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Abstract
Recently, Jankowski (Appl. Math. Comput. 218:2549-2557, 2011; Appl. Math. Comput.
219:9348-9355, 2013) established four existence results for four difference equations
with causal operators. These results are based on four comparison results,
respectively. However, the comparison results in the above papers contain
inaccuracies. In this paper, we will establish four new comparison results which
correct and supplement the comparison results in the above papers. Two examples
are given to illustrate our results.
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1 Introduction and preliminaries
The study of differential or difference equations with causal operators has seen a rapid
development in the last few years, see the papers [–] and the references therein. Recently,
existence results for differential or difference equations with causal operators have been
obtained by using monotone iterative technique combined with the method of upper and
lower solutions; for details, see for example [–]. In [, ], some existence results for the
following boundary value problems of difference equations:

{
�y(k – ) = (Qy)(k), k ∈ Z[, T],
g(y(), y(T)) = ,

(.)

{
�y(k) = (Qy)(k), k ∈ Z[, T],
g(y(), y(T)) = ,

(.)

⎧⎪⎨
⎪⎩

�y(k – ) = Q(y, z)(k), k ∈ Z[, T],
�z(k – ) = Q(z, y)(k), k ∈ Z[, T],
g(y(), y(T), z(), z(T)) = , g(z(), z(T), y(), y(T)) = 

(.)

and
⎧⎪⎨
⎪⎩

�y(k) = Q(y, z)(k), k ∈ Z[, T],
�z(k) = Q(z, y)(k), k ∈ Z[, T],
g(y(), y(T), z(), z(T)) = , g(z(), z(T), y(), y(T)) = ,

(.)
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were obtained based on four comparison results with positive linear operators, respec-
tively. In (.)-(.), �y(k) = y(k + ) – y(k), Q, Q, and Q are causal operators (which will
be defined in the following), g ∈ C(R, R), g, g ∈ C(R, R). However, these comparison
results contain inaccuracies and only hold if the linear operators are causal and strictly
positive. In this paper, we will give four new comparison results, which hold if the pos-
itive linear operators are causal or non-causal. Our results correct the inaccuracies and
supplement the comparison results in [, ]. Two examples will be given to illustrate our
results.

Let N be the set of integer numbers and Z[a, b] = {a, a + , . . . , b} with a, b ∈ N and
a < b. Denote E = C(Z[a, b], R), E = C(Z[, T], R), E = C(Z[, T – ], R), and R+ = [, +∞).
An operator Q ∈ C(E, E) is called a causal operator, or nonanticipative, if the following
property holds: for each couple of elements of E such that u(s) = v(s), for a ≤ s ≤ k, s, k ∈
Z[a, b], as a result (Qu)(s) = (Qv)(s) for a ≤ s ≤ k with k < b arbitrary. A linear operator
L ∈ C(E, E) is called a positive linear operator, if (Lm)(k) ≥  provided that m(k) ≥ ,
k ∈ Z[a, b]. Similar to [], a linear operatorL ∈ C(E, E) is called a strictly positive operator,
if (Lm)(k) ≥ , (Lm)(k) �≡  provided that m(k) ≥ , m(k) �≡ , k ∈ Z[a, b].

Considering the following inequality with boundary condition:{
�y(k – ) ≤ –M(k)y(k) – (Ly)(k), k ∈ Z[, T],
y() ≤ ry(T),

(.)

where M ∈ C(Z[, T], R+), r ≥ , and L ∈ C(E, E) is a positive linear operator.
Denote ρ :=

∑T
i=(L)(i)Si– where (k) = , Sk =

∏k
i=[+M(i)] for k ∈ Z[, T] and S = .

We list the following assumptions for convenience.

(H) ρ ≤ rS–
T ≤  and ST – r + ρ > ,

(H) L ∈ C(E, E) is a strictly positive operator and ρ ≤ rS–
T ≤ ,

(H) L ∈ C(E, E) is a causal operator, ρ ≤ , rS–
T ≤ , and ST – r + ρ > .

Firstly, we state our main comparison results.

Theorem . Assume that y ∈ C(Z[, T], R) and satisfies (.). If one of the assumptions
(H)-(H) holds, then y(k) ≤ , k ∈ Z[, T].

Remark . If L ∈ C(E, E) is a strictly positive linear operator, then ρ > . Hence rS–
T ≤

 implies that ST – r + ρ > . So one of (H)-(H) ensures ST – r + ρ > .

Corollary . Assume that L ∈ C(E, E) is strictly positive and causal,

ρ ≤ , rS–
T ≤ . (.)

If y ∈ C(Z[, T], R) and satisfies (.), then y(k) ≤ , k ∈ Z[, T].

Remark . Compared with Lemma  in [], here the operatorL is restricted to be strictly
positive and causal. In fact, if L is only just positive linear, then the condition (.) is not
sufficient to guarantee that y(k) ≤  for k ∈ Z[, T]; see the examples below.

Example . Consider problem (.) with M(k) ≡ , (Ly)(k) ≡ , and r = . Here L is
not strictly positive. Obviously, ρ =  < , rS–

T = . Hence the condition (.) is fulfilled.
However, y(k) ≡  satisfies (.), which is not non-positive.
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Example . Consider problem (.) with M(k) = 
 , T = , r = 

 , and

(Ly)(k) =

{

 y(), k = ,
, k = , .

HereL is non-causal. It is easy to identify that  < rS–
T = 

× <  and ρ =
∑

i=(L)(i)Si– =

 < . The condition (.) holds. However, y() = –, y() = 

 , y() = –, y() = – 
 satisfies

problem (.), but y() is not non-positive.

Similar to Theorem ., we can get the following theorem which corrects and comple-
ments Lemma  in [].

Theorem . Assume that y ∈ C(Z[, T], R) and satisfies
{

�y(k) ≤ –M(k)y(k) – (Ly)(k), k ∈ Z[, T – ],
y() ≤ ry(T),

(.)

where M ∈ C(Z[, T – ], [, )), r ≥ , and L ∈ C(E, E) is a positive linear operator. If one
of the following assumptions holds:

(H′
) ρ̃ ≤ rP–

T ≤  and PT – r + ρ̃ > ,
(H′

) L ∈ C(E, E) is a strictly positive linear operator, ρ̃ ≤ rP–
T ≤ ,

(H′
) L ∈ C(E, E) is a causal operator, ρ̃ ≤ , rP–

T ≤ , and PT – r + ρ̃ > ,

where ρ̃ :=
∑T–

i= (L)(i)Pi+, Pk =
∏k–

i= [ – M(i)]– for k ∈ Z[, T], then y(k) ≤ , k ∈
Z[, T].

2 Proofs and applications
In this section, the proofs of Theorem . will be given firstly. The proof of Theorem .
is similar and is omitted. Two new comparison results based on Theorems . and . will
be established secondly.

Proof of Theorem . It is obvious that y(k), k = , , . . . , T , has a maximum value and a
minimum value. Let

y(k∗) = min
k∈Z[,T]

y(k), y
(
k∗) = max

k∈Z[,T]
y(k). (.)

It is enough to prove that y(k∗) ≤ .
From (.) we know that

y(k) ≤ y(k – )
 + M(k)

–
(Ly)(k)

 + M(k)
, k ∈ Z[, T].

Since L is a positive linear operator,

(Ly)(k) = L
(
y – y(k∗) · 

)
(k) + L

(
y(k∗) · 

)
(k) ≥ y(k∗)(L)(k), k ∈ Z[, T].

Hence y(k) satisfies the first order linear difference inequality

y(k) ≤ y(k – )
 + M(k)

–
y(k∗)(L)(k)

 + M(k)
, k ∈ Z[, T].



Yao and Zhao Advances in Difference Equations  (2015) 2015:247 Page 4 of 8

By utilizing Theorem .. in [], we have, for any k ∈ Z[, T – ],

y(k) ≤ v(k), k ∈ Z[k, T],

where v(k) is the solution of the initial value problem

{
v(k) = v(k–)

+M(k) – y(k∗)(L)(k)
+M(k) , k ∈ Z[k + , T],

v(k) = y(k).

One can easily obtain

v(k) =
y(k)Sk

Sk
– y(k∗)

k∑
i=k+

(L)(i)Si–

Sk
, k ∈ Z[k, T].

Hence

y(k) ≤ y(k)Sk

Sk
– y(k∗)

k∑
i=k+

(L)(i)Si–

Sk
, k ∈ Z[k, T]. (.)

Particularly, using the boundary condition and (.), we have

y(T) ≤ y()
ST

– y(k∗)
T∑

i=

(L)(i)Si–

ST
≤ ry(T)

ST
–

ρy(k∗)
ST

,

that is,

(ST – r)y(T) + ρy(k∗) ≤ .

In view of rST
– ≤  and y(T) ≥ y(k∗), we have

(ST – r + ρ)y(k∗) ≤ .

Hence y(k∗) ≤ , since ST – r + ρ > .
In the following, we will divide the proof into two cases.
Case : k∗ ≤ k∗. From (.) we have

y
(
k∗) ≤ y(k∗)Sk∗

Sk∗
– y(k∗)

k∗∑
i=k∗+

(L)(i)Si–

Sk∗
=

y(k∗)
Sk∗

[
Sk∗ –

k∗∑
i=k∗+

(L)(i)Si–

]
.

Noticing that

Sk∗ –
k∗∑

i=k∗+

(L)(i)Si– ≥  –
T∑

i=

(L)(i)Si– =  – ρ ≥ 

and the fact that y(k∗) ≤ , we have y(k∗) ≤ .
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Case :  ≤ k∗ < k∗ ≤ T . Taking k =  and k = k∗, respectively, in (.) we get

y
(
k∗) ≤ y()

Sk∗
– y(k∗)

k∗∑
i=

(L)(i)Si–

Sk∗

and

y(T) ≤ y(k∗)Sk∗
ST

– y(k∗)
T∑

i=k∗+

(L)(i)Si–

ST
.

Case .: (H) or (H) holds. Combining with the boundary condition y() ≤ ry(T), we
have

y
(
k∗) ≤ ry(T)

Sk∗
– y(k∗)

k∗∑
i=

(L)(i)Si–

Sk∗

≤ ry(k∗)
Sk∗ST

(
Sk∗ –

T∑
i=k∗+

(L)(i)Si–

)
– y(k∗)

k∗∑
i=

(L)(i)Si–

Sk∗

=
y(k∗)
Sk∗

[
r

ST

(
Sk∗ –

T∑
i=k∗+

(L)(i)Si–

)
–

k∗∑
i=

(L)(i)Si–

]
.

Noticing that

r
ST

(
Sk∗ –

T∑
i=k∗+

(L)(i)Si–

)
–

k∗∑
i=

(L)(i)Si–

≥ r
ST

–
T∑

i=k∗+

(L)(i)Si– –
k∗∑
i=

(L)(i)Si–

≥ r
ST

–
T∑

i=

(L)(i)Si– =
r

ST
– ρ ≥ ,

we know that y(k∗) ≤ .
Case .: (H) holds. Let y(k∗∗) = mink∈Z[,k∗] y(k). Then, since L is causal, we have

y(k) ≤ y(k – )
 + M(k)

–
y(k∗∗)(L)(k)

 + M(k)
, k ∈ Z

[
, k∗].

Similar to (.), we have

y
(
k∗) ≤ y(k∗∗)

Sk∗
– y(k∗∗)

k∗∑
i=k∗∗

(L)(i)Si–

Sk∗
=

y(k∗∗)
Sk∗

[
Sk∗∗ –

k∗∑
i=k∗∗+

(L)(i)Si–

]
.

In view of y(k∗∗) ≤ y(k∗), we know

y(k∗∗)
Sk∗

[
Sk∗ – Sk∗∗ +

k∗∑
i=k∗∗+

(L)(i)Si–

]
≤ .
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If Sk∗ – Sk∗∗ +
∑k∗

i=k∗∗+(L)(i)Si– > , then y(k∗∗) ≤ . So

y
(
k∗) ≤ y(k∗∗)

Sk∗

[
Sk∗∗ –

k∗∑
i=k∗∗+

(L)(i)Si–

]
≤ y(k∗∗)

Sk∗
( – ρ) ≤ .

If Sk∗ – Sk∗∗ +
∑k∗

i=k∗∗+(L)(i)Si– = , then y(k∗) ≤ y(k∗∗)
Sk∗ · Sk∗ = y(k∗∗). So y(k) = y(k∗) for

k ∈ Z[, k∗]. Thus

y
(
k∗) = y() ≤ ry(T) ≤ ry(k∗)

ST

[
Sk∗ –

T∑
i=k∗+

(L)(i)Si–

]
≤ ry(k∗)

ST
( – ρ) ≤ .

The proof is complete. �

In the following we will establish two comparison results which will be used to consider
the problems (.) or (.).

Considering the following inequalities with boundary conditions:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�p(k – ) ≤ –M(k)p(k) + M(k)q(k) – (Lp)(k) + (Lq)(k), k ∈ Z[, T],
�q(k – ) ≤ –M(k)q(k) + M(k)p(k) – (Lq)(k) + (Lp)(k), k ∈ Z[, T],
p() ≤ rp(T) + rq(T),
q() ≤ rq(T) + rp(T),

(.)

where M, M, M – M ∈ C(Z[, T], R+), r, r ≥ , and L,L,L –L ∈ C(E, E) are pos-
itive linear operators.

Denote ρ =
∑T

i=((L –L))(i)S–
i– and ρ =

∑T
i=((L +L))(i)S+

i– where S–
k =

∏k
i=[ +

M(i) – M(i)], S+
k =

∏k
i=[ + M(i) + M(i)] for k ∈ Z[, T] and S–

 = S+
 = .

We list the following assumptions for convenience.

(H) ρ ≤ r–r
S+

T
, r+r

S–
T

≤ , and S–
T – (r + r) + ρ > ,

(H) L – L is a strictly positive linear operator, ρ ≤ r–r
S+

T
and r+r

S–
T

≤ ,
(H) L, L are causal operators, ρ ≤ , r+r

S–
T

≤ , and S–
T – (r + r) + ρ > .

Theorem . Assume that p, q ∈ C(Z[, T], R) and satisfy (.). If one of the assumptions
(H)-(H) holds, then p(k) ≤ , q(k) ≤ , k ∈ Z[, T].

Proof We only prove the case that condition (H) holds. The others are similar and are
omitted. Let y = p + q. Then we have

{
�y(k – ) ≤ –[M(k) – M(k)]y(k) – ((L – L)y)(k), k ∈ Z[, T],
y() ≤ (r + r)y(T).

Condition (H) holds for M(k) = M(k)–M(k),L = L –L, and r = r +r. By Theorem .
we get y(k) ≤  for k ∈ Z[, T]. Thus p(k) + q(k) ≤  for k ∈ Z[, T]. Substituting p(k) ≤
–q(k) and q(k) ≤ –p(k) into (.) we have

{
�p(k – ) ≤ –[M(k) + M(k)]p(k) – ((L + L)p)(k), k ∈ Z[, T],
p() ≤ (r – r)p(T)



Yao and Zhao Advances in Difference Equations  (2015) 2015:247 Page 7 of 8

and

{
�q(k – ) ≤ –[M(k) + M(k)]q(k) – ((L + L)q)(k), k ∈ Z[, T],
q() ≤ (r – r)q(T).

Again condition (H) holds for M(k) = M(k) + M(k), L = L + L, and r = r – r. By
Theorem ., we have p(k) ≤ , q(k) ≤ , k ∈ Z[, T]. The proof is complete. �

Considering the following inequalities with boundary conditions:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�p(k) ≤ –M(k)p(k) + M(k)q(k) – (Lp)(k) + (Lq)(k), k ∈ Z[, T – ],
�q(k) ≤ –M(k)q(k) + M(k)p(k) – (Lq)(k) + (Lp)(k), k ∈ Z[, T – ],
p() ≤ rp(T) + rq(T),
q() ≤ rq(T) + rp(T),

(.)

where M, M, M – M ∈ C(Z[, T – ], [, )), r, r ≥ , and L,L,L –L ∈ C(E, E) are
positive linear operators.

Denote ρ̃ =
∑T–

i= ((L – L))(i)P–
i+ and ρ̃ =

∑T–
i= ((L + L))(i)P+

i+ where P–
k =∏k–

i= [ – M(i) + M(i)]–, P+
k =

∏k–
i= [ – M(i) – M(i)]– for k ∈ Z[, T].

We list the following assumptions for convenience.

(H′
) ρ̃ ≤ r–r

P+
T

, r+r
P–

T
≤ , and P–

T – (r + r) + ρ̃ > ,
(H′

) L – L ∈ C(E, E) is a strictly positive linear operator, ρ̃ ≤ r–r
P+

T
, and r+r

P–
T

≤ ,
(H′

) L,L ∈ C(E, E) are causal operators, ρ̃ ≤ , r+r
P–

T
≤ , and P–

T – (r + r) + ρ̃ > .

Similar to the proof of Theorem ., a new comparison result based on Theorem . can
be established.

Theorem . Assume that p, q ∈ C(Z[, T], R) and satisfy (.). If one of the assumptions
(H′

)-(H′
) holds, then p(k) ≤ , q(k) ≤ , k ∈ Z[, T].

Finally, we will address the following fact. In [, ], the conditions for causal operators
Q, Q, and Q show that the corresponding positive linear operators L, L, and L are
causal too. Similar to Theorems  and  of paper [] and Theorems  and  of paper [],
existence results of problems (.)-(.) can be obtained by using the comparison results
Theorems ., ., ., and . in this paper. We will omit the details.
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