;v", ) (C C,(R2)) satisfying

[e¢] n-o

7j
(7)<
, (Rj)
j=0

such that

lim r ¢ (O)GLv(P) = 0,
r—00,PeCy(Q)—F(e;v" )

where

"
H(P;V",a) = sup VB p))

0<p<y P
and
F(e; v”,a) = {P =(r,0) eR" - {O}; H(P; v”,a)r""" > e}.
Now we state our first result.
Theorem 1 Let v be a positive measure on C,(2) such that
G&V(P) # +00 (P =(r,®)¢ C,,(SZ)). (1.4)

Then there exists a covering {rj, R;} of E(e;V',a) (C C,(R2)) satisfying

o0 2-a
7 V(R)W(R)) L5
Z(R) VW) < -
such that
lim V3 (r)e*(©)G4u(P) = 0. (1.6)

r—00,PeCy () -E(e;v )

Page 4 of 11
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Remark 2 By comparison the condition (1.4) is fairly briefer and easily applied. Moreover,
E(e;v',1) is a set of 1-finite view in the sense of [13, 14] (see [13, Definition 2.1] for the def-
inition of 1-finite view). In the case 4 = 0, Theorem 1 (1.6) is just the result of Theorem A.

Corollary 1 Let v be a positive measure on C,(2) such that (1.4) holds. Then for a suffi-

ciently large L and a sufficiently small € we have
{P €C, (Q; (L, +oo)); GLv(P) > V(r)gol_“(®)} C E(e;u’,a).

2 Some lemmas
Lemma 1 (see [15, 16])
GH(P, Q) ~ V()W (r)p(®)p(d) (2.1)

(resp. G&(P, Q) ~ V(r) W (£)p(®)p(®)), (2.2)

forany P = (r,®) € C,(R2) and any Q = (¢, ®) € C,(2) satisfying 0 < f < % (resp.0< 7 < %);
Further, for any P = (r, ©) € C,(2) and any Q = (t, ®) € C,(£2; (%r, %r ), we have

6.0 < 2% ngp,0), (23)

where

o 1 rtp(©)p(P)
rI“(P’Q)‘mm{w—Qw-Z’ P— Q" }

Lemma 2 Let v be a positive measure on C,(2) such that there is a sequence of points
P; = (r;,0;) € C,(), r; = +00 (i = +00) satisfying GLv(P;) < +oo (i=1,2,...; Q € C,(2)).

Then, for a positive number |,

/ W (t)p(®) dv(Q) < +00 (2.4)
1 (25(1,400))
and
W i
Jim o /C o VOP@) Q) =0 (2.5)

Proof Take a positive number [ satisfying Py = (1, ®1) € C,(Q), 71 < %1. Then from (2.2),

we have

V(r)e(©1) /

Sn(S23(1,+00))

W(0p(®) du(Q) < f

G4(P, Q) du(Q) < +oo,
$u()

which gives (2.4). For any positive number ¢, from (2.4), we can take a number R, such
that

/ W(p(®)din(Q) < 5.
Sn(Q;(Re:+OO))
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If we take a point P; = (r;, ©;) € C,(R2), r; > %RE, then we have from (2.1)

W(r)p(©)) f V(Oo(®) dp(Q) < / 6P, Q) du(Q) < +ov.
1 ($23(0,Re ]) n(S2)

If R (R > R.) is sufficiently large, then

W(R)

d
T / oy VO Q)

W (R)
< ——
VR fs ok V()p(P)di(Q) + /5 - W(t)p(®)du(Q)

W(R)
S V()p(®)d W(t)p(®)d
V(R) /Sn(ﬂ OR) Oe(P)du(Q) + /H(Q‘(Rgﬁoo)) B)p(®)du(Q)

Se

which gives (2.5). O

Lemma 3 Let A be any positive measure on R" having finite total mass. Then E(e; A, «) has
a covering {r, Rj} (j=1,2,...) satisfying

oo 2-a
Z(R) VW) “%
Proof Set

Ej(e;2,B)={P=(r,0) € E(&;1,B): 2 <r<2} (j=2,3,4,...).

If P = (r,®) € Ej(¢; A, B), then there exists a positive number p(P) such that

(p(P))Z‘“ V)W) %(p(P)>"‘a<A(B(P,p(P)>)
r V(p(P) W (p(P)) r - € )

Since Ej(e; A, B) can be covered by the union of a family of balls {B(P;;, ;) : Pj; €
Ei(e;x,8)} (pji = p(Pj;)). By the Vitali lemma (see [17]), there exists A; C Ej(e; 4, B),
which is at most countable, such that {B(P;;, p;;) : P;; € A;} are disjoint and Ej(e; 2, B) C
Up, e, BPjir50;i)-

So

U ekﬂ)CUU (Pyi»50},)-

j=2 j=2 Pji€A;

On the other hand, note that

U B ]lr)O]z P (V @) 2’1<r<2’+2},
PjieA;
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so that
2 -
Z (if],l) * V‘(/|P],l|)$(|Pj,l|) ~ Z <51§)j,i>n * < gn-a Z )\,(B(PN,,ON))
Pich; |P;,q] (0;) W (p;,1) ey ;] oy €
5}’1—0{
<

MG [27,27))).

€

Hence we obtain

Pj,i V(P )W (IP;il)
Z Z <| ) V(e ) W(pj:)

j=1 Pjieh;

Q

=)

2
&\ MG [2/ 1,2/2)))
y X
j=1

IA

3A(R")
—

Since E(e; A, 8) N{P = (r,®) e R";r > 4} = U;fz Ej(e; 1, B). Then E(e; A, B) is finally cov-
ered by a sequence of balls {B(P;;, p;;), B(P1,6)} (j=2,3,...;i=1,2,...) satisfying

2—-a n-a
i V(L) W (P, i 3M(R" ~
Z( Lj, ) (I 1,|) (I /,|)%Z( Lj, ) < ( )+6”°‘<+oo,
m |P;i] V(pjd) W (0;:) T | P, €

where B(Py,6) (P; =(1,0,...,0) € R") is the ball which covers {P = (r,®) e R%;;r<4}. O

3 Proof of Theorem 1
For any point P = (r,®) € C,(2; (R, +00)) — E(€; V', r), where R (< %r) is a sufficiently large
number and e is a sufficiently small positive number.

Write

G&V(P) = GLL()(P) + Gar()(P) + Gor(3)(P),
where

GLY(A)(P) = / Go(P, Q) dv(Q),

Cn(5(0,27])

GEv(2)(P) = /C s, CREQQ,

r%r)

and
GEv(3)(P) - / G4(P, Q) dv(Q).
Cn([57,00)

From (2.1) and (2.2) we obtain the following growth estimates:

Gor()(P) S €V(r)e(0), 3.1

Qv(3)(P) S €V(r)e(®). (3.2)
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By (2.3) and (3.1), we have

GV (2)(P) < GEHv(21)(P) + G v(22)(P),

where
GEV(2L)(P) = 9(©) f V() dv'(Q)
Cu((Er,51)
and
G4 v(22)(P) = / Mo (P, Q) dv(Q).
Cu((Er,57)

Then by Lemma 2, we immediately get
GGV (21)(P) S eV(r)e(0). (3.3)

To estimate G§V(22)(P), take a sufficiently small positive number ¢ independent of P
such that

AP) = {(t,dD) € cn<sz; <§r, %)); 1, ®) - (1,0)| <c} CB(P,%) (3.4)

and divide C,,(€2; (%r, %r)) into two sets A(P) and A(P), where

A(P) =C, (Q; (%r, Zr)) — A(P).

Write
G&V(22)(P) = G4V (221)(P) + GGv(222)(P),
where

G%v(221)(P) = /

A(P

) Mo (P, Q)dv(Q)
and

G%1(222)(P) = /

A(

(P, Q)dv(Q).
P)
There exists a positive ¢’ such that |P — Q| > ¢'r for any Q € A(P), and hence

GLv(222)(P) < / rte(©)p(®)

av(Q)
C,,,(Q;(%r,%r)) |P_Q|n

<SV()e(©) av'(Q)
Cn(S5(31,00))

S eV(ne(©) 3.5)

from Lemma 2.

Page80of 11
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Now we estimate G v(221)(P). Set
L(P) = {Qe A(P);27'8(P) < |P- Q| < 2'8(P)},
where i =0,4+1,42,....
Since P = (r,®) ¢ E(¢;v,a) and hence v'({P}) = 0 from Remark 1, we can divide
G%v(221)(P) into

G4 (221)(P) = GAv(2211)(P) + G&v(2212)(P),

where

GAv(2211)( Z f Ma(P, Q) dv(Q)

and

Gi@212P) =3 /I , MalP.Qv(Q)
Since 8(Q) + [P — Q| = 8(P), we have
tfo(®) 2 8(Q) 2 27'5(P)
for any Q = (¢, ) € I(p) (i = —1,~2,....). Then by (1.1)

1
IMo(P,Q)d < dv’
/h , aP.O Q% /, g @

e Vv (B(P,2:8(P)))
< lagy = "7 77
Swe? O @y

r2—a

<
~ Wi(r)

PN OM(P;V ) (i=-1,-2,...).
Since P = (r,®) ¢ E(e; v/, ), we obtain
G4v(2211)(P) < eV(r)p'™(O). (3.6)
By (3.4), we can take a positive integer i(P) satisfying
P-l5(p) < 5 L o )5(P)

and [;(P) = @ (i =i(P) + L,i(P) + 2,...).
Since rfa(®) < 8(P) (P = (r,0) € C,(R2)), we have

/ , TalP. Q@) < ro(0) /

I;

7‘1 /
pmqrw @

P WP
< 1-a e)— 7
Swe? O asmye

(i=0,1,2,...,i(P)).
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Since P = (r,®) ¢ E(e; V', a), we have

% < V(B(P,2'8(P))) V (2'8(P) W (2°6(P)) {2's(P) )

SM(P;V, )

<eVWrr? (i=0,1,2,...,i(P)-1)

and

/ a-2
% < u’(A(P))V(g)WG) (g) < V()W ()2,

Hence we obtain
Gv(2212)(P) <€ V(r)p(O). (3.7)

Combining (3.1)-(3.3) and (3.5)-(3.7), we finally obtain the result that if R is sufficiently
large and ¢ is a sufficiently small, then G4 v(P) = o(V(r)¢'~*(®)) as r — 0o, where P =
(r,®) € Cy(2; (R, +00)) — E(€; V', ). Finally, there exists an additional finite ball By covering
C.(€2; (0, R]), which together with Lemma 3, gives the conclusion of Theorem 1.
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