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1 Introduction and main results
In this paper, we are concerned with the existence and multiplicity of weak-quasi-periodic
solutions for the second order Hamiltonian system

d[P(t)u(t)]

yr +VF(t,u(t)) =0, teR, (1.1)

where u(t) = (u1(t),...,un(t))", N > 1 is an integer, F € C}(R x RN, R), VF(¢t,x) = (0F/dx;,
..., 0F[9xn)", P(t) = (pij(t))nxn is a symmetric and continuous N x N matrix-value func-
tion on R, the symbol () stands for the transpose of a vector or a matrix.

It is well known that the variational method is a very effective tool for investigating
the existence and multiplicity of various solutions of Hamiltonian system. Lots of mathe-
maticians have constructed many important results on existence and multiplicity of peri-
odic solutions, subharmonic solutions and homoclinic solutions (for example, see [1-24]).
However, there are less studies on almost periodic solutions of Hamiltonian systems. We
refer the reader to [25—37] for some known results. Very recently, in [35], Kuang investi-
gated the following second order Hamiltonian system:

ii(t) = VF(t,u(t)), teR, (1.2)

and obtained two existence results of weak quasi-periodic solutions for system (1.2) by
making use of the least action principle and the saddle point theorem, respectively.
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Next, we recall some definitions.

Definition 1.1 (see [38]) A function u(¢) is said to be Bohr almost periodic, if for any ¢ > 0,
there is a constant /, > 0, such that in any interval of length /., there exists 7 such that the
inequality |u(t + ) — u(t)| < ¢ is satisfied for all £ € R.

Definition 1.2 (see [39]) n x m matrix-value function M(t) = (#;(£))nxm is almost peri-

odic on R if m(t) (i =1,2,...,n,j=1,2,...,m) is Bohr almost periodic on R.

Definition 1.3 (see [39]) u € C°(R x R, RY) is so called almost periodic in ¢ uniformly
for x € R™ when, for each compact subset K in R", for each ¢ > 0, there exists [/ > 0, and
for each « € R, there exists t € [o, « + [] such that

supsup |u(t + T,%) — u(t,x) | pn <&
teR xeK

Definition 1.4 (see [40]) u:R — R” is said to be quasi-periodic with m basic frequen-
cies if there exists a function v — ®(v) € R” which is Lipschitz continuous for v € R
and periodic of period 1 in each of its arguments, and m real numbers @y, ..., w,, linearly
independent over the rationals, such that

u(t) = ®(wit,...,wut).
Any such choice of wy, ..., w,, will be called a set of basic frequencies for u(t).

Remark 1.1 If u € C(R,R") is a periodic function, then u is quasi-periodic and if u# €
C(R,R") is quasi-periodic, then u is Bohr almost periodic. Moreover, if u(t), w(£) are Bohr
almost periodic and a, b € R, then au(t), u(t + b), u(bt), u(t) + w(t), and u(t)w(t) are Bohr
almost periodic. Furthermore, if inf;eg [w(t)| > 0, then % is also Bohr almost periodic
(see [39]).

Remark 1.2 Let p >1 and N > 1 be positive integers and {Tj}f’:1 be rationally indepen-

dent positive real constants. Assume that u;(¢) € C(R,RY) (j = 1,2,...,p) is T;-periodic
and Lipschitz continuous on R. Define

P
u(®) =y ut). (1.3)
j=1

Define ® : R? — RN by ®(v) = le uj(Tjv;), wherev = (vi,...,v,)". Letw; = % (j=1,....p).
Then it is easy to verify that u is quasi-periodic with basic frequencies % G=1...,p).
J
Obviously,  is also Bohr almost periodic by Remark 1.1.
Define

AP°(RN) = {u: R — RN |y is Bohr almost periodic}

endowed with the norm ||u||o = sup,p |u(£)|. Then (AP°(RN), || - ||o) is a Banach space.



Zhang Advances in Difference Equations (2015) 2015:336 Page 3 of 19

Define
AP'(RN) = {u e AP’ (RY) N C'(R,RN)|u/(t) e AP°(RN)},
endowed with the norm

el apr vy = Nl oo + ||u/||oo

Then (APY(RN), | - | 4p1 1)) is also a Banach space.
Letf € L. (R,RN), thatis, f is locally Lebesgue-integrable from R to RN. Then the mean

loc
value of f is the limit (when it exists)

1 ff
i 57 [ Jod

A fundamental property of almost periodic functions is that such functions have con-

vergent means, that is, the limit

1 T
lim — / u(t) dt
T— o0 ZT

T
exists.

Let p € Z*. BP(RN) is the completion of AP°(RY) into L} (R,RRN) with respect to the
norm

1 T 1/p
||u||p={Thm ﬁ/ |u(t)|pdt} .
—00 T

The elements of the space B?(RV) are called Besicovitch almost periodic functions.
For u € B?(RN), if

ou(t+r)—u(t)
lim —————~

r—0 r
exists, then define

Vit o lim 2D -0
r—0 V4

For u,v € BP(RN), if lu — v||, = 0, then we say that u, v belong to a class of equivalence.

We will identify the equivalence class u with its continuous representant

u(t) = /(: Vu(t)dt + c.

When p =2, B(RY) is a Hilbert space with its norm || - ||, and the inner product

T
(u,v) = lim L/ (u(t),v(t)) dt.

T—o00 2T J_1
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When u € B2(RY), define

1 T
alw) = Jim / e Mut) dt,
— 00 -T

which is a complex vector and is called a Fourier-Bohr coefficient of u. Let A(u) = {A €
Rla(u, 1) #0}.
Define

BY? (RN) = {u e B? (RN) |Vu exists and Vu € B (RN)}
endowed with the inner product
(u, V)gragny = (4, V)2 + (Vu, Vv)y

T

T
= lim — / (u(®), v(e)) dt + Tim % / (Vaule), V(o)) dt (1.4)

-T

and the corresponding norm

1 /7 ) 1 (T , \2
llecll g2y = (Tli_zr;o 37 f_T|u(t)| dt + Tli_)ngo 57 /_T|W(t)| dt)
(see [27, 35, 38] and [39]).
Let p > 1 be a positive integer and {Tj}f:1 be rationally independent positive real con-
stants. Define

V={ueB(RY)|A() C A}, (1.5)

where

r p
2mm 2mm .
A:UA,»:U{ T, ‘meZ}, A,-:{ T ‘meZ}, j=1...,p.
j=1 j=1

Then V is a linear subspace of B¥*(RN) and (V, (-, ) 12 (gn)) is a Hilbert space.
In [35], Kuang made the following assumptions:

(f1) F(t,-) € CYR x RY,R) and F(t, -) is almost periodic in ¢ uniformly for x € RN;
(f,) VE(t,-) is almost periodic in ¢ uniformly for x € RY;
(f3) forany A e R/A, ueV,

1 [T ,
lim —f VE(t, u)e ™ dt = 0;
T—o00 2T J_7

(fa) there exists g € L (R), for a.e. t € R and all x € RV, such that
|VE(t,x)| < g(0);

(f5) lim7_ oo % ffTTF(t,x) dt — +00 as |x| = o0o;
(fe) lim7— oo 57 f_TTF(t,x) dt — —00 as |x| — oco.
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Then when (f;)-(f5) (or (f;)-(fs) and (fs)) hold, system (1.2) has at least one quasi-periodic
solution.

In [36], we generalize and improve Kuang’s results. We first obtain three inequalities
and two of them, in some sense, generalize Sobolev’s inequality and Wirtinger’s inequality
from the periodic case to the quasi-periodic case, respectively. Then by using the least
action principle and the saddle point theorem, we obtain two existence results of weak
quasi-periodic solutions for the second order Hamiltonian system with a forcing term:

d[P(£)iu(t)]

0 = VF(t,u(t)) + e(?),

when (f;)-(f5) and the following assumptions hold:

(P) py(t),i,j=1,2,...,N, are Bohr almost periodic and there exists m > % such that
(P(t)x,x) >mlx|?, forall (4,x) € R x {RN/{O}};

(€) eis Bohr almost periodic and

T
lim e(t)dt = 0;

T—ooJ_r
(W) there exist constants ¢y >0, ky >0, ky > 0, o € [0,1), and a nonnegative function w €
C([0, +00), [0, +00)) with the properties:
(i) w(s) <w(t),Vs<t,s,tel0,+00),
(i) w(s +1t) < co(w(s) + w(t)), Vs, t € [0, +00),
(iii) 0 < w(t) < kit* + ko, YVt € [0, +00),
(iv) w(t) = +00, ast — oo;
(fy) thereexistg,h e L (R,R*) such that

loc

|VF(t, x)’ < g(t)w(|x|) +h(t), foraetelR;

(f5)'
1 1 (T
———— lim — F(t,x)dt
wh(|x|) 700 2T J_p
T2
CZ 1?7 o 1 T 2
> @ lim — g(t)de as |x| — oo;
2m  \1>x2T J
(f5)"
1 1 (7
——— lim — F(t,x)dt
w(|x|) 700 2T J_ 7 (t,%)
2( P Ti2 2
oUPl+2m) ) ) 5 1 (T
<2 Z’ L2 jim —/ gt)de as |x| — oo,
2(2}’7[—1) T—o00 2T J_T
where

|IP|| = sup max ’P(t)x| = supmax{\/k(t) : A(f) is the eigenvalue ofPT(t)P(t)}.
teR |x|=1xeRN teR
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Moreover, when the assumptions F(¢,x) = F(t,—x) and e(¢) = 0 are also made, we obtain
two results on infinitely many weak quasi-periodic solutions for the second order Hamil-
tonian system under the subquadratic case.

Inspired by [12, 35, 36] and [41], in this paper, we investigate the case that F has su-
perquadratic growth and we obtain the following results.

Theorem 1.1 Suppose that (f,)-(f3) and the following conditions hold:

(PY  py(t),i,j=1,2,...,N, are Bohr almost periodic and there exists m > 0 such that
(P(t)x,x) > mlx|*, forall (t,x) € R x {RN/{0}}

and forany A e RIA, u eV,

1" ,
Th_)n;o 5T /_TP(t)Vu(t)e““ dt =0; (1.6)
(H1)
F(t,
lim sup ( :) < = n uniformly for all t € R;
-0 |x| 2[max{52]j=1,...,p}]'2
(H2)

E(t, 27
m M > |IP|| Z il uniformly for all t € R;
j=1 I}

lx|>o0  |x|2 2

(H3) limyo oo o [ 7 F(t, %) dt > 0;
(H4) there exist constants L>0,¢ >0,n >0, and v € [0,2) such that

1
(2 + —)F(t,x) < (VF(t,x),x), forallx e RN, |x| > L, t e R.
¢ +nlxl”

Then system (1.1) has at least one nonconstant weak quasi-periodic solution in V.

Theorem 1.2 Suppose that (f;)-(£5), (P)', (H2), (H3), and (H4), and the following condi-
tion hold:

(H1)Y there exist | > 0 and o which is Bohr almost periodic and limr_, ZLT f_TT a(t)dt <

2
Sml” such that
=17

F(t,x) <a(t), forallxe RN x| <LteR.

Then system (1.1) has at least one nonconstant weak quasi-periodic solution in V.

Theorem 1.3 Suppose that (f,)-(f3), (P), (H1), (H4) and the following conditions hold:

(H2) limy— oo % = +00 uniformly for all t € R;
(H5) F(t,x)iseveninx and F(¢t,0)=0 forall t € R.
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Then system (1.1) has infinitely many weak quasi-periodic solutions {u,} which possesses
high energy in V), that is,

T

Th_)rr;o % » [%(P(t)Vu,,(t), Vi, (8)) - F(t un(t))] dt — +00 asn— 0o.

Theorem 1.4 Suppose that (f;)-(f3), (P), (H1), (H2), (H4), and (H5) hold. Then system
(1.1) has infinitely many weak quasi-periodic solutions {u,} which possesses high energy
inV.

Remark 1.3 In [36], it is remarkable that we did not require the condition (1.6). However,
the condition (1.6) is necessary when we prove that the critical points of variational func-
tional coincide with the solutions of system. Hence, we have to make a correction to our
previous paper [36]. To be precise, the restriction (1.6) must be added to (P) in [36].

Remark 1.4 In order to study the existence of periodic solutions of Hamiltonian systems,
the following well-known (AR)-condition was introduced in [9]:

(AR) there exist constants > 2 and r > 0 such that
(VF(t,x),x) > uF(t,x), Vx| >rae tel0,T].

The (AR)-condition has been extensively used in much of the literature. In 2004, Tao and

Tang [21] presented the following new condition:

(H4)" there exist ¢ > 2 and u > — 2 such that

. F(t,x)
lim sup 5
|x|— o0 |x
(VE(t,x),x) — 2F(t,x)

l‘il‘ninf I >0 uniformly for a.e. t € [0, T].
x| — 00 X

< oo uniformly fora.e. t € [0,T],

In 2012, to investigate subharmonic solutions of a class of second order Hamilton system,
the author and Tang [22] presented the following conditions:

(H4) there exist constants L >0, ¢ >0, n >0, and v € [0,2) such that
1
(2 + W)F(t,x) <(VF(t,x),x), forallxeRN,|x|>L,ae.tel0,T],
+nlx

which is motivated by an earlier version due to Ding [1].

In [22], the author and Tang have proved that the (AR)-condition and (H4)" imply (H4)
(see Remark 1.1 in [22]). Similarly, we can prove that the following:

(AR) there exist constants u > 2 and r > 0 such that
(VE(@t,x),x) > uF(t,x), Vix|>=rteR

and
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(H4)' there exist ¥ >2 and u > ¥ — 2 such that

. F(t,x)
lim sup

|x]— 00 X v
VFE(t,x),x) - 2F(t,
liminf (VEE). %) (&%) >0 uniformly forall £ € R,

|x|—00 ||~

<oo uniformly forall £ e R,

combining with (H2) (or (#2)’), imply (#{4). Hence, Theorem 1.1-Theorem 1.4 still hold
on replacing (H4) with (#4)' or replacing (H4) and (#2) (or (H2)') with (AR).

Remark 1.5 When P(t) = Iyxn, V only contains a frequency 27 /T and F(¢, x) is periodic
in ¢ with period T, Theorem 1.1 and Theorem 1.2 reduce to Theorem 1.4 and Theorem 1.3
with p = 2 in [41], respectively. In other words, we generalize Theorem 1.3 and Theo-
rem 1.4 with p = 2 in [41] from the periodic case to the quasi-periodic case.

2 Preliminaries
In [36], we presented the following two lemmas.

Lemma 2.1 (see [36], Lemma 2.1) Ifu €V, then

p
u(t) =y uit) e AP°(RY),

j=1
where
— 2mm
20 ,
yH = 3 alwaD)e, A‘,Q::TjeA,
m=—00
and
lulloe < | P2 +Z—||u||BnRN 1)

Lemma 2.2 (see [36], Lemma 2.2) Ifu ) and

T

1
lim — u(t)dt =0, (2.2)
T—o00 2T J_T
then
lulloo < (2.3)
and

T |
leella Smax{ﬁ‘jzl,...,p}||Vu||2. (2.4)
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Next we denote

. T,
C'=maxy—|j=1,...,p¢, C,= Chx =
2
Define
T
V= {ueV’ lim — u(t)dt—O}
T—o00 2 T
and

V={ulue VNR'}.

Then V =V @& V. For u € V, u can be written as u = i + i, where

1 [T -
= lim 5T u(t)dt e V.

T—o0 2 _T

It is easy to verify that

1 T
lim —/ u(t)dt = 0.

T—o00 2T J_T

Then iz € V. On V, we define the norm

1/2

el := ()2 + | Vae]2) )"

=12 2
= (|a* + I Vul;
Lemma 2.3 OnV, the norm |u|| p2gn) is equivalent to the norm ||u]|.

Proof Note that

Then it follows from (2.4) that

N Y 2 D S T
lim — | |u@)| dt = lim — [ |a+a(e)| dt
T—o00 2T _T T—o0 2T _T
_9 . 1 (7.
= lul*+ lim — [ |a(5)| dt
T—oo 2T _T
- 2
< laf® + (C*)IVul.
Thus by the Holder inequality, we have

1 T 9 1 T ) 1/2
el ey = {Tleooﬁ/_T|u(t)| dt+T1er;Oﬁ/_T|Vu(t)| dt}

< {1 + (C*)1Vull3 + 1 Vul2}”?
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< [(c*)? + 1] 1@ + 1vul2}?

[(C*)? +1]"ul.

Moreover, by the Holder inequality, we also have

1 T
lim — / u(t) dt’
2T

T—o0 _T

=

1 T
< lim —/ |u(t)|dt
T—o00 2T _T

) 1 T ) 1/2
< }eréoﬁ<f_T}u(t)| dt)

1 T , \2
= | lim —/ lu@)|"dt) .
T—oo0 2T T

Hence, we have
_ 1/2
el = (1 + [Vull3) "™ < llullpagn).
Thus we complete the proof. d

Lemma 2.4 (see [35], Lemma 3.2) Forany {u,} CV, if the sequence {u,} converges weakly
to u, then {u,} converges uniformly to u on any compact subset of R.

Lemma 2.5 (see [36], Lemma 2.5) Suppose (P) holds and F satisfies (f1)-(f3). Then the
functional ¢ : V — R, defined by

T
o(u) = TILH;O % » [%(P(t)Vu(t), Vu(t)) - F(¢, u(t))] dt (2.5)

is continuously differentiable on V), and ¢'(u) is defined by

T
(go’(u),v) = lim 1 / [(P(t)Vu(t), Vv(t)) - (VF(t, u(t)), v(t))] dt, (2.6)

T—o0 2T J_7

forv e V. Moreover, if u is a critical point of ¢ in V), then
V(P(t)Vu(t)) + VF(t, u(t)) =0. (2.7)
Definition 2.1 When u satisfies (2.7), we say that u is a weak solution of system (1.1).

We shall use one linking method to obtain the critical points of ¢ (the details can be
found in [12]). Let (E, || - ||) be a Banach space and let ® be the set of all continuous maps
' =I'(¢) from E x [0,1] to E such that:

(1) T'(0) =1, the identity map.

(2) Foreacht € [0,1), I'(¢) is a homeomorphism of E onto E and

I'Y(t) e C(E x [0,1),E).
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(3) '(1)E is a single point in E and I'(¢£)A converges uniformly to I'(1)E as t — 1 for
each bounded set A C E.
(4) For each ¢y € [0,1) and each bounded set A C E,

sup {||l"(t)u|| + ||l"’1(t)u||} < 00.

0<t<tg,ucA

Definition 2.2 (see [12], Definition 3.2) We say that A links B [hm] if A and B are subsets
of E such that ANB =@, and for each I'(¢) € ®, thereisat' € (0,1] such that '(¢#)ANB # .

The following lemma will be used to prove our Theorem 1.1 and Theorem 1.2.

Lemma 2.6 (see [12], Theorem 3.4 and Theorem 2.12) Let E be a Banach space, ¢ €
CHE,R) and A and B two subsets of E such that A links B [hm]. Assume that

supg <infg
A B
and

c:=inf sup (I (s)u) < oo.
Fe® sci0,1],ueA ( )

Let 1 (t) be a positive, nonincreasing, locally Lipschitz continuous function on [0, 00) sat-
isfying fooo Y (r)dr = co. Then there exists a sequence {u,} C E such that ¢(u,) — c and
0" (un)! Y (| unll) = 0, as n — co. Moreover, if c = sup, ¢, then there is a sequence {u,} C E
satisfying o(u,) — ¢, ¢'(u,) = 0, and d(u,, B) — 0, as n — oo.

Remark 2.1 Since A links B [hm], by Definition 2.1, it is easy to know that ¢ > infp ¢.
By [12], if we let y(r) = 1, the sequence {u,} coincides with (PS) sequence, that is, {u,}
satisfies

o(u,) = ¢, ¢ (u,) —> 0 asn— oo.

If welet Y (r) = f the sequence {u,} is the Cerami sequence, that is, {u,} satisfies

r’
@(un) = ¢, 1+ lunll) | ¢ (wa)| > 0 asn— oo.

We will use the symmetric mountain pass theorem (see [10], Theorem 9.12) to prove
Theorem 1.3 and Theorem 1.4.

Remark 2.2 As shown in [42], a deformation lemma can be proved with replacing the
usual (PS)-condition with the (C)-condition, and it turns out that the symmetric moun-
tain pass theorem in [10] is true under the (C)-condition. We say that ¢ satisfies the
(C)-condition, i.e. for every sequence {u,} C E, {u,} has a convergent subsequence if ¢(u,,)
is bounded and (1 + ||u, ) ||¢’(22,) || = 0 as n — oo.

3 Proofs
Lemma 3.1 Assume that (P) and (H1) hold. Then there exist o0 > 0 and b, > 0 such that
inf,cp @(u) > by >0, where B=V N 3B, and 3B, = {u € V|||u|| = o}.
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Proof 1t follows from (#1) that there exist 0 < &g < # and r > 0 such that

F(t,x) <egolx|?>, forall |x|<rteR. (3.1)

Note that in V, ||u|| = || Vul,. Let o = r/C,. Then it follows from (2.3) that, for all u €
yn 0B,, we have ||| <r.Hence, by (P)', (2.4), and (3.1), we obtain, for all u € yn B,,

T
o) = Tlggo % T[%(P(t)Vu(t),Vu(t))—F(t,u(t))] dt
m . 2
> 3 fim o7 [ vl ae-eo i o | wofa

v

m w0\ 2
EHVMH%—SO(C ) IV ull3

<% - & (C*)2)Q2 :=b; > 0.

The proof is complete. O

Lemma 3.2 Assume that (P) and (H1) hold. Then there exist ¢ > 0 and by > 0 such that
inf,cp @(u) > by >0, where B = yn 0B, and 0B, = {u € V|||lu| = o0}.

Proof Note that in V, lull = |Valf. Let o = 1/C,. Then it follows from (2.3) that, for all
ueVn 9B, we have |lu||« < [. Hence, by (P)" and (H1)’, we see that, for all u € yn 9B,,

o1 ('
o) = Tlgr;oﬁ[T[E(P(t)Vu(t),Vu(t))—F(t,u(t))] dt
1 T
> 2 vu)? - lim —/ alt)dt
2 T—o00 2T J_r
2 1 (7
= lim — a(t)dt:=b; > 0.
2C2 T-002T J 1
The proof is complete. O

Lemma 3.3 Assume that (P)', (H2), and (H3) hold. Then there exists a sufficiently large
positive constant © such that sup, ¢ < 0, where

A=|xeRN:|lx| <O} U {swy +x:x € RN, s> 0,wp € V, [|swy + x| = ©}.

Proof At first, by (H3), it is easy to obtain

1 T
o(x) = T!Ln;o 3T /_TF(t,x) dt <0. (3.2)

Let
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Then Vwg = (3 2, 2 cos 2££,0,...,0)7,

j=1 Tj 7’
1 T
lim —/ !wo(t)} dt
T—oo 2T T
1 e 2wt 2t 2t
= lim —f Zsin2—+ Z sin sin — | dt
T—o00 2T [ | 4 T T T;
j=1 ij=1,..p,i#j
P T T
1 2wt 1 2wt 2wt
:Zlim—f sin® == dt + Z lim—/ sin sin — dt
i T>00 2T J_p T; y  T—o00 2T | r T; T;
j=1 ij=1,...p,i#j
1
2
and
T 2
1 —_— \ 1) dt
Jim = |Vwo(2)|
r 2
4 2t %4 2mt 2t
= lim —/ Z—Z §2 2 Z cos cos — | dt
T—-o00 2T J_ T, T; . . TT, T; T;
j=1 ] J ij=1,...p,i#j J J
4 T 4.2
1 %4 2wt
:Zh — —200s2—dt
o T—o00 2T J_r T} T;
1 (7 4x 2wt 2wt
+ Z lim — cos cos —— dt
12T | T T T
ij=1,...p,i# J J
L ox?
:Z 2
j=1 J

Obviously, wy € BY?(RY). Note that, for allj € {1,...,p}, we have

. 1 r . 2mt
lim — cos Atsin — dt
T—00 2 _ T;

T j
1 r 2 r 2
= lim — / cos A+—7T tdt—/ sin k——n tdt
T>oc 4T | J 1 T; r T
2
_ 0 as)»;l—%,
1 2
3 as)»:—T’;
and
. r . 2wt
lim — sin Atsin —— dt
T—oo 2T T i

o1 T 2 r 2
=— lim — cos| A+ — |tdt - cos| A — — |tdt
T—o00 4-T -T ’T] -T ’1—}

0 %A#i%,

_ 1 _ 2

=13 as)»——T]_,
1 - _2n
-3 as A = T
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Hence, for allj € {1,..., p}, we have

o1 T
atwo, 1) = fim —— / P (0) dt

1 [T{& o i
lim — Ze‘l“s dt,0,.
T—o0 2T _T = T]

T . . omt !
(cos At —isinAt) s1nT dt,0,...,0

Il
.M’m
=
g8
]

Jj=1 ’ !
0 as)\;«!izT—’;,

= (—%,0,...,0)’ as)»:zT—’]’_,
(§+%,O,...,O)r as)\z—zT—’;,

which implies that A(wp) = {:EZT—’;Ij =1,...,p}. Obviously, A(wy) C A. So wy € V. More-
over, the equality

17
%L%ﬁ[TWO(t)dtz (Ilggoﬁ/ (Zsm—)dto ) =0

implies that wy € V. By (H?2), there exist 8 > || P|| p 2” and rp > 0 such that

E(t,x) > Blx|*, Vx| > ro. (3.3)

Since F(t,-) is almost periodic in ¢ uniformly for x € R, there exists My > 0 such that
|F(¢,%)] < My for all t € R and |x| < rp. Then by (3.3), we have

F(t,x) > Blx|* - Bri — My. (3.4)

It follows from (3.4) and (P)’ that

@(x + swp)
T
:Tlem%/ [%(P(t)Vwo(t) Vwo(8)) - F(t, x+sw0(t))] dt
||P||
- 2s T_sz/ |Vw0(t)| dt

— B lim —/ | + swo( t)| dt + Bry + My
T—oo 2T

1Pl .
) T—>002 /|VW0(t)| dt — ﬁhm—T/_ x| dt

1
- Bs® lim ﬁ/ |w0(t)|2dt+/3r(2)+M0
-T

T—o0

IP|ls* e 272 B,
== ZF‘E - Blal* + Brg + Mo,
j=1 J
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which, together with g > ||P|| Y ¥ 2n2 implies that

j=1 17
@(x +swp) > —00  ass* + |x|> — +00. (3.5)
Thus (3.2) and (3.5) implies our conclusion. a

Lemma 3.4 Assume that (P), (H2), and (H4) hold. Then any Cerami sequence {u,} has
a convergent subsequence in ).

Proof Assume that there exists a positive constant C; such that

’go(u,,)’ <C, (1 + ||u,,||) ||<p’(u,,)H <(C, forallmeN. (3.6)
By (#4), we have

[(VE(t,x),%) = 2F(t,%)](¢ + nlx]") = F(t,x), VxRN, |x|>L,teR. (3.7)
Then by (1), (f,), and (3.7), there exists a constant C, > 0 such that

[(VF(t,x),x) = 2F(t,%)](¢ + nlx|") = Ft,x) = C5, VxeRN,teR. (3.8)

It follows from (3.4) and (3.8) that there exist C3 > 0 and C4 > 0 such that

F(t,x) - C
(VF(t,x),x) — 2F(t,x) > Fx) - G
¢ +nlxl”
- Blx|* — Bry — Mo — C,
¢ +nlxl”
> Calx> = Cyy VxRN, (3.9)

Hence, by (3.9), we have

3C1 > 2¢(uy) - (w/(un)’ un)
T

!
= T]ggo_T/_T[(VF(t,un(t)),un(t))—ZF(t,u,,(t))]dt
T
> G lim % [ Tyun(t)y“ dt — C,. (3.10)

This shows that lim7_, o % f_TT |, (£)|>~" dt is bounded. It follows from (3.3) and (3.7) that
[(VF(t,x),x) - 2F(t,x)] ({ + n|x|”) > F(t,x) > Blx* >0, Vix|>L+r,teR. (3.11)

By (P), (f1), (f2), (3.6), (3.8), and (3.11), we have

min{m, 1} 9
T ”Mn ”BI,Z(RN)

T

1 1 1 [T1
< lim — —(P(t)Vu(t),Vu(t))dt+ lim —/ —|un(t)|2dt
T—oo 2T T 2 T—oo 2T T 2
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. 1 (7 . 1 (71 2
=plw) + Jim oo | Feuw@)des Jim oo | ol de
1
<C+ 11m 4—/ |u,,(t| dt + Cy

hn;O %/ (¢ +0|un@®| ) [(VE (& un(®)), un(8)) — 2F (¢, un(2))] dt

. 1 2
§C1+T1LII;OE/_T|MH(1')| dt + Cy

1 v
lim — ¢
T ri%ar f{te[—T,leun<t>|<L+ro}(§ *lunef')

x [(VE (&, un(0)), un(t)) — 2F (t, un(t)) ] dt

1 / »
+ lim — C +n|u,(t)
T—>00 2T {te[—T,T]:\un(t)|>L+ro}( @)

X [(VFE(t, un(0)), un(t)) — 2F (t, u,(t))] dt

<G+ Jim, —/ 1O de + Co 4 Cs + (¢ + nlluall)

. 1
x lim —

F(t, uy »Un - 2F(t, u, d
T—o00 2T /{‘tE[T,T]:un(t)I>L+rO}[(V (& un(2)), un(t)) — 2F (£, un(t)) ] dt

1 T
=c1+T1eréoﬁf_T|un(t)|2dt+c2+c5+(<;+n||un||;o)

T
x Jim / [(VE(t,1n(0)), ()  2F (6, 10,(0)) |t (¢ + il

T—o0 T

1
x lim — VE(t,u,(t)), u,(t)) —2F(t, u,(t)) | dt
T—o0 2T /te[ T, (¢ )I<L+ro][( (&:4:(6).10,0) (&)

<G+ luanll2 hm —/ |un(t)|2 "dt+Cy+Cs

+ Co (& +nllunllse) +3Ci(E +nllunll)

C 1 [T 2
§C1+?||un||Blz(RN) lim ﬁ/—T|Mn(t)| "dt+Cy + Cs

+ C6(é‘ + UC:*Hun”ng(RN)) + 3Cl(§ + nC:*”Mn”;LZ(]RN))’ (312)

where Cs5 and Cy are positive constants. v < 2 and m > 0, (3.12), and the boundedness of
lim7r_ o % f_TT |, (£)|% dt imply that ||u,| is bounded. Similar to the argument in [35]
and [36], we see that there exists a subsequence, still denoted by {u,}, and #* € V such

that ||u, — u*||pr2gny — 0 in V. By Lemma 2.3, we have [lu, — u*|| — 0 in V. O

Proof of Theorem 1.1 Lemma 3.1, Lemma 3.3 and Example 3 of Section 3.5 in [12] imply
that A links B [hm]. Lemma 2.6 and Remark 2.1 imply that there is a Cerami sequence

{u,}, that is, there is a sequence {u,} satisfying

@(un) — ¢, 1+ luall) || @' (un)| = 0 asn— oo.

Page 16 of 19
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Then by Lemma 3.4, we know that there exists a subsequence, still denoted by {u,},
and u#* € V such that ||u, — u*|| — 0 in V. Since ||¢’(u,)|| — 0 and ¢'(-) is continuous,
¢'(u*) = 0. Hence u* is a solution of system (1.1) and by the continuity of ¢(-), Remark 2.1
and Lemma 3.1, we know that ¢(u*) = ¢ > infg ¢ > 0. Obviously, by (}3), it is easy to see
that * ¢ RN, Thus we complete the proof. O

Proof of Theorem 1.2 The proof is easy to complete by replacing Lemma 3.1 with Lem-
ma 3.2 in the proof of Theorem 1.1. d

Lemma 3.5 Assume that (P) and (H2) hold. Then for each finite dimensional space Vc
V, there exists R > 0 such that ¢(u) <0 on V/Bg.

Proof In fact, since V is finite dimensional, all norms on V are equivalent. Hence, there
exist di, do > 0 such that

N T
2 : 2
dlull® < lim f_T\u(t)l dt < dy|ul”. (3.13)

”P ” and r; > 0 such that

By (H2)', we know that there exist constants >
F(t,x) > Blx|*>, Vx| >r,teR. (3.14)
It follows from (f;) and (3.14) that there exists C; > 0 such that

F(t,x) > Blx|> - C;, VxeRN,teR. (3.15)

Then by (P)’, (3.13), and (3.15), we have

T
() = lim 1 /T [% (P(t)Vu(t), Vu(t)) - F(t, u(t))] dt

IIPII
= A 002T/ }Vu(t)‘ dt- B llm —/ ‘u(t)’ dt + C;
Il
< TIIMIIZ—/%AIIMII2 + G
Note that 8 > ”P” . So ¢(u) - —00, as ||u|| — oo. Thus we complete the proof. (|

Proof of Theorem 1.3 (and Theorem 1.4) By (H5), we know that ¢ is even and ¢(0) = 0
Since (H2)' implies that (H2), Lemma 3.4 on replacing (H2) with (#2)’ still holds. Then
by Lemma 3.1 (Lemma 3.2 corresponding to Theorem 1.4), Lemma 3.4, Lemma 3.5, Re-
mark 2.2, and the symmetric mountain pass theorem, we see that ¢ possesses an un-

bounded sequence of critical values. Thus we complete the proof. O
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