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1 Introduction

A sequence (b,) of positive numbers is said to be quasi-monotone if nAb, > —pb, for
some p > 0 and is said to be §-quasi-monotone, if b, — 0, b,, > 0 ultimately and Ab,, > -5,
where (8,) is a sequence of positive numbers (see [1]). Let Y a, be a given infinite series
with partial sums (s,). We denote by uZ’ﬂ and t*f the nth Cesaro means of order (a, B),

with a + 8 > -1, of the sequences (s,) and (na,), respectively, that is (see [2]),

) R

usf = yod > A AL, (1)
n v=0
1 n

tof = yod > A Alva, )
n v=1

where
AP = O(n‘”ﬂ), a+B>-1, Ag”ﬁ =1 and A% =0 forn>0. (3)

The series Y _ ay, is said to be summable |C, &, B, k> 1and @ + B > -1, if (see [3])

o]

Z n T uP - uff’_ﬂl|k < 00. (4)

n=1

Since 237 = n(ul? — u") (see [3]), condition (4) can also be written as

o]

>t <o, 5)

n=1
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The series ) _ a, is said to be summable |C,«, 8, ;8] k>1, ¢ +B>-1,8§>0and y isa
real number, if (see [4])

i ny(5k+k—l)|u(nx,l3 _ uzmk _ iny(8k+k—l)—k|tz,ﬂ |k < c0. 6)
n=1 n=1

If we take 8 = 0, then |C,, B, ¥; 8|, summability reduces to |C,«, y; 8|, summability (see
(5])-

2 Known result
In [6], we have proved the following theorem dealing with |C, «, v; 8|, summability factors
of infinite series.

Theorem A Letk >1,0 <8 <a <1, and y be a real number such that —y (5k + k —1) +
(o + 1)k > 1. Suppose that there exists a sequence of numbers (B,,) such that it is §-quasi-
monotone with |Ak,| < |Byl, Ay — 0 asn— 00, Y - né,logn<ooandy - nB,logn is
convergent. If the sequence (W%) defined by (see [7])

wf,‘:’tf,‘, a=1, 7)
w? = max |2, O<a<l, 8)
1<v<n

satisfies the condition

Z p? Gk+k=1)-k (wz)k =O(logm) asm— oo, 9)

n=1

then the series Y _ a,h, is summable |C,a, ;8.

3 The main result
The aim of this paper is to generalize Theorem A for |C,, 8, y; 8|, summability. We shall

prove the following theorem.

Theorem Letk>1,0 <8 <a <1, and y be a real number such that (« + B +1—y(8 +
1))k > 1, and let there be sequences (B,,) and (A,) such that the conditions of Theorem A are
satisfied. If the sequence we?) defined by

wil = |2, a=1,8>-1, (10)
wb = max L], 0<a<L,pB>-1, (11)
<v<nm
satisfies the condition
m
Z py Gkrk=1)—k (wﬁ'ﬁ)k = O(logm) asm — oo, (12)
n=1

then the series Y a,h, is summable |C,a, B, y;8|;. It should be noted that if we take 8 = 0,
then we get Theorem A.
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We need the following lemmas for the proof of our theorem.

Lemma 1 ([8]) Under the conditions on (B,), as taken in the statement of the theorem, we

have the following:
nB,logn = 0(1), (13)
o0
anogn|ABn| < 00. (14)
n=1

Lemma2 ([9]) IfO<a <1,8>-1,and1 <v <n,then

14 m
ZA‘;‘:},AI’zap < 1I<nr2§v ZA?‘M’_;Aﬁzzp . (15)
p=0 - T |p=0
4 Proof of the theorem
Let (Tff'ﬁ) be the nth (C, , ) mean of the sequence (na,X,). Then by (2), we have
1 n
TP = — 5 Z A% APva,n,.
A” v=1
Firstly applying Abel’s transformation and then using Lemma 2, we have that
1 n-1 v A n
5 -1 n -1
TeF = o Z Ax, ZA‘;_pAgpap + L ZAZ‘_VAEWZV,
n v=1 p=1 n v=1
1 n-1 v |)\' | n
o, — n _
|Tn ﬂ| = Aoz+/3 Z |AAy| ZAZ*;AgpaP + Aoz+/3 ZAZH%AEV&!V
n v=1 p=1 v=1
n-1
<—0 D ACABWEP | AN + AW = Tl + T, say
A” v=1
since
,B o,B k k o,fB k o, k
Toy + Ty | <25 Ty [+ [T ) (16)

In order to complete the proof of the theorem, by (6), it is sufficient to show that for r =1, 2,

oo
v (Sk+k—=1)—k | o, B |k
Z n |TM < 00.

n=1

Whenever k > 1, we can apply Holder’s inequality with indices k and k', where % + % =1,
we get that

m+1

y (Sk+k=1)—k | et B |k
dn | T
n=2

m+1 1 n-1 k
< Zny(SkJrk—l)—k e ZAﬁtAfwslyﬂ AN,
n=2 A” v=1
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m+1 1 n-1 n-1 k-1
_ ak_ Bk
=0(1) E 7n(a+ﬂ+l—y(8+1))k{ E vVPR AN, | }{ |Akv|}
n=2

v=1 v=1

m+1 1 n-1 n-1 k-1

‘O(I)ZW{Z"MV%B |(w7) }{ By }
v=1

m X m+1 1
_ (a+B)k a.p .
- O(l) ZV |BV|(W" ) Z n(a+ﬁ+1—y(5+1))k

v=1 n=v+l

" wk P dx

_ o+ [

_O(I)ZV |Bv|(Wv ) ,/v xlotpel-y (6+1)k
v=1

m
- O(l) Z |BV|Vy(8k+k—1)—k+1 (Wit,ﬂ)k
v=1

m

=0(1) Y v|B, v Ckek-Dk (Wg,ﬁ)k

v=1

m-1 v m
- 0(1) Z’A(WBV')‘ Zpy(ﬁhk—l)—k (W;,ﬁ)k + O()m|B,,| Z VV(5k+k—1)—k(W¢‘f,ﬁ)k

v=1 p=1 v=1
m-1

=0(1) Z|A(V|BV|) |logv + O()m|B,,|log m
v=1
m-1 m-1

=0(1) ) _vIAB,[logv+O(1) Y |Byallogy + O(1)m|B,,| logm
v=1 v=1

=0() asm— oo,

in view of the hypotheses of the theorem and Lemma 1. Similarly, we have that

m+1 m
T8 - 03
n=2 n=1

_ O(DZlAK |Zvy (Sk+k-1)- ,3)

m
+ O1)| Al Z Y Gkek=1)—k (w‘j’ﬂ)k

v=1
m-1
= 0(1) Y " |Ay|logn + O)| 2| log m
n=1

m-1

= 0(1) ) "|By|logn + O1)| Al logm

n=1

=0(1) asm— oo,

by virtue of the hypotheses of the theorem and Lemma 1. Therefore, by (6), we get that for

r=1,2,

oo

v (Sk+k=1)—k | o, B |k
don | TSP < 0.
n=1
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This completes the proof of the theorem. If we take § = 0 and y =1, then we get a result
for |C,, B|; summability factors. Also, if we take 8 =0, § = 0, and « = 1, then we get a
result for |C,1|; summability.
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