
Ann. Geophys., 31, 845–858, 2013
www.ann-geophys.net/31/845/2013/
doi:10.5194/angeo-31-845-2013
© Author(s) 2013. CC Attribution 3.0 License.

EGU Journal Logos (RGB)

Advances in 
Geosciences

O
pen A

ccess

Natural Hazards 
and Earth System 

Sciences

O
pen A

ccess

Annales  
Geophysicae

O
pen A

ccess

Nonlinear Processes 
in Geophysics

O
pen A

ccess

Atmospheric 
Chemistry

and Physics

O
pen A

ccess

Atmospheric 
Chemistry

and Physics

O
pen A

ccess

Discussions

Atmospheric 
Measurement

Techniques
O

pen A
ccess

Atmospheric 
Measurement

Techniques

O
pen A

ccess

Discussions

Biogeosciences

O
pen A

ccess

O
pen A

ccess

Biogeosciences
Discussions

Climate 
of the Past

O
pen A

ccess

O
pen A

ccess

Climate 
of the Past

Discussions

Earth System 
Dynamics

O
pen A

ccess

O
pen A

ccess

Earth System 
Dynamics

Discussions

Geoscientific
Instrumentation 

Methods and
Data Systems

O
pen A

ccess

Geoscientific
Instrumentation 

Methods and
Data Systems

O
pen A

ccess

Discussions

Geoscientific
Model Development

O
pen A

ccess

O
pen A

ccess

Geoscientific
Model Development

Discussions

Hydrology and 
Earth System

Sciences

O
pen A

ccess

Hydrology and 
Earth System

Sciences

O
pen A

ccess

Discussions

Ocean Science

O
pen A

ccess

O
pen A

ccess

Ocean Science
Discussions

Solid Earth

O
pen A

ccess

O
pen A

ccess

Solid Earth
Discussions

The Cryosphere

O
pen A

ccess

O
pen A

ccess

The Cryosphere
Discussions

Natural Hazards 
and Earth System 

Sciences

O
pen A

ccess

DiscussionsStudies of gravity wave propagation in the mesosphere observed by
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Abstract. Mesospheric data were analyzed by a composite
method combining phase and group velocity tracing tech-
nique and the spectra method of Stokes parameter analysis
to obtain the propagation parameters of atmospheric grav-
ity waves (AGW) in the height ranges between 63.6 and
99.3 km, observed using the MU radar at Shigaraki in Japan
in the months of November and July in the years 1986, 1988
and 1989. The data of waves with downward phase velo-
city and the data of waves with upward phase velocity were
independently treated. First, the vertical phase velocity and
vertical group velocity as well as the characteristic wave pe-
riod for each wave packet were obtained by phase and group
velocity tracing technique. Then its horizontal wavelength,
intrinsic wave period and horizontal group velocity were ob-
tained by the dispersion relation. The intrinsic frequency and
azimuth of wave vector of each wave packet were checked
by Stokes parameters analysis. The results showed that the
waves with intrinsic periods in the range 30 min–4.5 h had
horizontal wavelength ranging from 25 to 240 km, vertical
wavelength from 2.5 to 12 km, and horizontal group veloci-
ties from 15 to 60 m s−1. Both upward moving wave packets
and downward moving wave packets had horizontal group
velocities mostly directed in the sector between directions
NNE (north-north-east) and SEE in the month of November,
and mostly in the sector between directions NW and SWS in
the month of July. Comparing with mean wind directions, the
gravity waves appeared to be more likely to propagate along
with mean wind than against it. This apparent prevalence for
downstream wave packets was found to be caused by a sys-
tematic filtering effect existing in the process of phase and
group velocity tracing analysis: A significant portion of up-
stream wave packets might have been Doppler shifted out of

the vertical range in phase and group velocity tracing analy-
sis.

Keywords. Meteorology and atmospheric dynamics (mid-
dle atmosphere dynamics; waves and tides; instruments and
techniques)

1 Introduction

It was proved in a recent simulation study of various anal-
ysis methods (Lue and Kuo, 2012) that the errors in intrin-
sic period and horizontal propagation direction obtained by
traditional methods (e.g., hodograph analysis, Stokes param-
eters analysis) were unacceptably large when data consisted
of both upward propagating waves and downward propagat-
ing waves. During the past 30 years a number of groups have
tried to measure gravity waves’ propagation parameters in
the mesosphere with ground-based radar at a single location.
The horizontal phase velocities in the range of 20–90 m s−1

with wave periods in the range of 10 min to 10 h and hor-
izontal wavelength of 40–1000 km were reported by several
researchers (Vincent and Reid, 1983; Meek et al., 1985; Man-
son and Meek, 1988; Nakamura et al., 1993). The horizontal
propagation direction has also been analyzed by traditional
methods (Ebel et al., 1987; Manson and Meek, 1988; Tsuda
et al., 1990; Nakamura et al., 1993; Gavrilov et al., 1997).
But because data of upward propagating waves and down-
ward propagating waves were not separately treated, no con-
sistent pattern of horizontal propagation direction could be
summarized from their results. In this paper we shall present
the results of analyzing mesospheric data using a compos-
ite method combining the phase and group velocity tracing
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technique (Kuo et al., 1998, 2007, 2008, 2009) and spectral
method of Stokes parameters analysis (Vincent and Fritts,
1987; Eckermann and Vincent, 1989). Remarkably, quite of-
ten upward waves and downward waves coexisted at the
same heights in the data of this study. So we must emphasize
that the separation of upward waves and downward waves is
essential in studying atmospheric gravity wave (AGW) prop-
agation. However, the window to separate upward waves and
downward waves was found to cause an unbalanced filtering
on upstream wave and downstream wave. Its consequence
will be discussed in this study.

2 Data and analysis procedure

2.1 Data

Wind velocity data were taken in 2–4 sampled days of each
month of 1986, 1988 and 1989 by the MU radar (35◦ N,
136◦ E) at Shigaraki, Japan. Since the radar signal returned
from mesosphere is only available during daytime, we chose
data from 09:00–15:00 LT for analysis, during which the
signal was the strongest and the amount of missing data
was relatively small. In every inter-pulse period the radar
antenna beam was steered sequentially toward the vertical
and oblique directions at a zenith angle of 10◦ (vertical
→ north → east→ south→ west). The beam width was
3 degrees, and the aspect sensitivity was negligible at the
10 degree zenith angle. The other observation parameters
were observation rangez = 63.6–99.3 km; vertical resolution
1z = 300 m; and temporal resolution1t was 147 s for 1986
and 1988 data, 222 s for July 1989 data, and 210 s for Novem-
ber 1989 data. There were many missing data due to insuffi-
cient signal power or time breaks during the experiment op-
eration. Before doing data analysis, each missing data was
filled by interpolation from its nearest neighbor good data,
and the interpolation process was repeated until all the miss-
ing data within the data set were filled. A round of interpo-
lation process was as follows: for missing data (denoted by
999) at time stepI and height stepK, if the nearest neighbor
data at (I − 1, K) and (I + 1, K) were good, then the miss-
ing data at (I , K) would be replaced by the average of the
data at (I − 1, K) and (I + 1, K). Otherwise, we would try
to interpolate by the other nearest neighbor data at (I , K −1)
and (I , K +1). If that interpolation also failed, we would try
to interpolate by data at (I + 2, K) and (I − 2, K), then by
(I , K + 2) and (I , K − 2), . . . , if the last try of interpolation
by data at (I , K − 4) and (I , K + 4) also failed, we would
leave the data at (I , K) as temporarily missing and would go
on to repair other missing data until all data were exhausted.
If missing data still existed after one round of interpolation
process, we would go on to repeat another round of interpo-
lation. We required all missing data in each data set under
study to be successfully repaired. All data sets in this study
had a small number of missing data that remained missing af-

Table 1.Wave periods bands and wave length bands corresponding
to the frequency- and wave number-windows used to sample the
wave packets for phase and group velocity tracing analysis.

Windows Wave period band Wave length band

T1Z1 30 min–3 h 1.4875–35.7 km
T1Z2 30 min–3 h 2.975–35.7 km
T1Z3 30 min–3 h 5.95–35.7 km

ter one round of interpolation, and were successfully repaired
at the second round of interpolation.

The dual beam method (described in detail in Sect. 2.1 of
Kuo et al., 2008) is based on the assumption that east beam
and west beam (respectively north and south beam) detect
one wave at the same altitude and the same phase. The east-
ward velocityu and the vertical velocityw then can be de-
termined from the Doppler velocities measured by the east
beamVE and the west beamVW by Eq. (1):

u =
VE − VW

2sin10◦
(1a)

w =
VE + VW

2cos10◦
(1b)

The velocitiesv andw can be similarly converted from the
measurements of the north beam and south beam. The error
made due to the assumption of constant phase is given by
Eq. (2) (taken from Eq. (A5) in Appendix A of Kuo et al.,
2008):

dual beam error∼=

(
−

(1η)2

2
+

(1η)4

24

)
× 100% , (2)

where1η = 2πz · tan10◦
/
λx , z is the height andλx is the

projection wavelength of the wave along east–west (or north–
south) direction. Equation (2) is very useful to estimate the
measurement error of a wave with known projection wave-
lengthλx along the dual beam line, and at heightz. For ex-
ample, at the altitude of 66 km (86 km), the minimum pro-
jection wavelength is 101.3 km (131.9 km) to guarantee the
dual beam error to be smaller than 25 %. The dual beam er-
rors for a gravity wave measured by east–west dual beam
and north–south dual beam were generally different because
the projection wavelengths were different. It was found in
this study that the error at mesospheric height was so big
that the vertical velocities obtained by east–west beams and
north–south beams were often inconsistent with each other
to such an extent that they had opposite sign at many heights.
So instead of applying vertical flux of horizontal momen-
tum analysis (which needs vertical velocities), we applied
Stokes parameters analysis (which requires no vertical velo-
city) to help identify the azimuth of the most probable grav-
ity wave packet propagation. In this study, 364 wave packets
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Fig.1a A partial height-time plot of ( )2Vδ of downward-phase propagating gravity 

waves converted from zonal velocity data observed by MU radar at Shigaraki 745 

Japan on July 8 1986. Determination of vertical phase and group velocities of 3 
wave packets were indicated by the phase lines (along the patch) and energy lines 
(across the patch). 

 
 750 

 

 

 

 

 755 

 

 

 

 

 760 

 

 

 

 

Time(min)

H
ei

gh
t(K

m
)

 

 

550 600 650 700 750 800 850
66

68

70

72

74

76

78

80

82

84

86

50

100

150

200

250

Fig. 1a. A partial height–time plot of(δV )2 of downward-phase
propagating gravity waves converted from zonal velocity data ob-
served by MU radar at Shigaraki, Japan, on 8 July 1986. Deter-
mination of vertical phase and group velocities of 3 wave packets
were indicated by the phase lines (along the patch) and energy lines
(across the patch).

were measured by east–west dual beam and 319 wave pack-
ets were measured by north–south dual beam, totaling 683
wave packets analyzed.

2.2 Propagation parameters of wave packets calculated
by dispersion relation

Each data set was separated by double-Fourier transforma-
tion over height and time (see Sect. A1 of Appendix A in Kuo
et al., 2009), using windows defined in Table 1, into a data
set of waves with downward phase velocity and a data set
of waves with upward phase velocity for wave packet analy-
sis. The windows in Table 1 set the upper- and lower-limits
for vertical wavelength and observed wave period to be an-
alyzed; its consequence on the outcomes of analysis will be
discussed later.

Figure 1 shows wave structures after decomposition into
upward and downward propagating waves. Several distinct
wave structures are observed. The vertical phase velocityvpz
and ground-based periodτ can directly be estimated from
the plot and are determined by the method of phase velocity
tracing described in Appendix A2 of Kuo et al. (2009). The
resulting values forvpz are indicated by phase lines (along
the center package of waves). The waves also show distinct
amplitude maxima. These are interpreted as upward (Fig. 1a)
or downward (Fig. 1b) propagating wave packets. Applying
group velocity tracing (Kuo et al., 2009), the corresponding
group velocitiesvgz are determined (marked by energy lines
across the packages of waves). It should be noted that this
is based on two assumptions: first that the chief cause of the
amplitude structure is the shape of the wave packet (i.e., that

 765 

 

Fig.1b A partial height-time plot of ( )2Vδ of upward-phase propagating gravity 

waves converted from zonal velocity data set observed by MU radar at 
Shigaraki Japan on July 8 1986 (same data set of Fig.1a). 
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Fig. 1b.A partial height–time plot of(δV )2 of upward-phase prop-
agating gravity waves converted from zonal velocity data set ob-
served by MU radar at Shigaraki, Japan, on 8 July 1986 (same data
set as Fig. 1a).

the wave packet is not distorted by, e.g., interference of dif-
ferent waves), and second that the vertical structure of the
wave packet is horizontally slowly varying and thus that no
additional altitude shifts are generated while the wave prop-
agates obliquely through the radar beam. The wave packets
are narrow (sometimes less than one vertical wavelength),
which makes these assumptions the chief uncertainty cause
of the determined group velocities. The observed wave fre-
quencyσ and vertical wave numberm were consequently
obtained byσ = 2π

/
τ andm = σ

/
vpz, respectively.

For every wave packet the best estimate of the wave vec-
tor is determined based on the dispersion relation and the
Doppler shift between ground-based and intrinsic frequency
and ground-based and intrinsic phase velocity. For an as-
sumed horizontal phase speed and propagation azimuth (ṽph,

ϕ̃ph), the horizontal wave vector
(
k̃, ˜̀

)
and, using the full

dispersion relation, the corresponding valuesω̃, m̃, ṽpz and
ṽgz, are calculated. The calculation is based on background
atmospheric parameters ofN = 2.09× 10−2 s−1 (5 min BV-
period; Gossard and Hooke, 1975),f = 8.31× 10−5 s−1

(21 h inertial period) at the latitude of the MU Radar site
andH = 6 km (scale height). The background wind velocity
(ū, v̄) is obtained from the radar measurements by averag-
ing over all heights and over all consecutive sampled days’
(2–4 days’) data for each respective month. Comparing the
calculated values̃vpz andṽgz with the actually measured val-
ues forvpz andvgz, the following cost functions are defined:

G =
∣∣(vgz− ṽgz

)/
vgz
∣∣< 0.15,

P =
∣∣(vpz− ṽpz

)/
vpz
∣∣< 0.15, S = G + P. (3)

www.ann-geophys.net/31/845/2013/ Ann. Geophys., 31, 845–858, 2013
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These cost functions are evaluated on a grid of phase speeds
ṽph of 1, 2, 3, . . . , 198, 199, 200 (m s−1) and azimuthsϕ̃
of 0.5, 1.5, 2.5, . . . , 357.5, 358.5, 359.5 (degree).P andG

form tilted surfaces with basically opposite slope and thusS

forms a clear minimum defining the best estimate values for
(ṽ∗

ph, ϕ̃∗) and (k∗, `∗), respectively. It should be noted in this
context that, while the measurement error ofvgz is larger than
the error ofvpz, P andG are equally weighted. A different
weight would shift the location of the minimal value forS.

For ideal values ofvpz andvgz, the cost functionS should
become zero for the best estimate (k∗, `∗). In reality the mea-
suredvpz andvgz have measurement errors and the minimum
value forS is non-zero. In this study all cases were tested
with notable amplitudes, where in principle the phase and
group velocity tracing techniques could be applied, i.e., in
order not to miss any prospective gravity wave packet, any
three consecutive packages of waves which could be identi-
fied as wave packets were analyzed. This also included cases
where the shape of the wave packet was less clearly pro-
nounced than in the examples shown in Fig. 1, and also short
wave events for which the group velocities could be identi-
fied only with much larger error ranges. This problem was
enhanced by the application of the double Fourier-transform
applied for separating upward and downward wave packets.
The cost functionsP andG were therefore also used to dis-
cern physically plausible cases from un-plausible ones by re-
taining only events where bothP andG remained smaller
than 0.15. From a total 683 cases, 471 were rejected and 212
were retained on this basis, including 141 observed by east–
west dual beams and 71 by north–south dual beams. Among
these 212 potential wave packets, 113 were upward wave
packets and 99 were downward wave packets. There are two
solution-wave vectors (if existing) symmetric with respect to
the mean wind velocity vectoruh for each wave packet (see
Sect. 2.2 of Kuo et al., 2009). Solving the mid-frequency
approximation of the dispersion relation (see Appendix A)
in order to determine (k∗, `∗) from vpz andvgz also shows
that in principle two solutions, with horizontal wave vectors
symmetric with respect to the mean wind velocity, exist if
the measurement errors are sufficiently small. Eventually we
must decide which one of the two solution-wave vectors is
more likely to be the true solution. A possible method to help
identify this true solution is Stokes parameters analysis.

2.3 Spectra method for Stokes parameters analysis

Stokes parameters analysis proposed by Vincent and Fritts
(1987) provided intrinsic period and azimuth of a gravity
wave. But the calculation of one of the parameters was not
straightforward because it involved a 90◦ rotation from the
zonal perturbation velocity. Therefore, Eckermann and Vin-
cent (1989) developed a spectral method for Stokes param-
eters analysis which can be summarized by the following
equations:

u(z) = Re

{∑
m

[UR (m) + iUI (m)] · eimz

}
(4a)

v (z) = Re

{∑
m

[VR (m) + iVI (m)] · eimz

}
(4b)

Ī = A
∑
m

[
U2

R (m) + U2
I (m) + V 2

R (m) + V 2
I (m)

]
(5a)

D̄ = A
∑
m

[
U2

R (m) + U2
I (m) − V 2

R (m) − V 2
I (m)

]
(5b)

P̄ = 2A
∑
m

[
UR (m)VR (m) + UI (m)VI (m)

]
(5c)

Q̄ = 2A
∑
m

[
UR (m)VI (m) − UI (m)VR (m)

]
. (5d)

The meaning of each term and the fact that this method alone
cannot separate upward and downward waves were explained
in Lue and Kuo (2012). The range of summation over the
vertical wave numberm is to be properly selected to estimate
the characteristic intrinsic periodτ , azimuthϕ as well as the
degree of polarizationdof the wave packet by the following
equations:

2ϕ = arctan
(
P̄
/
D̄
)
, (6a)

d =

(
D̄2

+ P̄ 2
+ Q̄2

)1/2
/

Ī, (6b)

AR = cotξ where 2ξ = arcsin

(
Q̄

d · Ī

)
and (6c)

τ =
2π

f · AR
. (6d)

It is clear that Eq. (6a) cannot distinguish between the major
axis orientationϕ andϕ±180◦, implying that Stokes param-
eters analysis cannot distinguish between eastward (north-
ward) wave and westward (southward) wave.

It was concluded in the study of Lue and Kuo (2012) that
the resulting azimuth from both methods of phase and group
velocity tracing and Stokes parameters analysis were consis-
tent with the statistical average of the azimuths of the com-
ponent waves of the wave packet, and their resulting peri-
ods from Stokes parameters analysis tended to correspond to

Ann. Geophys., 31, 845–858, 2013 www.ann-geophys.net/31/845/2013/
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Table 2. Same as Table 1 except that the window was used for
Stokes parameters analysis.

Windows Wave period band Wave length band

T2Z1 30–60 min 1.4875–35.7 km
T2Z2 30–60 min 2.975–35.7 km
T2Z3 30–60 min 5.95–35.7 km

the low frequency part among the component waves, while
the result from phase and group velocity tracing technique
tended to correspond to the high frequency part among the
component waves of the wave packet. Therefore, we used
windows defined in Table 2 to generate data for the Stokes
parameters analysis on the corresponding wave packets ob-
tained from the windows defined in Table 1.

We propose that the wave packet-related averaging Stokes
parameters̄P , Q̄, D̄, Ī in Eqs. (5a, b, c, d), and consequently
ϕ andτ in Eqs. (6a) and (6d), respectively, can be obtained
by averaging over a time intervalt0 − T < t < t0 + T and
summing over vertical wave numbers in the rangem0−M <

m ·Z
/

2π < m0 +M, with the time centert0 coinciding with
the time center of the corresponding wave packet, and the
center vertical wave mode numberm0 given bym0 = Z

/
λz,

whereλz is the characteristic vertical wavelength of the wave
packet andZ is the vertical range (35.7 km) under analy-
sis. M = 1, 2, or 3, andT equals to one or half charac-
teristic period of the wave packet. If the scale (T , M) was
changed, these averaging values will also change correspond-
ingly. Since these averages are statistical quantities, they can
be used only as a reference to decide which one between the
two symmetric solutions of the dispersion relation is more
likely to be the true solution. In this study, we calculated
the averages over six scales(T , M) = (τ̃,1), (τ̃,2), (τ̃,3),(
τ̃
/

2,1
)
,
(
τ̃
/

2,2
)
and

(
τ̃
/

2,3
)
; here τ̃ is the characteris-

tic wave period of the corresponding wave packet. For each
calculation, azimuthϕ and intrinsic periodτ obtained from
Stokes parameters analysis were compared with the corre-
sponding azimuthϕ̃ and intrinsic periodτ̃ obtained from
phase and group velocity tracing analysis. Then we picked
the solution wave vector with its̃ϕ closest toϕ as the wave
vector of the virtual gravity wave packet if it also satisfied
following conditions:

0.6 < τ/τ̃ < 1.6 and|ϕ̃ − ϕ| < 45◦, (7)

and

dual beam error< 25%. (8)

If such conditions (7) and (8) are not satisfied for each cal-
culation, then the corresponding wave packet would be re-
moved. A total 81 of the 212 possible gravity wave packets
(38.2 %) were identified to be virtual gravity wave packets
satisfying polarization relation with condition (7) and dual

 

 
Fig.2 Phase lines (along the patches) and energy lines (across the patches) of upward 

wave packets (from Fig.1a, marked by red lines) and downward wave packets 790 

(from Fig.1b, marked by blue lines). Overlaps of upward waves and downward 
waves clearly existed in the leftmost and the rightmost wave packets. 
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Fig. 2. Phase lines (along the patches) and energy lines (across the
patches) of upward wave packets (from Fig. 1a, marked by red lines)
and downward wave packets (from Fig. 1b, marked by blue lines).
Overlaps of upward waves and downward waves clearly existed in
the leftmost and the rightmost wave packets.

beam error condition (8). Among these 81 virtual wave pack-
ets, 39 were propagating upward and 41 were downward.

3 Results

3.1 Examples of wave packet analysis by composite
method

Let us have a look at some examples of wave packet analy-
ses by the technique of phase and group velocity tracing, as
shown in Fig. 1a, which is a partial height–time plot of(δV )2

(representing local power of the fluctuation velocity, details
see Sect. A2 of Appendix A in Kuo et al., 2009) of upward
propagating waves converted from zonal fluctuation velocity
obtained on 8 July 1986. The corresponding downward prop-
agating wave packets are shown in Fig. 1b. The locations
(time and heights) of several upward wave packets (from
Fig. 1a) and downward wave packets (from Fig. 1b) were
indicated by their phase lines (along the packages of waves)
and energy lines (across the packages of waves) in Fig. 2,
which revealed that some upward wave packets (marked by
red) and downward wave packets (marked by blue) coex-
isted at the same time and same height. The mean wind velo-
city had a magnitude of 14.46 m s−1 with azimuth angle of
−93.02◦. A time window of 30 min–3 h (2nd to 12th fre-
quency mode) and wavelength window of 5.95 to 35.7 km
(1st to 6th wave number mode) were applied to separate up-
ward phase velocity waves from downward phase velocity
waves.

www.ann-geophys.net/31/845/2013/ Ann. Geophys., 31, 845–858, 2013
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Table 3.2nd to 4th rows are the measured values of observed period (2nd column), vertical phase velocity (3rd column), and vertical group
velocity (4th column) of the three upward wave packets in Fig. 1a, and their intrinsic period (5th column), horizontal wavelength (6th column)
and azimuths (7th column) obtained by the dispersion relation. 5th to 7th rows are the corresponding values obtained by Stokes parameters
analysis.

τob(min) vpz (m s−1) vgz (m s−1) τin (h) λh (km) ϕaz (◦)

WP1 39.5 −5.07 2.90 0.92 121 −85;−101
WP2 37.5 −4.38 2.03 0.94 96.6 −86;−100
WP3 39.1 −5.43 3.51 0.88 126.6 −80;−106
WP1 1.0 −80;+100
WP2 1.24 65;−115
WP3 0.68 71;−108

The observed characteristic wave period, vertical phase
velocity, and vertical group velocity of the 3 wave packets
from left to right (denoted by WP1, WP2, WP3, respectively)
in Fig. 1a measured by phase and group velocity tracing tech-
nique were summarized in the 2nd–4th rows and the 2nd–4th
columns in Table 3. The vertical wavelengths of 12.03, 9.83
and 12.72 km were obtained by definition,λz = τob×vpz, for
WP1, WP2 and WP3, respectively. Then the observed verti-
cal wave number,m = 2π

/
λz, was obtained for each wave

packet. To search for the most probable horizontal wave vec-

tor
(
k̃, ˜̀

)
to fit the measured values ofvpz andvgz, any com-

bination pair of
(
ṽph, ϕ̃

)
from the following values was used

to calculate the characteristic gravity wave parameters for
each measured wave packet:

ṽph = 1,2,3, . . .,198,199,200ms−1

ϕ̃ = 0.5◦,1.5◦,2.5◦, . . .,357.5◦,358.5◦,359.5◦.

For each pair
(
k̃, ˜̀

)
=
(
sinϕ̃ · 2π

/
τ
/
ṽph,cosϕ̃ · 2π

/
τ
/
ṽph
)
,

the corresponding intrinsic frequencyω̃, vertical wave num-
ber m̃, and vertical phase velocitỹvpz were obtained from
Doppler equation (̃ω = 2π

/
τ − k̃ · ū − ˜̀ · v̄), dispersion

relation and definition for phase velocity,ṽpz = 2π
/
m̃
/
τ ,

respectively. The corresponding vertical group velocityṽgz
was obtained by a group velocity formula (see Eq. (3a) in
Kuo et al., 2009). With the restriction of Eq. (3), we obtained
the characteristic intrinsic period, horizontal wavelength and
azimuth angle of the three wave packets as summarized in
5th–7th columns and 2nd–4th rows of Table 3.

The uncertainty of azimuth can be solved with the help
of Stokes parameters analysis. First of all, we noticed that
phase and group velocity technique tends to yield wave pa-
rameters corresponding to the high frequency part of the
wave packet’s component waves, while the Stokes param-
eters analysis tends to yield a result corresponding to the
low frequency part of the wave packet’s component waves
(Lue and Kuo, 2012). So we used a time window of 30 min
to 1 h (6th to 12th frequency mode) and wavelength win-
dow of 5.95 to 35.7 km (1st to 6th wave number mode, same

as the window for velocity tracing analysis) to separate up-
ward phase velocity waves from downward phase velocity
waves. Then we applied the spectral method of Stokes pa-
rameters analysis to calculate the Stokes parameters from
Eqs. (5a)–(5d) and (6a)–(6d), and obtained intrinsic wave pe-
riods and azimuth angles for the three wave packets as sum-
marized in 5th–7th rows, 5th and 7th columns of Table 3.
Comparing with the results of phase and group velocity trac-
ing technique, we decided that the most probable azimuths
of the three wave packets were WP1:ϕaz = −85◦; WP2:
ϕaz = −100◦; and WP3:ϕaz = −106◦. So their projection
horizontal wavelengths along east–west line were 121, 98
and 131 km for WP1, WP2 and WP3, respectively. Substi-
tuting the east–west projection wavelength and the height of
each wave packet into Eq. (2), we obtained the dual beam er-
ror of WP1, WP2 and WP3 to be 22.43, 32.06 and 21.03 %,
respectively. All these three wave packets satisfy dispersion
relation with Eq. (3) and polarization equation with Eq. (7),
but WP2 did not meet the upper limit of 25 % for dual beam
error (Eq. 8) set to select wave packets for statistical anal-
ysis, so WP2 was rejected for further analysis. Among the
three downward wave packets in Fig. 1b, only the leftmost
packet was identified as a virtual gravity wave packet satis-
fying all the conditions, and the other two wave packets were
rejected by dispersion relation with Eq. (3).

3.2 Results on AGW propagation parameters

Figure 3 shows the three-dimensional plot of horizontal
wavelengthλh and vertical wavelengthλz versus intrinsic
period τin of the virtual gravity wave packets with upward
group velocity (marked by circles) and with downward group
velocity (marked by crosses) in the months of November.
The corresponding plot for the month of July is presented
in Fig. 4. The year of observation is distinguished by dif-
ferent colors (blue for 1986, red for 1988 and green for
1989). The ranges of intrinsic periods of both upward mov-
ing wave packets and downward moving wave packets in the
month of November (Fig. 3) were 0.5–4.5 h, and their hori-
zontal wavelengths and the vertical wavelengths ranges were
50–240 km and 2.5–12 km, respectively. The corresponding
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Fig.3 Three dimensional plots of relation among horizontal wave length hλ , vertical 
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Fig. 3. Three-dimensional plots of relation among horizontal wave
lengthλh, vertical wavelengthλz and intrinsic wave periodτin of
upward and downward moving virtual gravity wave packets in the
month of November. “o” stands for upward-, while “+” for down-
ward propagating virtual gravity wave packets; blue denotes 1986;
red denotes 1988; and green denotes 1989. The vertical color lines
connecting the points of

(
τin,λh,λz

)
with their projections on the

(τin,λh) plane were drawn for easy viewing.

results in the month of July (Fig. 4) were quite different: their
ranges of intrinsic periods and horizontal wavelengths were
reduced to 0.5–2 h and 25–150 km, respectively, while the
vertical wavelength range 2.5–14 km was similar to that in
the month of November. The seasonal difference inτin and
λh were caused by the difference in the mean wind’s strength.
November wind was significantly stronger than July wind, so
the intrinsic wave period spreading in the month of Novem-
ber was much wider than that in the month of July. The re-
lation between horizontal wavelength (vertical wavelength)
and intrinsic wave period is that the wavelength grows with
intrinsic wave period, consistent with the mesosphere study
by Nakamura et al. (1993) and the study of lower stratosphere
and troposphere by Kuo et al. (2009).

The horizontal wave vectors of the virtual gravity wave
packets in the month of November (July) are plotted in
Fig. 5a (Fig. 5b), the color lines indicating only the direction
(no amplitude) of the corresponding mean wind vectors. The
black circles in Fig. 5a and b from inside to outside repre-
sent horizontal wavelengths of 200, 100 and 50 km, respec-
tively. The wave packets located outside the middle circle
have horizontal wavelengths smaller than 100 km; however,
the projection wavelengths of these wave packets, measured
by east–west beams (or north–south beams), along the east–
west (or north–south) direction, are larger than 100 km. The
results showed that the wave vectors were more likely to lie
in the forward sector of the mean wind velocities than in
the backward sectors. Such trend is even more convincing
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Fig.4 Same as Fig.3 except for the month of July. 
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Fig. 4.Same as Fig. 3 except for the month of July.

in the corresponding plots of horizontal group velocity plots
(Fig. 6a and b) where color lines represent mean wind veloc-
ities (including direction and amplitude). Our lower strato-
sphere and troposphere study (Kuo et al., 2009) showed the
same trend with much better statistics. It can be seen from
Fig. 6a and b that the azimuths of horizontal group velocities
were mostly distributed in the sector between NNE and SEE
in the month of November (Fig. 6a), while in the sector be-
tween NW and SWS in the month of July (Fig. 6b). Clearly,
wave packets apparently tend to propagate more likely along
mean wind than opposite to it.

3.3 Doppler shift effect on wave propagation and mo-
mentum flux

Conventionally, horizontal propagation directions of gravity
waves were referred by their wave vectors rather than by their
group velocities. So we shall investigate the results on hor-
izontal wave vectors in this study. In a windless situation,
dispersion relation does not depend on azimuth angle of the
horizontal wave vector, and the horizontal propagation direc-
tion is uniquely determined by polarization equation alone.
When background wind is not negligible, dispersion relation
and polarization relation combined determine the propaga-
tion direction. Figure 7a (7b) displays the scattering plots of
horizontal wave vectors of the possible gravity wave packets
in the month of November (July) satisfying Doppler relation
and dispersion relation with Eq. (3). There were always two
solutions symmetric with respect to the mean wind direction,
as demonstrated in Fig. 7a and b. Clearly, the distributions
were dominated by downstream wave packets in both fig-
ures, inconsistent with most conventional results of momen-
tum flux studies. For the purpose of direct comparison with
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Table 4a.The dependence of the vertical phase velocity (2nd column), vertical group velocity (3rd column), vertical wavelength (4th column),
the intrinsic period (5th column), vertical flux of zonal momentum to energy ratio (6th column), and vertical flux of meridional momentum to
energy ratio (7th column) on the azimuth (1st column) of a gravity wave with periodτ = 45 min and horizontal phase speedvph = 35 m s−1

(horizontal wavelengthλh = 94.5 km) assumes that the wave is propagating in an eastward wind with wind speeduh = 30.9 m s−1 ( azimuth
angleϕaz= 90◦) in the mesosphere over the MU radar site. The results were obtained by gravity wave dispersion relation.

ϕaz (◦) vpz (m s−1) vgz (m s−1) λz (km) τin (min) u′w′

E
v′w′

E

91 −0.43 0.05 −1.17 384 0.0114 −0.0002
121 −0.94 0.22 −2.53 184.8 0.022 −0.0136
151 −2.23 1.26 −6.03 78.6 0.030 −0.056
181 −4.01 3.94 −10.83 44.4 −0.0022 −0.112
211 −5.86 7.94 −15.81 31.2 −0.082 −0.138
241 −7.26 11.58 −19.61 25.2 −0.17 −0.094
271 −7.77 12.98 −20.98 24 −0.20 −0.032

Table 4b. Same as Table 4a except that the parameters of the gravity wave areτ = 45 min, vph = 60 m s−1, λh = 162 km, anduh =

30.9 m s−1.

ϕaz
(
◦
)

vpz (m s−1) vgz (m s−1) λz (km) τin (min) u′w′

E
v′w′

E

91 −3.25 1.54 −8.78 93 0.054 −0.0012
121 −3.76 2.04 −10.14 80.4 0.052 −0.032
151 −5.10 3.67 −13.76 60 0.040 −0.072
181 −6.97 6.53 −18.83 44.4 −0.0022 −0.11
211 −8.94 10.05 −24.14 35.4 −0.070 −0.116
241 −10.46 12.95 −28.24 31.2 −0.134 −0.074
271 −11.01 14.02 −29.73 30 −0.158 0.0034

Fig. 7a (7b), the corresponding time and height averages of

the vertical flux of zonal momentum (
〈
u′w′

〉
) and meridional

momentum (
〈
v′w′

〉
) were analyzed as shown in Fig. 8a (8b),

which is the scattering plot of the horizontal momentum flux
for both upward waves and downward waves for the month
of November (July). These time- and height-averaged mo-
mentum fluxes were obtained for each sampled day. Then
the downward flux of horizontal momentum was multiplied
by −1 to yield the correct direction of the corresponding hor-
izontal momentum. Figure 8b shows that the horizontal mo-
mentum of both upward waves and downward waves in the
month of July were dominantly pointed against mean wind,
completely contradicting Fig. 7b. The statistics of propaga-
tion direction revealed in Fig. 8a is also inconsistent with
that of Fig. 7a, but to a lesser degree.

To uncover the effect of mean wind on the gravity wave’s
propagation parameters, we calculated dependences of the
wave’s intrinsic period, vertical phase and group velocities
on the azimuth angle with the existence of mean wind. Some
results are presented in 2nd–5th columns of Tables 4a and
b. The corresponding horizontal momentum flux to energy
ratio was also calculated (by the formulas presented in Ap-
pendix B), and the results are listed in 6th and 7th column
of Tables 4a and b. Existence of an eastward wind (90◦ of

azimuth) with wind speed of 30.9 m s−1 was assumed in
these calculations. This mean wind speed corresponded to
the mean wind of November 1988 in this study. In the first
case (Table 4a), we consider a gravity wave with wave pe-
riod of 45 min and horizontal phase speed of 35 m s−1; while
in the second case (Table 4b), the same wave period of 45 min
but higher horizontal phase speed of 60 m s−1 were consid-
ered. We calculated 7 azimuth angles from downstream (2nd
row in Tables 4a and b) to upstream direction (last row in
Tables 4a and b) with a step size of 30◦. The results showed
that, as the azimuth angle’s difference between mean wind
and the gravity wave increased (from 2nd to bottom row),
the vertical wavelength (4th column, ignore negative sign,
which indicated downward propagation) increased while the
intrinsic period (5th column) decreased. If the vertical wave
length was larger than the observation range (35 km in this
mesosphere studies, see Table 1), or the intrinsic period was
smaller than B–V period (5 min), the wave packet under
study would be systematically eliminated by dispersion rela-
tion. Even worse, the phase and group velocity tracing tech-
nique tends to yield the high frequency part of the composi-
tion waves of the wave packet, so the largest vertical wave-
length obtained in this study was about 14 km (see Figs. 3 and
4). Therefore, many upstream wave packets such as those in
the bottom 3 rows of Table 4a and bottom 4 rows of Table 4b
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Fig.5a Plot of meridional wave number .vs. zonal wave number of virtual gravity wave 
packets in the month of November. ‘o’ stands for upward, while ‘+’ for downward 
propagating virtual gravity wave packets; Blue color denotes the year of 1986; red 
color denotes the year of 1988; and green color denoted the year of 1989. Colored 
straight lines represent the respective directions (not amplitude) of background mean 860 

wind. The inner, middle and outer black circles correspond to horizontal wavelengths 
of 200, 100, and 50 km respectively.  
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Fig. 5a.Plot of meridional wave number vs. zonal wave number of
virtual gravity wave packets in the month of November. “o” stands
for upward, while “+” for downward propagating virtual gravity
wave packets; blue denotes 1986; red denotes 1988; and green de-
notes 1989. Colored lines represent the respective directions (not
amplitude) of background mean wind. The inner, middle and outer
black circles correspond to horizontal wavelengths of 200, 100, and
50 km, respectively.

would be systematically filtered by this mean wind. There
is no doubt that the effectiveness of upstream waves filter-
ing depends on the strength of background wind. This fil-
tering effect may explain why the horizontal propagation di-
rection of gravity wave packets were dominated by down-
stream wave packets in this study of mesosphere and our
previous study of lower stratosphere and troposphere (Kuo
et al., 2009). The vertical flux (of zonal momentum) to en-
ergy ratio shown in the 6th column of Tables 4a and b sug-
gest that the Doppler effect seems to upgrade (downgrade)
the momentum flux of upstream waves (downstream waves).
This effect might have contributed to the dominance of up-
stream momentum in Fig. 8b, and might also explain why
most conventional momentum flux studies suggest that up-
stream waves dominate.

4 Summary and discussion

Horizontal wind velocities measured by the Shigaraki MU
radar are analyzed by a space–time Fourier transform and
separated into upward and downward propagating waves.
After back-transformation into the spatiotemporal domain,
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Fig.5b Same as Fig.5a except for the month of July.  
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Fig. 5b.Same as Fig. 5a except for the month of July.

wave packets are identified and the vertical phase velocity
vpz and the vertical group velocityvgz are determined by
phase and group velocity tracing (Kuo et al., 2009). The
latter relies on the assumption that the propagation of the
wave packet is the dominant factor in determining the ap-
parent shape of the wave packages in the vertical-time cross
sections. From the full gravity wave dispersion relation and
Doppler shift relations, a complete set of wave parameters
is estimated by optimization. The depth of the minimum
in the cost function is used to distinguish whether candi-
date wave packets are physically plausible. In this step, out
of a total 683 candidate wave packets, 212 events were re-
tained as potential wave packets. To make sure these param-
eters also satisfied polarization relation, the vicinity of each
possible gravity wave packet was further analyzed by spec-
tral method of Stokes parameters analysis to obtain intrinsic
wave period and azimuths. Among these 212 possible grav-
ity wave packets, only 81 were accepted as virtual gravity
wave packets because their periods and azimuths obtained
by the spectral method of Stokes parameters analysis were
consistent with the corresponding values obtained by phase
and group velocity tracing technique, satisfying Eqs. (7) and
(8). Our composite method not only takes care of the disper-
sion relation and the polarization relation but also takes care
of dual beam error. The result emphasizes the dominant role
of mean wind in the dispersion relation. It was found in this
study that gravity waves apparently propagated more likely
along mean wind than opposite to it. Very probably many up-
stream wave packets would have been Doppler shifted out of
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Fig.6a Plot of meridional group velocity .vs. zonal group velocity of virtual gravity 
wave packets in the month of November. ‘o’ stand for upward, while ‘+’ for 900 

downward propagating virtual gravity wave packets; Blue color denoted the year of 
1986; red color denoted the year of 1988; and green color denoted the year of 1989. 
Colored straights lines represent the respective mean wind velocities. 
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Fig. 6a. Plot of meridional group velocity vs. zonal group velo-
city of virtual gravity wave packets in the month of November. “o”
stands for upward, while “+” for downward propagating virtual
gravity wave packets; blue denotes 1986; red denotes 1988; and
green denotes 1989. Colored lines represent the respective mean
wind velocities.

the observation window of phase and group velocity tracing
analysis if they ever existed.

It was concluded in a simulation study of various anal-
ysis methods (Lue and Kuo, 2012) that upward waves and
downward waves must be separated and analyzed indepen-
dently by any method of analysis. It was quite often in this
study that upward waves and downward waves coexisted at
the same height, as demonstrated in Fig. 2, which justifies
the necessity of up- and down waves separation. This could
also explain one of the reasons why our results were inconsis-
tent with others’ results. The simulation study also revealed
that phase and group velocity tracing technique tends to dis-
play the characteristics of the high frequency part of com-
ponent waves of the wave packet, while hodograph analysis
(hence Stokes parameters analysis also) tends to display the
characteristics of low frequency component waves. Further-
more, the unpublished result in that simulation study showed
that momentum flux analysis also tends to display the char-
acteristics of low frequency component waves. Therefore,
phase and group velocity tracing technique will experience
more serious upstream waves filtering than Stokes param-
eters analysis and momentum flux analysis. This may also
account for the difference in intrinsic periods between this
analysis and the analyses by Tsuda et al. (1990) and Naka-
mura et al. (1993). Furthermore, the resulting vertical flux
of horizontal momentum derived from dispersion relation
and polarization relation (Appendix B) emphasizes that the
Doppler shift will significantly upgrade upstream waves’ mo-
mentum flux, and downgrade the downstream waves’ mo-
mentum flux. Therefore, these Doppler shift effects on wave
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Fig.6b Same as Fig.6a except for the month of July.  
 
 925 

 
 
 
 
 930 

 
 
 
 
 935 

 
 
 
 
 940 

 
 
 
 

-60 -50 -40 -30 -20 -10 0 10 20 30 40 50
-50

-40

-30

-20

-10

0

10

20

30

40

50

M
E

R
ID

IO
N

A
L 

G
R

O
U

P
 V

E
LO

C
IT

Y
 (m

/s
)

ZONAL GROUP VELOCITY (m/s)

Upward and downward wave packets / July

Fig. 6b.Same as Fig. 6a except for the month of July.

propagation need to be taken into account in interpreting the
result of analysis. 945 

 

 
 
Fig.7a Plot of meridional wave number .vs. zonal wave number of possible gravity 

wave packets in the month of November. ‘o’ stands for upward, while ‘+’ for 950 

downward propagating gravity wave packets; Blue color denotes the year of 1986; 
red color denotes the year of 1988; and green color denotes the year of 1989. 
Colored straight lines represent the respective directions (not amplitude) of 
background mean wind. The inner, middle and outer black circles correspond to 
horizontal wavelengths of 200, 100, and 50 km respectively. 955 
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Fig. 7a. Plot of meridional wave number vs. zonal wave number
of possible gravity wave packets in the month of November. “o”
stands for upward, while “+” for downward propagating gravity
wave packets; blue denotes 1986; red denotes 1988; and green de-
notes 1989. Colored lines represent the respective directions (not
amplitude) of background mean wind. The inner, middle and outer
black circles correspond to horizontal wavelengths of 200, 100, and
50 km, respectively.

Conventional theory insists that upward propagating grav-
ity waves will be filtered by wind shear. When the grav-
ity wave reaches its critical level where its projection phase
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Table 5. Mean energy
〈
u′2 + v′2

〉
, the number of potential wave packetsN , and their up/down ratio for the different years and months.

〈· · ·〉 represents average over all heights, and over-bar represents time average over all sampling days of the same month. The up/down ratio
represents the ratio of the quantities of upward waves to the downward waves.

Upward waves Downward waves Up/down ratio

Year/month
〈
u′2 + v′2

〉
N

〈
u′2 + v′2

〉
N

〈
u′2 + v′2

〉
N

1986/07 138.8 9 100.5 9 1.38 1.0
1988/07 111.8 23 83.5 17 1.34 1.35
1989/07 112.2 23 92.5 23 1.21 1.0
1986/11 75.4 12 51.8 14 1.46 0.86
1988/11 128.9 19 92.8 12 1.39 1.58
1989/11 71.2 27 56.2 24 1.27 1.13
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Fig.7b Same as Fig.7a except for the month of July.  
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Fig. 7b.Same as Fig. 7a except for the month of July.

velocity along the wind direction equals wind velocity, dy-
namic instability will arise, and its wave amplitude will grow
and break. Therefore, some downstream waves will be fil-
tered by background wind while upstream waves will be
free to propagate to higher atmosphere. This theory is sup-
ported by the results of vertical flux of horizontal momen-
tum by conventional method, which did not separate upward
waves from downward waves before momentum flux anal-
ysis. But in a study of vertical flux of horizontal momen-
tum in the lower stratosphere and troposphere made by Kuo
et al. (2008), in which upward waves and downward waves
were separately treated, the zonal momentum of both upward
waves and downward waves in the quiet day with relatively
small momentum flux were found to be dominantly eastward
(i.e., propagating along the mean wind). However, in the ac-
tive days with relatively large momentum flux, the upward
flux was dominated by westward propagating waves (i.e.,

propagating against mean wind) while the downward flux
was dominated by eastward propagating waves (i.e., prop-
agating along the mean wind). In other words, in the active
days both upstream waves and downstream waves were de-
tected to be dominating in different environments. Further-
more, in the active days, downward flux was about 50 %
larger than upward flux, implying that downstream waves
prevail over upstream waves. This result (Kuo et al., 2008)
does not agree with the conventional analysis because of the
process of separating upward waves from downward waves
before momentum flux analysis. The upward- downward-
waves separation must be done by double Fourier transfor-
mation over a height and time window, leading to unbalanced
filtering effect. The result of this study does not rule out the
possibility of a prevailing upstream gravity waves propagat-
ing against mean wind, as conventional theory insists. Now
we have a dilemma in gravity wave propagation analysis: On
one hand, upward waves and downward waves must be sepa-
rately analyzed to guarantee accuracy; on the other hand, the
height–time window in double Fourier transformation to do
up- and down-waves separation yields an unbalanced filter-
ing effect between upstream waves and downstream waves,
leading to a misleading result. This dilemma needs to be
solved.

Another interesting result in this study is that there were
many wave packets in the mesosphere with downward group
velocities, whose number was almost comparable to that of
wave packets with upward group velocities (see Fig. 5a and
b). The comparison of upward waves and downward waves
in terms of wave packet number and mean wave energy are
summarized in Table 5, which shows that the upward waves
clearly dominate over downward waves in terms of wave en-
ergy, but are comparable in terms of wave packet’s number.
If the source of gravity wave is in the lower atmosphere, how
were these downward gravity wave packets generated? We
speculate that elastic scattering (ES) and parametric subhar-
monic instability (PSI) might be responsible. Because atmo-
spheric density decreases with height, the amplitude of an
upward moving gravity wave will grow with height. When

www.ann-geophys.net/31/845/2013/ Ann. Geophys., 31, 845–858, 2013
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Fig.8a Plot of zonal momentum flux .vs. meridional momentum flux of upward waves 990 

(marked by open circle) and downward waves (marked by cross) for the 
month of November data. All downward fluxes of horizontal momentum were 
multiplied by −1 in this plot.  
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Fig. 8a. Plot of zonal momentum flux vs. meridional momentum
flux of upward waves (marked by open circle) and downward waves
(marked by cross) for November data. All downward fluxes of hor-
izontal momentum were multiplied by−1 in this plot.

the amplitude grows to a level that PSI occurs, the wave may
break into two oppositely propagating waves, one upward
and one downward. Another possibility is that a small wave
with faster upward group velocity catches up to a much larger
wave but with slower upward group velocity; the smaller
waves may suffer an ES to become a downward wave. An in-
direct proof of the existence of PSI and ES processes seems
to have been revealed in our previous momentum flux analy-
sis of the MU data in the lower stratosphere and troposphere
(Kuo et al., 2008): In a quiet day, both upward flux and down-
ward flux were dominated by eastward momentum, implying
ES might be responsible; in the active days, upward flux was
dominated by westward momentum while downward flux
was dominated by eastward momentum, implying PSI might
be responsible. Direct proof would require a detailed analy-
sis of upward- and downward wave packet pairs. This is our
current interest of research.

Appendix A

Inversion for medium-frequency waves

By medium-frequency wave approximation,N >> ω >> f

(Fritts and Alexander, 2003), the dispersion relation simpli-
fies to

kh =

√
k2 + `2 =

|m · ω|

N
(A1)

 

 1010 
 

Fig.8b Same as Fig.8a except for the month of July. 
 

 

 1015 

Fig. 8b.Same as Fig. 8a except for July.

and the vertical group velocity becomes

vgz = −ω/m. (A2)

Sincem andvgz are indirectly or directly obtained from mea-
surement, the intrinsic frequencyω can be directly inverted
from Eq. (A2), and consequently the horizontal wave number
kh can be obtained from Eq. (A1). Finally, from the Doppler
shift equation

ω = σ − khUhcos(ϕk − ϕh) (A3)

the azimuthϕk of the wave vector can be obtained by
Eq. (A4),

ϕk = ϕh ± cos−1
(

σ − ω

kh · Uh

)
(A4)

whereUh =
√

ū2 + v̄2 and ϕh are, respectively, the ampli-
tude and azimuth of the mean wind velocity. If the am-
plitude of the argument of the arc-cosine functionA =

(σ − ω)
/
(kh · Uh) exceeds 1, there will be no solution for

Eq. (A4). Such erroneous value ofA can result from a com-
bination of the measurement errors and medium frequency
approximation. If|A| ≤ 1, then there will be two wave vector
solutions symmetric with respect to the mean wind velocity.
If |ϕk − ϕh| < 90◦, there exist two downstream solutions; on
the other hand, if 90◦ < |ϕk − ϕh| < 180◦, then there are two
upstream solutions.

By this inversion procedure for mid-frequency waves, we
have calculatedω, kh, andϕk from the measurement values
of σ , vpz, andvgz of 364 wave events observed by east–west
beam, and have compared outcomes with the corresponding
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results obtained by the optimization procedure using full dis-
persion relation and vertical group velocity equation (as de-
scribed in Sect. 2.2 in the text). We found that, as long as
the inversion solution exists, the corresponding solution ob-
tained by optimization procedure always exists with its cost
functionS smaller than 0.04, and these two solutions are con-
sistent with each other within only a few percentage of dif-
ference; on the contrary, if the solution obtained by optimiza-
tion procedure has a cost function larger than 0.06, the cor-
responding inversion solution never exists. As a result, there
are 141 possible wave packets obtained by optimization pro-
cedure, while only 84 mid-frequency waves were obtained by
inversion calculation. Therefore, inversion for medium fre-
quency wave approximation is valid only if the measurement
errors are sufficiently small.

Appendix B

Formulas for the vertical flux of horizontal momentum of
a mono-frequency AGW

Following the derivation in Appendix B in the article of Kuo
et al. (2009), the vertical, zonal and meridional velocity com-
ponents of a mono-frequency gravity wave were expressed
by Eqs. (B1), (B2) and (B3), respectively, as follows:

w′
= W cos(kx + `y + mz − σ · t) (B1)

u′
=

N2
− ω2

ω
(
ω2 − f 2

)
√

ω2k2 + f 2`2

m2 + 02

· W cos(kx + `y + mz − σ · t − θ1 − θ2) (B2)

v′
=

N2
− ω2

ω
(
ω2 − f 2

)
√

ω2`2 + f 2k2

m2 + 02

· W cos(kx + `y + mz − σ · t − θ3 − θ2) (B3)

where θ1 = tan−1
(

ω·k
f ·`

)
, θ2 = tan−1

(
m
0

)
, θ3 =

tan−1
(

ω·`
−f ·k

)
, 0 ∼= 3.2× 10−5 m−1, and ω = σ − kū − `v̄.

σ and ω are ground-based observation frequency and
intrinsic frequency of the wave, respectively;ū and v̄ are,
respectively, the zonal and meridional component of the
mean wind velocity. All other notations are the same as in
the text.

Then the time averages (denoted by over bar) of the wave
energyE, vertical flux of zonal (meridiponal) momentum
u′w′ (v′w′), are obtained from Eqs. (B1), (B2) and (B3),

E = u′u′ + v′v′

=

[
N2

− ω2

ω
(
ω2 − f 2

)]2

×

[(
ω2

+ f 2
)(

k2
+ `2

)
m2 + 02

]
×

W2

2
,

(B4)

u′w′ =
N2

− ω2

ω
(
ω2 − f 2

)
√

ω2k2 + f 2`2

m2 + 02
×W2

×
1

2
cos(θ1 + θ2) ,

(B5)

v′w′ =
N2

− ω2

ω
(
ω2 − f 2

)
√

ω2`2 + f 2k2

m2 + 02
×W2

×
1

2
cos(θ3 + θ2) .

(B6)

Examples of flux to energy ratiou′w′

/
E andv′w′

/
E ob-

tained from Eqs. (B4), (B5) and (B6) for some cases were
given in the 6th and 7th column in Tables 4a and b.
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