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1 Introduction

Variational inequalities, introduced by Hartman and Stampacchia [1] in the early sixties,
are one of the most interesting and intensively studied classes of mathematical problems.
They are a very powerful tool of the current mathematical technology and have been ex-
tended to study a considerable amount of problems arising in mechanics, physics, opti-
mization and control, nonlinear programming, transportation equilibrium and engineer-
ing sciences (see, e.g., [2—4]). As a useful and important generalization of variational in-
equalities, quasi-variational inclusion problems are also further studied (see, e.g., [5-14]
and the references contained therein).

Throughout this paper, we assume that H is a real Hilbert space with the inner product
(-,-) and the induced norm || - ||, and let C be a nonempty closed convex subset of H. F(T)
denotes a fixed point set of the mapping 7.

Let @ be a single-valued mapping of C into H and M be a multi-valued mapping with

domain D(M) = C. The quasi-variational inclusion problem is to find # € C such that

0 € ®(u) + Mu. (1.1)
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The solution set of quasi-variational inclusion problem (1.1) is denoted by VI(C, &, M). In

particular, if M = 3¢, where 8¢ : H — [0, o] is the indicator function of C, i.e.,

0, xeC,

Scl@) = +00, x¢C

then the variational inclusion problem (1.1) is equivalent to finding u € C such that
(dJ(u), V- u) >0, VveC. (1.2)

This problem is called the Hartman-Stampacchia variational inequality problem [1]. The
solution set of problem (1.2) is denoted by VI(C, ®).

Recall that T': C — C is called a k-strictly pseudo-contractive mapping if there exists a
constant k € [0,1) such that

2

ITx - Tyl> < llx—yl> + k| - T)x = = T)y||", VxyeC, (1.3)
and T is called a pseudo-contractive mapping if
ITe— I < e =yl + | (U - D= U~ T|", ¥xyeC.

It is obvious that k = 0, then the mapping T is nonexpansive, that is,
I1Tx - Tyl < llx—yll, VxyeC.

It is well known that finding fixed points of nonexpansive mappings is an important
topic in the theory of nonexpansive mappings and has wide applications in a number of
applied areas, such as the convex feasibility problem [15, 16], the split feasibility problem
[17], image recovery and signal processing [18]. After that, as an important generalization
of nonexpansive mappings, strictly pseudo-contractive mappings become one of the most
interesting studied classes of nonexpansive mappings (see, e.g., [19-22]). In fact, strictly
pseudo-contractive mappings have more powerful applications than nonexpansive map-
pings do such as in solving an inverse problem [23].

In order to find a common element of the solution set of quasi-variational inclusion
problem (1.1) and the fixed point set of k-strictly pseudo-contractive mapping (1.3), which

is also a solution of the following constrained convex minimization problem:
minf(x), (1.4)
xeC

where f: C — R is a real-valued convex function and assumes that problem (1.4) is con-

sistent (i.e., its solution set is nonempty), let 2 denote its solution set. Ceng et al. [24]
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studied the following algorithm: take xy = x € C arbitrarily and

Yn = Pc(xn = 1 Vf (x4)),

ty = Pcx, — )\nvf(yn));

Zy = (1= 0ty = 0)%n + Sty (tn = 10 P (t0))
+ ST gu (b = 10 P (E0)),

Cu={zeC:illzy—2z| < %, —zll},

Qu={z€C:{x,-z,x-x,) >0},

%Xn+1 = Pc,no,x, n>0.

Under appropriate conditions they obtained one strong convergence theorem.
In this paper, motivated and inspired by the above facts, we propose a new algorithm as
follows: take x( € C arbitrarily, set Cy = C, and

Yn = Pc(xn = 1 Vf (x4)),

Zp = Pc(x, — }\nvf(yn));

bn = I g (Zn = Un®(20)s

Wy =ty + (1 — «,)Sty,
Conn={weCy:llwy—wl < lx,—wl},

Xn+l = PlexO’ n>0,

and also get a strong convergence theorem under certain conditions.

The remainder of this paper is organized as follows. In Section 2, some definitions and
lemmas are provided to get the main results of this paper. In Section 3, we give and prove
one strong convergence theorem about our proposed algorithm. Finally, in Section 4, we
apply our conclusion to some special cases.

2 Preliminaries
Let H be a real Hilbert space. It is well known that

llx = yl1% = [l%l* = 2{x,) + |yl
and
e+ =)y = x> + (A = Olyl> = £(1 - ) — y])>

forallx,y € H and ¢ € [0,1].

Now, we recall some definitions and useful results which will be used in the next section.

Definition 2.1 Let 7 : C — H be a nonlinear operator.

(1) T is Lipschitz continuous if there exists a constant L > 0 such that
ITx— Tyl < Lllx-yll, Vx,y€C.
(2) T is monotone if

(Ix—Ty,x—y) >0, Vx,yeC.

Page 3 of 15
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(3) T is p-strongly monotone if there exists a number p > 0 such that
(Tx - Ty,x-y) = plx—yl>, VxyeC.

(4) T is n-inverse-strongly monotone if there exists a number n > 0 such that
(Tx - Ty,x—y) = nl|Tx— TylI’, Vx,yeC.

It is easy to see that the following results hold: (i) strongly monotone is monotone; (ii) an

n-inverse-strongly monotone mapping is monotone and %—Lipschitz continuous; (iii) 7 is

Lk

k-strictly pseudo-contractive, then I - T'is =

inverse strongly monotone.

Definition 2.2 A multi-valued mapping M : D(M) C H — 2 is called monotone if its
graph G(M) = {(x,f) € H x H : x € D(M),f € Mx} is a monotone set in H x H, that is, M

is monotone if and only if

*x.f), (0,8 eGWM) = (x—yf-g >0.

A monotone multi-valued mapping M is called maximal if for any (x,f) € H x H, (x—y,f —
g) > 0 for every (y,2) € G(M) implies f € Mx.

Remark 2.1 [24] The following results are equivalent:
(1) A multi-valued mapping M is maximal monotone;
(2) M is monotone and (I + AM)D(M) = H for each A > 0;
(3) M is monotone and its graph G(M) is not properly contained in the graph of any
other monotone mapping in H.

Definition 2.3 P¢: H — C is called a metric projection if for every point x € H, there
exists a unique nearest point in C, denoted by Pcx, such that

lx = Pex|| < [lx—yll, VyeC.

Lemma 2.1 Let C be a nonempty closed convex subset of H and let Pc : H — C be a metric
projection, then

(1) [I1Pcx = Peyll* < (x -y, Pcx — Pcy), Y,y € H;

(2) moreover, Pc is a nonexpansive mapping, i.e., |Pcx — Pcy|l < |lx—y|, Vx,y € H;

(3) (x—Pcx,y—Pcx)<0,YVxe€H,yeC;

(4) =yl = llx = Pex|]? + |ly - Pex|%, ¥x € H, y € C.

Definition 2.4 Let M : D(M) C H — 2/ be a multi-valued maximal monotone mapping,
then the single-valued mapping /1, : H — H defined by

Impx = + uM)x, VxeH

is called the resolvent operator associated with M, where w is any positive number and /
is the identity mapping.
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Lemma 2.2 [5, 24, 25] The resolvent operator Jy,,, associated with M is single-valued and
firmly nonexpansive, i.e.,

”]M,ptx _]M,uy”Z f (]M,ux _]M,uy’x _y); Vx;y S H.
Consequently, ]M;l‘- is nonexpansive and monotone.

Lemma 2.3 [24] Let M be a multi-valued maximal monotone mapping with D(M) = C.
Then, for any given i >0, u € C is a solution of problem (1.1) if and only if u € C satisfies

u=Jmpu (u - ,udD(u)).

Lemma 2.4 [24] Let M be a multi-valued maximal monotone mapping with D(M) = C
and let ® : C — H be a monotone, continuous and single-valued mapping. Then M + ® is

maximal monotone.

In the sequel, we use x, — x and x, — x to denote the weak convergence and strong
convergence of the sequence {x,} in H, respectively.

Lemma 2.5 [26] Let C be a nonempty closed convex subset of H and let T : C — C be a
k-strictly pseudocontractive mapping, then the following results hold:
(1) inequality (1.3) is equivalent to

1-k 2
(Tx - Ty, x—y) < llx—yl* - — |[U-Tx-U-T)y|", VxyeC.
(2) T is Lipschitz continuous with a constant %, ie.,

1+k
ITx - Tyll < — llx=yl, Vx,yeC.
1-k
(3) (Demi-closedness principle) I — T is demi-closed on C, that is,
ifxy =~ x* € Cand (I - T)x, — 0, then x* = Tx".

Lemma 2.6 Let C be a nonempty closed convex subset of H and let T : C — H be an n-
inverse-strongly monotone mapping, then for all x,y € C and n > 0, we have

| =2T)x = U= 2Ty | = |G =3) = (T2 - )
= llx = 1> = 22(Tx = Ty,x - y) + A*[| Tx - TylI*

< o= yII* + A0 = 20) | T — Ty .
S0, if 0 < X <2n, then I — AT is a nonexpansive mapping from C to H.

Lemma 2.7 [24,27] Let A: C — H be a monotone, Lipschitz continuous mapping, and let
Ncv be the normal cone to C atv e C, ie.,

Ncv = {zeH: (v—u,z) >0,Yu e C}.
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Define

_JAv+Ncv, veC,
g, veC.

Tv

Then, T is maximal monotone and 0 € Tv if and only if v € VI(C, A).

For the minimization problem (1.4), if f is (Frechet) differentiable, then we have the
following lemma.

Lemma 2.8 [28] (Optimality condition) A necessary condition of optimality for a point
x* € C to be a solution of the minimization problem (1.4) is that x* solves the variational
inequality

(Vf(x*),x-x*)>0, VxeC. 21)
Equivalently, x* € C solves the fixed point equation
&* = Pc(x* - AVf(x"))

for every constant A > 0. If, in addition, f is convex, then the optimality condition (2.1) is
also sufficient.

3 Main results

In this section, we prove a strong convergence theorem by an iterative algorithm for find-
ing a solution of the constrained convex minimization problem (1.4), which is also a com-
mon solution of the quasi-variational inclusion problem (1.1) and the fixed point problem
of a k-strictly pseudo-contractive mapping (1.3) in a real Hilbert space.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. For the
minimization problem (1.4), assume that f is (Frechet) differentiable and the gradient Vf is
a p-inverse-strongly monotone mapping. Let ® : C — H be an n-inverse-strongly monotone
mapping and M be a maximal monotone mapping with D(M) = C, and let S: C — C be a
k-strictly pseudo-contractive mapping such that F = F(S) N QN VI(C, ®, M) # (. Pick any
x9 € C and set Cy = C. Let {x,,} C C be a sequence generated by

Yn = Pc(xn = 1 Vf (x4)),
Zy = PC(xn - )‘nvf(yn));
tn = I (Zn — 10 P (20)), (3.1)
Wy =ty + (1= a,)Sty,

Cu1={weC:|lw,—w| < llx, —wll},

Xptl = PC,,Hle) n>0,

where the following conditions hold:
(i) 0<liminf, oA, <limsup,_, A, < p;
(i) € < py, <2n forsome € € (0,2n];
(iii) & <liminf,_, o o, <limsup,_, ., o, <1.

Then the sequence {x,} converges strongly to Prxy.
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Proof It is obvious that C,, is closed for each n € N. Since ||w,, —w|| < |lx, —w]|| is equivalent

to
2
”Wn _xn” + 2<Wn — Xy X — W) = 0;

we have that C,, is convex for each n € N. Therefore, {x,,} is well defined. We divide the
proof into five steps.

Step 1. We show by induction that 7 C C, for each n € N.

It is obvious that F C Cj = C. Suppose that 7 C C, for some n € N. Let p € F, we have

W, =pI? = Jletnt + (1= )St, — p|°
= Jletn(tn —p) + 1 = @)(Stu - p)|*
= ity —plI* + (1= an) 1Sty — plI* = ol — ) |t — Stu1?
< ayllty — pI* + (1= ) [lltw = PI* + Kl = Stul|*] = tn(1 = ) 1 — Stil|®
= [1tw = pII” + (1= ) (k — ) 160 — St”

< lits - pI* (3.2)
According to Lemma 2.3, Lemma 2.2 and Lemma 2.6, we get

ltw = P11% = |Tatin (20 = 10 P (@) = Tt ( — 112 @) |
< |20 = 1n®(z0) = (p = 1a® )|
< Nzu =PI + 1ttt — 21) | @(z) — @)
< llzu—pl*. (3:3)

Since the gradient Vf is a p-inverse-strongly monotone mapping and p € F C €, from

Lemma 2.8, we have

(Vf0u) = V@) yn-p)=0 and (Vf(p),yu—p)=0. (3.4)

From Lemma 2.1(4) and (3.4), we obtain

2w = I = |Pe(n = 20 Vf ) - P
< [w = 2 Vf O) = | = [0 = 2n V) = 2|
= [l = pII* = 10 = 2u 1> + 244(VS Gn)s  — 20
= %0 = pI* = %0 = zull* + 224 [(VF ) = V), — )
+(VE®),p = ) + (Vf O I — )]
< 1% =PI = 1960 = Zall® + 22u{Vf On), 3 — 20)
= 110 = DI = 16 = Yil® = 2% ~ Vs Y — 2}

~ Ny = zull® + 22u(Vf Gn)s Y — Zu)
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= [lxn _I'J”2 = l%n —an|2 —1yn _Zn”2
+ 2<xn - )\nvf(yn) —VnsZn _yn)' (3.5

It is easy to see that p-inverse-strongly monotone mapping Vf is %—Lipschitz continuous.
Further, since y,, = Pc(x, — A, Vf(x,)) and by Lemma 2.1(3) we have

(% = 2uVf On) = Vs 20— ¥u)
= (0 = 2nVf Xn) = Vs Zn = V) + (An VI 0) = 2nVF ) 20 = V)
< (V@) = 2V ) 20 = )
< || Vf ) = V) |20 = il

An
< _”xn _ynH”Zn_yn”- (3-6)
0
Substituting (3.6) into (3.5), we obtain

||Zn —P||2 = ”xn —P||2 - ”xn _yn||2 - “yn _Zn”2
+ 2<xn - )»an()/n) _ym Zy _yn>

2
I

9 9 2\,
< xn =pI" = %0 = ull” = lyn = zall” + 7”9571 = Inllllzn = Yl

)LZ
2 2 2 2 2
= “xn —19|| - ”xn _yn” - ”yn _Zn” + ,0; ”xn _yn” + ”Zn _yn”

2 A 2
= |lxy —pllI” + <p—; - )len = Iull
< llx, - plII*. (37)
From (3.2), (3.3) and (3.7), we have
lw, = pll < llx. - pll. (3.8)
Hence p € C,,;. This implies that p € C,, for all » € N.
Step 2. We prove that lim,,,  ||%,+1 — %, || = 0 and lim,,, o ||%,, — w,,|| = 0.
Let x* = Prxy. From x,, = Pc,xo and x* € F C C,, we obtain

[l — 20l < [|&* —2x0]- (3.9)

Then {x,} is bounded. This implies that {z,}, {¢,} and {w,} are also bounded. Since x, =

Pc,xo and x,,41 € Cypy1 C Cyy, we have
1%, = %ol < %41 — X0l

Therefore lim,,_, » [|[%, — %0 || exists. From x,, = Pc, %0, X441 € Cys1 C C,, and Lemma 2.1(4),

we obtain

2 2 2
0 < "xn+1 _xn” = ”xO _xn+1|| - ”xO _xn” ’
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which implies
lim ||x,1 — %, = 0. (3.10)
n—0Q
It follows from «,,,; € C,,1 that ||w,, — x,.1]| < ||%, — %4411, and hence
o6 = Wil < %0 = Xpaa ll + %041 = wall < 20120 — 1|l (3.11)
From (3.10) and (3.11), we have
lim ||x, —w,| =0. (3.12)
n— 00
Step 3. We show that lim,,_, « ||, — St,|| = 0, lim,,—, « ||%, — 24| = 0 and lim,  ||%, —
t;|| = 0.

For p € F, from (3.2), (3.3) and (3.7), we have

”Wn —P||2 = ”tn —P||2 + (1 _an)(k_an)”tn _Stn||2

<llza —P||2 + (1 — o)k — ) _Stn”2

)\‘2
=< ll%n _P”z + <,0_; - )”xn _yn||2 + (1 —ay)k—ay)llt, —St,,||2.
Then

)\’2
<1 - p_;) |E _yn||2 + (L= o)y — K)it, _Stn”2

2 2
< % = pII” = llwn - pli

< (I =PIl + 1w = pl1) 1% = will. (3.13)

Since 0 < liminf,_, o A, < limsup,_, ., A, < p and k < liminf,_, o o, < limsup,,_, o, <1,
from (3.12) and (3.13) we get

lim ||x, —y,] =0 (3.14)
and

lim ||t, — St,|| = 0. (3.15)

n— o0

As Vfis %—Lipschitz continuous, we have

lzn = yull = ”PC(xn - )‘nvf(yn)) - PC(xn - }“nvf(xn)) H
= ”xn =2 Vf () - (xn - )lef(xn)) ”
= An ||Vf()’n) - Vf(xn) ||

A
< % = Yl
P
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Hence
lim ||z, —y.| =0. (3.16)
n— 00

From (3.14) and (3.16), we obtain

lim ||x, —z,|| = 0. (3.17)
Hn—0Q

We observe
Wy, —tull = ”‘xntn + (1= a,)Sty — ty ”

= (L—a,)|ISt, -t

=< ISty = tull. (3.18)
From (3.15), we get
lim f[w, —2,]| = 0. (3.19)
Combining (3.12) and (3.19), we have
lim ||x, —t,|| = 0. (3.20)
n=00

Step 4. Since {x,} is bounded, there exists a subsequence {x,,} which converges weakly
to u. We show that

ucF=FOS)NQNVIC,o,M).
Indeed, firstly, we show u € F(S). Since ||%, — £,|| — 0 and x,, — u, we have ¢,, — u.
From |St, — t,|| — 0, we obtain ||St,, — ¢,/ = 0 as i — co. By Lemma 2.5 (Demi-

closedness principle), we can conclude that u € F(S).
Secondly, we show u € Q. Since z, = Pc(x, — 1, Vf(y,)) and by Lemma 2.1(3), we have

(xn - )\nvf(yn) —ZpyZn — V) Z 0:

that is,

n

<v — 2z, Z% + Vf(y,,)> > 0.

Let

To < Vf(v) +Ncv, veC,
@, veC.

Then, from Lemma 2.7, we know that 7" is maximal monotone and 0 € 7v if and only if
v € VI(C, Vf). Let G(T) be the graph of T and let (v,k) € G(T). Then we have h € Tv =
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Vf(v) + Ncv. Hence h — Vf(v) € Ncv. So, we have
(v—z,h - Vf(v)) >0, VzeC.
Therefore,

(V — Zn;» h)

> (v = 2, VF)

Zn,-): Xn; + Vf()’ni)>

nj

> (V — Zp;» Vf(V)) - <V ~ Zn;»

= <V — 2, Vf(v) - Vf(z,,i)) + (v — 2, Vf(zy,) — Vf(y,,)) - <v — Zns @>

Zy, — X

An

i

= (=20 ¥ ) = 5 00) = (v 2 ). (321)

Since ||, — ¥4/l = 0 and ||%, — z,|| — 0, we have y,, = u and z,,, — u. Then, from (3.21),
we obtain (v —u,h—0) = (v—u,h) > 0 as i — o0. Since T is maximal monotone, we have
0 € Tu and hence u € VI(C, Vf). According to Lemma 2.8, we obtain u € Q.

Finally, let us show u € VI(C, ®, M). Since ® : C — H is n-inverse-strongly monotone
and M is maximal monotone, by Lemma 2.4 we know that M + ® is maximal monotone.
Take a fixed (y,g) € G(M + ®) arbitrarily. Then we have g € ®(y) + My, that is,

g— () € My.

Since t,,, = ]M’M"i (2n; — tn; P (24,)), then

1
— (20, — o, P (20,) — ;) € My,

nj

Therefore,

1
<y — b g — CI)(y) - M—(zni - //«niq)(zni) - tni)> >0,

nj

which hence yields

=1t 8

> <)/— Ly ‘D()’) + %(Zni - /'Lniq)(zni) - tn,-)>

nj

=y =ty D) - Dl2n)) + <y "y zn,.M— b, >

nj

=n ” (D()’) - q)(tnl‘) ||2 + <J/ - tn,-! q)(tni) - CD(ZVI,'» + <}’ - tnp Z”li’u_ t”li>

> (=, DEy) — Dlzn)) + |y — by, 01, (3.22)
< 1 1 1 ) 1 H/

nj

Page 11 of 15
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Observe that

nj

Zn, — Ly,
’(y_ tni) cb(tnl) - CI)(ZVli)) + <}’— tnp ”z,u Vl[>

IA

1
“y - tni ” ” cb(tn,-) - CD(Z,,L.) ” + M_ ”y - tni ” ”Zni - tn,' ”

nj

IA

1 1
; “y - t}’ll‘ ” ”tn,' - ZVI,‘ ” + z ”y - t}’ll‘ ” ”Zn,' - tni ”

1 1
—t = “y_ trl,‘””ZVl,' - tm”'
n €

By ||x, — z4|l = 0 and ||x,, — t,|| = O, we have ||z, — ¢,|| = 0. Then

=0.

15 n;

irgo‘(y =ty D(tn,) — Plzn,)) + <y —tu;s Z”"M_ i >

Let i — o0, from (3.22) we get
(y-u,g-0)=(—-ug =0.

This implies that 0 € ®(u) + Mu. Hence u € VI(C, ®, M). Therefore,
ue F=F(©S)NQNVIC, d,M).

Step 5. We show that x,, — x*, where x* = Prxy.
Indeed, from x* = Prxg, u € F = F(S) N QN VI(C, &, M) and (3.9), we have

" =20 | < e = ol < Himinf 1, =] < limsup Iy, ol < " = -
Then

lim lx,; — %ol = [l — xol.
11— 00

From x,, —xo — u — x and the Kadec-Klee property of H, we have x,,, —xo — # — X9, and

hence %, — . Since x,, = Pc, %o and #* € F C C,,, we have

— " = %, H2 = (6" = Xs Ko, — X0) + (K — X5 20 — &%) > (" — %, %0 — KF).
Let i — oo, by u € F and x* = Prx, we have

[t = u|® = (x* — %0 —a*) > 0.

Hence u = x*, which implies that x,, — x*. This completes the proof. g
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4 Applications
From Theorem 3.1, we can obtain the following theorems.

Theorem 4.1 Let C be a nonempty closed convex subset of a real Hilbert space H. For the
minimization problem (1.4), assume that f is (Frechet) differentiable and the gradient Vf
is a p-inverse-strongly monotone mapping. Let S : C — C be a k-strictly pseudo-contractive
mapping such that F = F(S) N Q #@. Pick any xo € C and set Cy = C. Let {x,} C C bea
sequence generated by

Yn = Pc(x, - )anf(xn))r

zy = Pc(x, — )anf(yn)):

Wy = ez, + (1 — )8z, (4.1)
Conn={weCy:llwy—wl <l —wl},

X1 = Pcy%0, >0,

where the following conditions hold:
(i) 0<liminf,_ oA, <limsup,_, . A, < p;
(ii) k <liminf,_ o o, <limsup,_ . o, <1.

Then the sequence {x,} converges strongly to Prxy.

Proof Let ® = M = 0 in Theorem 3.1, we have VI(C,0,0) = C and F = F(S) N N
VI(C,0,0) = F(S) N Q. Let n be any positive number in the interval (0,00) and take any
sequence {u,} C [€,2n] for some € € (0,2n]. In addition, we have

ty =]M,;L,, (Zn - an)(zn)) = (1 + //LnM)ilzn =Zy.
Therefore, by Theorem 3.1 we obtain the expected result. O

Theorem 4.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
S: C — C be a nonexpansive mapping such that F(S) # ). Pick any xo € C and set Cy = C.
Let {x,} C C be a sequence generated by

Wy = QpXy + (1 - Oln)an,
Cn+l = {W € Cn : ”Wn - W” =< ”xn - W”}¢ (42)
Xntl = PC,H,lx(); n= 0;

where the following condition holds: k < liminf,_, . o, <limsup,_, . o, < 1. Then the se-
quence {x,} converges strongly to Prx.

Proof Let Vf = ® =M =0 and k = 0 in Theorem 3.1. Let p, n be any positive num-
ber in the interval (0,00). Take any sequence {A,} which satisfies 0 < liminf,, o A, <
limsup,_, ., A» < p and take any sequence {u,,} C [€,27] for some € € (0,27]. In this case,

we have

Yn = PC(xn - )lef(xn)) =Xn,

Zn = PC(xn - )anf(yn)) =Xny

Ly = Jat (21 — 1n @ (21)) = zu»

Wy =ty + (1 — ,)St, = o, + (1 — ) Sk,

(4.3)

Therefore, by Theorem 3.1 we obtain the expected result. O
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Theorem 4.3 Let C be a nonempty closed convex subset of a real Hilbert space H. For the
minimization problem (1.4), assume that f is (Frechet) differentiable and the gradient Vf
is a p-inverse-strongly monotone mapping. Let " : C — C be y -strictly pseudo-contractive
and let S : C — C be a k-strictly pseudo-contractive mapping such that F = F(S)N QN
F(T') # . Pick any xy € C and set Cy = C. Let {x,,} C C be a sequence generated by

Yn = Pc(xy — 1 VS (x4)),
z, = Pc(x, — )‘nvf(yn)):
tn = (1= pun)zn + pul (), (4.4)
Wy =ty + (1 - a,)Sty,

Crn={we Cy:llwy—wl| < [lx, —wll},

KXn+l = PCn+1xO) n= 0;

where the following conditions hold:
(i) 0<liminf, oA, <limsup,_, A, < p;
(i) € <pp<1-1y forsomee € (0,1-y];
(iii) k <liminf,, o o, <limsup,_, . o, <1

Then the sequence {x,} converges strongly to Prxy.
Proof Let ® =1—-T" and M = 0 in Theorem 3.1, then we have that ® is n-inverse strongly

monotone with 1 = I_Ty Now, we show that VI(C, ®, M) = F(I'). In fact, since ® = - T
and M = 0, we obtain

0 € VI(C, ®, M)

¢ ¢ ¢ ¢
o
I
by
&

Thus,
F=FOS)NQNVIC,o,M)=F©S)NnnN F().
Note that 1, € [¢,1-y] C [0,1], hence (1 — w,)z, + u,'(z,) € C. In this case, we have

Iy = ]M,p,,, (Zn - Mn(b(zn))
=+ /an]VI)_1 (Zn - Mncb(zn))
=2, — U ®(2y) = 24 — 1 = ) (20)

= (1— un)zn + wnl'(2,).

Therefore, by Theorem 3.1 we obtain the expected result. O
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