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1 Introduction and preliminaries

In 1970, Takahashi [1] introduced the notion of convexity in metric spaces and proved that
all normed spaces and their convex subsets are convex metric spaces. He also gave some
examples of the convex metric spaces which are not embedded in any normed/Banach
spaces. Afterward Guay, Singh and Whittield [2], Beg and Azam [3], Beg, Azam, Ali and
Minhas [4], Shimizu and Takahashi [5], Ciric [6], Beg [7, 8], Beg and Abbas [9], and many
other authors have studied fixed point theorems in convex metric spaces.

In this paper, we introduce («, B, ¥, n)-generalized contraction pairs and study the exis-
tence of a coincidence point for such pairs in a convex metric space under certain condi-
tions (see Theorem 2.2). Consequently, we prove the existence of a common fixed point
for weakly compatible mappings and also Banach operator pairs which are (¢, 8,y,7)-
generalized contraction pairs (see Theorem 2.3 and Theorem 2.5).

We now review notations and definitions needed. We denote by N and R the set of
natural numbers and the set of real numbers, respectively. We also denote by I the identity

mapping. In what follows, (X, d) is a metric space, and C is a nonempty subset of X.

Definition 1.1 Let S and T be two self-mappings of C. A point x of C is called
(i) afixed point of T if Tx = x,
(ii) a common fixed point of the pair (S, T) if Sx = Tx = x, and
(iii) a coincidence point of the pair (S, T) if Sx = Tx.
The set of fixed points of T is denoted by F(T). The set of common fixed points (respec-
tively, coincidence points) of the pair (S, T) is denoted by F(S, T) (respectively, C(S, T)).
Note that C(I, T) = F(T).

Definition 1.2 Let S and T be two self-mappings of C. The mapping T is called
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(i) a contraction if there exists k € [0,1) such that d(Tx, Ty) < kd(x,y) for allx,y € C,
(i) an S-contraction if there exists k € [0,1) such that d(Tx, Ty) < kd(Sx, Sy) for all
x,y € C,
(iii) nonexpansive if d(Tx, Ty) < d(x,y) for all x,y € C, and
(iv) S-nonexpansive if d(Tx, Ty) < d(Sx, Sy) for all x,y € C.

Definition 1.3 Let S and T be two self-mappings of C. The pair (S, T') is said to be
(i) commuting if STx = TSx for all x € C,

(i) R-weakly commuting [10] if there exists R > 0 such that d(STx, TSx) < Rd(Sx, Tx)
for all x € C. If R = 1, then the mappings are called weakly commuting [11],

(ili) compatible [12] if lim,_, o d(STX,, TSx,) = 0, whenever {x,};°; is a sequence in C
such that lim,,_, o, Sx,, = lim,,_, o, TX,, = x for some x € C, and

(iv) weakly compatible if they commute on C(S, T) i.e. STx = TSx for allx € C(S, T') (see
[13, 14] for more details).

It is well known that commuting mappings are weakly commuting, and weakly commut-
ing mappings are R-weakly mappings. Moreover, R-weakly mappings are compatible, and
compatible mappings are weakly compatible.

The following example shows that the converses of the above results are not true in

general.

Example 1.4 Let X = R with the usual metric d(x,y) = |x — y| for all x,y € X, we have:

(1) Let C=[0,1]. Let Sx =x? and Tx = % for all x € C. It is trivial that S and T are
weakly commuting but are not commuting.

(2) Let C =[0,00]. Consider Sx = 2x — 1 and Tx = 2 for all x € C. Then S and T are
2-weakly commuting but are not weakly commuting (see [10]).

(3) Let C=X, Sx =3, Tx = 2x3, x € C. Then S and T are compatible but are not
R-weakly commuting (see [12, 15, 16] for more details).

(4) Let C =10,10], and define self-mappings S and T of C by S(1) =1, S(x) = 4 if
1<x<6,8x)=1if6<x<10,and T(1)=1, T(x)=3ifl<x<6, T(x)=x—-5if
6 <x <10. For sequence {x,}5°, defined by x,, = 6 + % n > 1, we have
lim,,, oo Sx,, = lim,,_, o0 T, = 1, but lim,,_, o d(STx,,, TSx,,) = 3 # 0. So the mappings
S and T are not compatible. It is easy to see that S and T are weakly compatible.

Definition 1.5 Let C be a nonempty subset of a metric space (X,d), and let S and T be
self-mappings of C. The ordered pair (S, T') is called a Banach operator pair if the set F(T)
is S-invariant, namely S(F(7T)) € F(T) (see [17]).

It is easy to see that if the mappings S and T are commuting, then the pair (S, T) is a
Banach operator pair, but the converse is not true in general (see Example 1(ii) of [17]).
If (S, T) is a Banach operator pair, then (7, S) need not be a Banach operator pair (see
[17, 18]).

Definition 1.6 Let S and T be two self-mappings of a nonempty subset C of a metric
space (X, d). Consider (o, 8,v,1n) € R* with

2+y —lyl-a<n<a+4B+3y-1lyl, B+y =<0.
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We call the ordered pair (S, T') isan («, 8, v, n)-generalized contraction pair if the following
inequality holds:

ad(Tx, Ty) + ,B(d(Sx, Tx) + d(Sy, Ty)) +y (d(Sx, Ty) + d(Sy, Tx)) < nd(Sx,Sy) (1.1)

for all x,y € C. The mapping T is called an («, 8, y, n)-generalized contraction if (1, T) is
an («, 8, y,n)-generalized contraction pair.

If (S, T) isan («, 0,0, n)-generalized contraction pair, then T is an S-contraction. In par-
ticular, if S = 7, then T is a contraction. If (S, T') is an (e, B, v, n)-generalized contraction
pair, then (7,S) need not be an («, B, y, n)-generalized contraction pair in general (see
Example 2.4).

Definition 1.7 Let (X, d) be a metric space. A mapping W: X x X x [0,1] — X is said to
be a convex structure on X if

d(u, W(x,y,k)) <xd(u,x) + (1-A)d(u,y)

for each x,y,u € X and A € [0,1] (see [1]). A metric space (X,d) together with a convex
structure W is called a convex metric space. A nonempty subset C of X is said to be convex
if W(x,y,1) € Cforallx,y € Cand 2 € [0,1] (see [1, 19]).

Let X be a convex metric space. The open balls and the closed balls are convex subsets
of X. If {Cy } ¢y is family of convex subsets of X, then [,,
[1, 19] for more details). All normed spaces and their convex subsets are convex metric

C, is a convex subset of X (see

spaces. But there are some examples of convex metric spaces which are not embedded in
any normed space (see [1]).

Definition 1.8 Let C be a convex subset of a convex metric space X with the structure W'.
A self-mapping T of C is said to be affine if T(W (x,y,1)) = W(Tx, Ty, ) for each x,y € C
and A € [0,1] (see [20]).

2 Main results

In this section the existence of a coincidence point for («, 8, y, n)-generalized contraction
pairs is established. We also give some common fixed point theorems for weakly commut-
ing pairs as well as Banach operator pairs in a convex metric space which are («, 8,y,7)-
generalized contraction pairs. In what follows, X denotes a convex metric space with the
metric d and the convex structure W'.

The following lemma is a key result to prove Theorem 2.2.

Lemma 2.1 [21] Let (X, d) be a convex metric space. Then

d(x,W(x,y,%)) :d( ,W(x,y,%)) = %d(x,y)

forallx,y € X.

The following theorem is our main result and plays an important role to prove the next
results.
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Theorem 2.2 Let C be a nonempty subset of a convex metric space X, and let S and T be
two self-mappings of C such that S(C) is convex complete and T(C) C S(C). If (S, T) is an
(o, B,v,n)-generalized contraction pair, then S and T have a coincidence point.

Proof Since (S, T) is an (@, B, y,n)-generalized contraction pair, we have

ad(Tx, Ty) + ,B(d(Sx, Tx) + d(Sy, Ty)) +y (d(Sx, Ty) + d(Sy, Tx)) < nd(Sx,Sy) (2.1)
forallx,y € C, where o, 8,y,n € R,

2B+y—lyl-a=n<a+4f+3y -y, B+y=0.

Let x be an arbitrary point of C. Since S(C) is convex, we can inductively define a sequence
{Sx, )72, in S(C) by

1
Sx, = W(Sx,,_l, Tx,._1, E), neN, (2.2)

By Lemma 2.1 and (2.2), we have

d(an: Txn) = Zd(an, an+1)’ (23)
A(Sxy, Txty-1) = d(Sxy_1, Sx4) (24)

for all n € N. Now by substituting x with x,_;, and y with x,, in (2.1), we get

ad(Txn—lr Txn) + ,B(d(sxn—l: Txn—l) + d(sxm Txn))
+ )/(d(an_l, Txn) + d(an, Txn—l))
= Ud(an—l, an) (25)

for all n € N. The assumptions imply that « is positive; hence, by the triangle inequality,
(2.3), (2.4), and (2.5), we have

o (2d(Sx, Satpe1) — A(Satn-1, Sxn)) = ot (d(Sx, T) — d(Sx, Tr1))

= O561(1—:761'1—1; Txn) (26)
for all # € N. From (2.3), (2.4), (2.5), and (2.6), we obtain

oz(2d(Sx,,,Sx,,+1) - d(Sx,,_l,Sx,,)) + 2ﬁ(d(an_1,an) + d(Sx,,,Sx,,+1))
+V (d(an—l» Tx,) + d(Sxu-1, an))
< nd(Sxy-1,Sxu) (2.7)

forall n e N.
We now claim that the following inequality holds:

20a + B+ y)d(Sxu Sxn1) < (n+ =28 + |y| — ) d(Sxu_1, Sx,) (2.8)

forall n e N.
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To see this, we consider the two following cases for y.
Casel.y >0:
By the triangle inequality and (2.3), we have

2y d(Sx, Sxnar) = yd(Sxy, Tay) < v (d(Sxu_1, Tn) + d(Sx_1, Sx)) (2.9)

forall m e N.
The inequalities (2.7) and (2.9) imply

2(0[ + IB + y)d(an:anH) = (77 +o— 2/3)d(5xn—lr an) (210)

forall m € N.
Case 2.y <0:
From the triangle inequality, (2.3) and (2.4), we conclude

y(d(Sx,,_l, Sx,) + 2d(Sx,,, Sx,,+1)) = y(d(Sx,,_l,Sx,,) + d(Sx,, Tx,,))

< yd(Sxy-1, Tx,) (2.11)
for all n € N. By (2.7) and (2.11), we obtain
Z(a + ,3 + J/)d(Smexml) = (77 +ta— 2/3 - 2y)d(an—l: an) (212)

for all » € N. Now inequality (2.8) follows from (2.10) and (2.12).
The assumptions imply that 0 < %

tractive. So it is a Cauchy sequence in S(C). Since S(C) is complete, there exists p € C such

< 1. Hence, the sequence {Sx,}5°; is con-
that lim,_, o Sx, = Sp. The triangle inequality and (2.3) imply that

(T, Sp) < 2(S,, Sns) + d(Sx, SP)
for all n € N. It follows Tx,, — Sp as n — 00. By (2.1), we have

ad(Tx,, Tp) + ,B(d(Sx,,, Tx,) + d(Sp, Tp))
+y (d(Sx,,, Tp) + d(Sp, Tx,,)) < nd(Sx,, Sp) (2.13)

for all n € N. In the above inequality letting # — oo, we obtain
(¢ +B+y)d(Sp,Ip) < 0.

Therefore, (¢ + B + y)d(Sp, Tp) = 0. Since « + B + y is positive, Sp = Tp. Sop € C(S, T), and
this completes the proof. ]

Corollary 2.3 Let C be a nonempty complete convex subset of a convex metric space X,
and let T be a self-mapping of C. If T is an (o, B,y , n)-generalized contraction, then T has
afixed point. Moreover, T has a unique fixed point provided that one of the three conditions:
B<0,y>00rn<a+2y holds.
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Proof Our assumptions imply that (I, T) is an (o, 8, y, n)-generalized contraction pair. By
the preceding theorem, C(I, T) = F(T) is a nonempty set. Let p € F(T).

We now show that p is unique. Let g € F(T). Since T is an («, B, y,n)-generalized con-
traction, we have

ad(Tx, Ty) + ,B(d(x, Tx) + d(y, Ty)) + y(d(x, Ty) + d(y, Tx)) <nd(x,y) (2.14)

for all x,y € C, where o, 8,y,n € Rwith28 +y — |y| —a <n<a+48 +3y — |y| and
B+y =<0.

It is easy to see that if 8 <0, or y <0, then « + 2y < 5. Therefore, we assume that
a + 2y < n.Since p,q € F(T), from (2.14), we get

(@ +2y)d(p,q) <nd(p,q).

Since « + 2y < n, the above inequality implies that d(p, ) = 0. Hence, p = ¢, and the proof
is complete. 0

The following example shows that there exists an («, 8, y,n)-generalized contraction
pair such as (S, T) such that (7, S) is not an («, 8, ¥, n)-generalized contraction pair.

Example 2.4 Let X = R with the usual metric. Suppose that x is an arbitrary point of X,
and o, y,n € Rwith o + 3y <25, and y < 0. Then the following are true:
(i) Itis easy to see that the inequality

alx—yl+y (126 =y —xol + 2y —x —x0]) < 2nlx -y (2.15)

holds for all x,y € X.
(i) Let C = [~4, 00), and define the self-mappings S and T of C by

1
Sx=x+2, Tx:% forallx e C.

Set xy = 3, in (2.15). Consequently, we have
ad(Tx, Ty) + y (d(Sx, Ty) + d(Sy, Tx)) < nd(Sx, Sy)

for all x,y € C. Therefore, (S, T) is an (o, 0, y, n)-generalized contraction pair,
T(C) € S(C), S(C) is a complete convex subset of X, and -3 is a coincidence point
of S and T. Moreover, (S, T) is (7,0, -1,2)-generalized contraction pair, but (7, ) is
not (7,0, -1,2)-generalized contraction pair.

(iii) Let C = [0, 00). Define the self-mapping T of C by Tx = %, x € C, then F(T) = {1}.
Suppose 28 —a <n<a+4B+2y,B<0,y <0and o <4n. Then T is an
(o, B, y,n)-generalized contraction pair, and 1 is a unique fixed point of 7'

Theorem 2.5 Let C be a nonempty subset of a convex metric space X. Let S and T be two
self-mappings of C such that S(C) is a complete convex subset of X, and T(C) < S(C). If
(S,T) is a weakly compatible pair and an (o, B,y ,n)-generalized contraction pair, then S
and T have a unique common fixed point provided that one of the three conditions: B <0,
y>0o0rn<a+2y holds.
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Proof 1t is sufficient we assume that 1 < « + 2y. Because one can show that if 8 <0 or
y >0, then n <« + 2y. By Theorem 2.2, C(S, T') is nonempty. Let v € C(S, T); hence, Sv =
Tv = w. Since (S, T) is weakly compatible, Sw = Tw. According to inequality (1.1), we have

ad(Tv, Tw) + B(d(Sv, Tv) + d(Sw, Tw)) + y (d(Sv, Tw) + d(Sw, Tv)) < nd(Sv, Sw).

It follows that (« + 2y — n)d(w, Tw) < 0. This implies that d(w, Tw) = 0 because @ + 2y — 1
is positive. Therefore, Tw = w. Hence, w is a common fixed point of S and T
We now show that w is unique. Suppose p is another common fixed point of S and 7.

According to inequality (1.1), we have
ad(Tp, Tw) + ﬂ(d(Sp, Tp) + d(Sw, Tw)) +y (d(Sp, Tw) + d(Sw, Tp)) < nd(Sp, Sw).

It follows that (« + 2y — n)d(p, w) < 0. Since « + 2y — 1 is positive, d(p, w) = 0. Therefore,
p =w. Hence, S and T have a unique common fixed point. d

Theorem 2.6 Let C be a nonempty complete subset of a convex metric space X. Let S and
T be two self-mappings of C such that F(S) is a nonempty closed convex subset of C. If (T, S)
is a Banach operator pair, and (S, T) is an («, 8,y , n)-generalized contraction pair, then S
and T have a common fixed point. Moreover, S and T have a unique common fixed point
provided that one of the three conditions: § <0,y >0 orn <o + 2y holds.

Proof Since (S, T) is an (@, 8, y,n)-generalized contraction pair, we have
ad(Tx, Ty) + ,B(d(Sx, Tx) + d(Sy, Ty)) +y (d(Sx, Ty) + d(Sy, Tx)) < nd(Sx,Sy)

for all x,y € C, where o, 8,y,n e Rwith28 +y — |y| —a <np<a+4B +3y —|y|, and
B+y=0.
Since (7, S) is a Banach operator pair, T is a self-mapping of F(S). By the above inequality,

we get
ad(Tx, Ty) + ﬁ(d(x, Tx) + d(y, Ty)) + y(d(x, Ty) + d(y, Tx)) <nd(x,y)
for all x,y € F(S). Now by Corollary 2.3, the proof is complete. O

Corollary 2.7 Let C be a nonempty complete subset of a convex metric space X. Let S and T
be two self-mappings of C such that S is an affine map, and F(S) is a nonempty closed subset
of C.If (T, S) is a Banach operator pair, and (S, T) is an («, B, y,n)-generalized contraction
pair, then S and T have a common fixed point. Moreover, S and T have a unique common
fixed point provided that one of the three conditions: B <0,y >0 orn <o + 2y holds.
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