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Abstract
The concept of ordered g-contraction is introduced, and some fixed and common
fixed point theorems for g-nondecreasing ordered g-contraction mapping in partially
ordered metric spaces are proved. We also show the uniqueness of the common fixed
point in the case of an ordered g-contraction mapping. The theorems presented are
generalizations of very recent fixed point theorems due to Golubović et al. (Fixed
Point Theory Appl. 2012:20, 2012).
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1 Introduction
The Banach fixed point theorem for contraction mappings has been extended in many
directions (cf. [–]). Very recently, Golubović et al. [] presented some new results for
ordered quasicontractions and ordered g-quasicontractions in partially ordered metric
spaces.
Recall that if (X,�) is a partially ordered set and f : X → X is such that, for x, y ∈ X,

x � y implies fx � fy, then a mapping f is said to be nondecreasing. The main result of
Golubović et al. [] is the following common fixed point theorem.

Theorem . (See [], Theorem ) Let (X,d,�) be a partially ordered metric space and
let f , g : X → X be two self-maps on X satisfying the following conditions:

(i) fX ⊂ gX ;
(ii) gX is complete;
(iii) f is g-nondecreasing;
(iv) f is an ordered g-quasicontraction;
(v) there exists x ∈ X such that gx � fx;
(vi) if {gxn} is a nondecreasing sequence that converges to some gz ∈ gX , then gxn � gz for

each n ∈N and gz � g(gz).
Then f and g have a coincidence point, i.e., there exists z ∈ X such that fz = gz. If, in addi-
tion,
(vii) f and g are weakly compatible [, ], i.e., fx = gx implies fgx = gfx, for each x ∈ X ,

then they have a common fixed point.
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An open problem is to find sufficient conditions for the uniqueness of the common fixed
point in the case of an ordered g-quasicontraction in Theorem ..
In Section  of this article, we introduce ordered g-contractions in partially ordered

metric spaces and prove the respective (common) fixed point results, which generalizes
the results of Theorem ..
In Section  of this article, a theorem on the uniqueness of a common fixed point is

obtained when for all x,u ∈ X, there exists a ∈ X such that fa is comparable to fx and
fu, in addition to the hypotheses in Theorem . of Section . Our result is an answer to
finding sufficient conditions for the uniqueness of the common fixed point in the case of
ordered g-contractions in Theorem .. Finally, two examples show that the comparability
is a sufficient condition for the uniqueness of common fixed point in the case of ordered
g-contractions, so our results are extensions of known ones.

2 Common fixed points of ordered g-contractions
We start this section with the following definitions. Consider a partially ordered set (X,�)
and two mappings f : X → X and g : X → X such that f (X)⊂ g(X).

Definition . (See []) We shall say that the mapping f is g-nondecreasing (resp.,
g-nonincreasing) if

gx� gy ⇒ fx � fy ()

(resp., gx� gy ⇒ fx � fy) holds for each x, y ∈ X.

Definition. (See []) We shall say that themapping f is an ordered g-quasicontraction
if there exists α ∈ (, ) such that for each x, y ∈ X satisfying gy� gx, the inequality

d(fx, fy) ≤ α ·M(x, y)

holds, where

M(x, y) =max
{
d(gx, gy),d(gx, fx),d(gy, fy),d(gx, fy),d(gy, fx)

}
.

Definition . We shall say that the mapping f is an ordered g-contraction if there is a
continuous and nondecreasing function ψ : [, +∞)→ [, +∞) with ψ() =  and if there
exists α ∈ (, ), the inequality

ψ
(
d(fx, fy)

) ≤ max
{
ψ

(
αd(gx, gy)

)
,ψ

(
αd(gx, fx)

)
,ψ

(
αd(gy, fy)

)
,

ψ
(
αd(gx, fy)

)
,ψ

(
αd(gy, fx)

)}
()

holds for all x, y ∈ X for which gy� gx.

It is obviously that if ψ = I , then ordered g-contraction reduces to ordered g-quasicon-
traction.
For arbitrary x ∈ X one can construct a so-called Jungck sequence {yn} in the following

way: denote y = fx ∈ f (X) ⊂ g(X); there exists x ∈ X such that gx = y = fx; now y =
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fx ∈ f (X)⊂ g(X) and there exists x ∈ X such that gx = y = fx and the procedure can be
continued.

Theorem. Let (X,�) be a partially ordered set and suppose there is ametric d on X such
that (X,d) is a complete metric space. Let f , g : X → X be two self-maps on X satisfying the
following conditions:

(i) f (X) ⊂ g(X);
(ii) g(X) is closed;
(iii) f is a g-nondecreasing mapping;
(iv) f is an ordered g-contraction;
(v) there exists an x ∈ X with gx � fx;
(vi) {g(xn)} ⊂ X is a nondecreasing sequence with g(xn)→ gz in g(X), then gxn � gz,

gz � g(gz), ∀n hold.
Then f and g have a coincidence point. Further, if f and g are weakly compatible, then f
and g have a common fixed point.

Proof Let x ∈ X be such that gx � fx. Since f (X)⊂ g(X), we can choose x ∈ X such that
gx = fx. Again from f (X) ⊂ g(X), we can choose x ∈ X such that gx = fx. Continuing
this process we can choose a sequence {yn} in X such that

gxn+ = fxn = yn, ∀n≥ . ()

Since gx � fx and gx = fx, we have gx � gx. Then by (),

fx � fx. ()

Thus, by (), gx � gx. Again by (),

fx � fx, ()

that is, gx � gx. Continuing this process, we obtain

fx � fx � fx � fx � · · · � fxn � fxn+. ()

Now, we will claim that {yn} is a Cauchy sequence. In what follows, we will suppose that
d(fxn, fxn+) >  for all n, since if fxn = fxn+ for some n, by (),

fxn+ = gxn+, ()

that is, f and g have a coincidence at x = xn+, and so we have finished the proof. Thus we
assume that d(fxn, fxn+) >  for all n. We will show that

d(fxn, fxn+) ≤ d(fxn–, fxn), ∀n≥ . ()

http://www.fixedpointtheoryandapplications.com/content/2014/1/28
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From () and (), it follows that gxn � gxn+ for all n > . Then apply the contractivity
condition () with x = xn and y = xn+,

ψ
(
d(fxn, fxn+)

) ≤ max
{
ψ

(
αd(gxn, gxn+)

)
,ψ

(
αd(gxn, fxn)

)
,ψ

(
αd(gxn+, fxn+)

)
,

ψ
(
αd(gxn, fxn+)

)
,ψ

(
αd(gxn+, fxn)

)}
. ()

Thus by (),

ψ
(
d(fxn, fxn+)

) ≤ max
{
ψ

(
αd(fxn–, fxn)

)
,ψ

(
αd(fxn–, fxn)

)
,ψ

(
αd(fxn, fxn+)

)
,

ψ
(
αd(fxn–, fxn+)

)
,ψ

(
αd(fxn, fxn)

)}
= max

{
ψ

(
αd(fxn–, fxn)

)
,ψ

(
αd(fxn, fxn+)

)
,

ψ
(
αd(fxn–, fxn+)

)}
. ()

We divide the proof of () into three cases in the following:
(I) If max{ψ(αd(fxn–, fxn)),ψ(αd(fxn, fxn+)),ψ(αd(fxn–, fxn+))} = ψ(αd(fxn–, fxn)),

from (), then

ψ
(
d(fxn, fxn+)

) ≤ ψ
(
αd(fxn–, fxn)

)
. ()

Since ψ is nondecreasing, d(fxn, fxn+) ≤ αd(fxn–, fxn). By virtue of α ∈ (, ), it follows
that d(fxn, fxn+) ≤ d(fxn–, fxn). Thus () holds.
(II) If max{ψ(αd(fxn–, fxn)),ψ(αd(fxn, fxn+)),ψ(αd(fxn–, fxn+))} = ψ(αd(fxn, fxn+)),

from (), then

ψ
(
d(fxn, fxn+)

) ≤ ψ
(
αd(fxn, fxn+)

)
. ()

Sinceψ is nondecreasing, d(fxn, fxn+)≤ αd(fxn, fxn+). By virtue of α ∈ (, ), d(fxn, fxn+) =
, and it is a contraction with the assumption that d(fxn, fxn+) >  for all n!
(III) Ifmax{ψ(αd(fxn–, fxn+)),ψ(αd(fxn, fxn+)),ψ(αd(fxn–, fxn+))} =ψ(αd(fxn–, fxn+)),

from () and the triangle inequality, we have

ψ
(
d(fxn, fxn+)

) ≤ ψ
(
αd(fxn–, fxn+)

)
≤ ψ

(
αd(fxn–, fxn) + αd(fxn, fxn+)

)
. ()

Since ψ is nondecreasing,

d(fxn, fxn+) ≤ αd(fxn–, fxn) + αd(fxn, fxn+).

Then it follows that

d(fxn, fxn+) ≤ α

 – α
d(fxn–, fxn). ()

Thus () trivially holds when α ∈ (,  ). Hence

d(fxn, fxn+) ≤ d(fxn–, fxn), ∀n≥ .

http://www.fixedpointtheoryandapplications.com/content/2014/1/28
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Taking into account the previous considerations, we proved that () holds. From (), it
follows that the sequence d(fxn, fxn+) of real non-negative numbers is monotone nonin-
creasing. Therefore, there exists some σ ≥  such that

lim
n→∞d(fxn, fxn+) = σ . ()

Next we will prove that σ = . We suppose that σ > . By the triangle inequality,

d(fxn–, fxn+) ≤ d(fxn–, fxn) + d(fxn, fxn+). ()

Hence, by (),

d(fxn–, fxn+) ≤ d(fxn–, fxn). ()

Taking the upper limit as n → ∞, we get

lim sup
n→∞



d(fxn–, fxn+) ≤ lim

n→∞d(fxn–, fxn). ()

Set

lim sup
n→∞



d(fxn–, fxn+) = ρ. ()

Then it follows that  ≤ ρ ≤ σ . Now, taking the upper limit on the both sides of () and
ψ(t) being continuous, we get

lim
n→∞ψ

(
d(fxn, fxn+)

) ≤ max
{
ψ

(
lim
n→∞αd(fxn–, fxn)

)
,ψ

(
lim
n→∞αd(fxn, fxn+)

)
,

ψ
(
lim
n→∞αd(fxn–, fxn+)

)}
. ()

From () and (),

ψ(σ )≤max
{
ψ(ασ ),ψ(αρ)

}
. ()

Ifmax{ψ(ασ ),ψ(αρ)} =ψ(αρ), from (), it yields ψ(σ )≤ ψ(αρ). Since ψ is nonde-
creasing, then σ ≤ αρ . When α ∈ (,  ), then σ ≤ αρ < ρ , it is a contradiction! When
α = 

 , then σ ≤ ρ , it is a contradiction! When α ∈ (  , ), then σ ≤ αρ ≤ ασ , it yields
( – α)σ ≤ . Since  – α <  and σ > , it is also a contradiction!
Ifmax{ψ(ασ ),ψ(αρ)} =ψ(ασ ), then from (), it yieldsψ(σ )≤ ψ(ασ ). Sinceψ is non-

decreasing, then σ ≤ ασ . By virtue of α ∈ (, ), it yields σ . It is a contradiction with the
assumption that σ > !
Taking into account the previous consideration, σ = . Therefore, we proved that

lim
n→∞d(fxn, fxn+) = . ()

Now, we prove that {fxn} is a Cauchy sequence. Suppose, to the contrary, that {fxn} is not a
Cauchy sequence. Then there exist an ε >  and two sequences of integers {n(k)}, {m(k)},

http://www.fixedpointtheoryandapplications.com/content/2014/1/28
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m(k) > n(k) ≥ k with

tk = d(fxn(k), fxm(k)) ≥ ε for k = , , , . . . . ()

We may also assume

d(fxn(k), fxm(k)–) < ε ()

by choosing m(k) to be the smallest number which satisfies m(k) > n(k), and () holds.
From (), (), and by the triangle inequality,

ε ≤ tk ≤ d(fxn(k), fxm(k)–) + d(fxm(k)–, fxm(k)) < ε + d(fxm(k)–, fxm(k)). ()

Hence, by (),

lim
n→∞ tk = ε. ()

Since from () and (), we have gxn(k)+ = fxn(k) ≤ fxm(k) = gxm(k)+, from () and () with
x = xm(k)+ and y = xn(k)+, we get

ψ
(
d(fxn(k)+, fxm(k)+)

) ≤ max
{
ψ

(
αd(gxm(k)+, gxn(k)+)

)
,ψ

(
αd(gxm(k)+, fxm(k)+)

)
,

ψ
(
αd(gxn(k)+, fxn(k)+)

)
,ψ

(
αd(gxm(k)+, fxn(k)+)

)
,

ψ
(
αd(gxn(k)+, fxm(k)+)

)}
= max

{
ψ

(
αd(fxm(k), fxn(k))

)
,ψ

(
αd(fxm(k), fxm(k)+)

)
,

ψ
(
αd(fxn(k), fxn(k)+)

)
,ψ

(
αd(fxm(k), fxn(k)+)

)
,

ψ
(
αd(fxn(k), fxm(k)+)

)}
. ()

Denote σn = d(fxn, fxn+). Then we have

ψ
(
d(fxn(k)+, fxm(k)+)

) ≤ max
{
ψ(αtk),ψ(ασm(k)),ψ(ασn(k)),ψ

(
αd(fxm(k), fxn(k)+)

)
,

ψ
(
αd(fxn(k), fxm(k)+)

)}
= ψ

(
max

{
αtk ,ασm(k),ασn(k),αd(fxm(k), fxn(k)+),

αd(fxn(k), fxm(k)+)
})

= ψ
(
αmax

{
tk ,σm(k),σn(k),d(fxm(k), fxn(k)+),

d(fxn(k), fxm(k)+)
})
, ()

where the first equality holds, since ψ is nondecreasing, and ψ(max(s, s, . . . , sn)) =
max(ψ(s),ψ(s), . . . ,ψ(sn)) for all s, s, . . . , sn ∈ [, +∞). Again, since ψ is nondecreasing,
by (), it follows that

d(fxn(k)+, fxm(k)+) ≤ αmax
{
tk ,σm(k),σn(k),d(fxm(k), fxn(k)+),d(fxn(k), fxm(k)+)

}
.

http://www.fixedpointtheoryandapplications.com/content/2014/1/28
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Therefore, since

tk ≤ d(fxn(k), fxn(k)+) + d(fxn(k)+, fxm(k)+) + d(fxm(k)+, fxm(k))

= σn(k) + σm(k) + d(fxn(k)+, fxm(k)+), ()

we have

ε ≤ tk

≤ σn(k) + σm(k) + αmax
{
tk ,σm(k),σn(k),d(fxm(k), fxn(k)+),

d(fxn(k), fxm(k)+)
}
. ()

By the triangle inequality, (), and (),

ε ≤ tk

≤ d(fxn(k), fxm(k)+) + d(fxm(k)+, fxm(k))

= d(fxn(k), fxm(k)+) + σm(k)

≤ d(fxn(k), fxm(k)–) + d(fxm(k)–, fxm(k)) + d(fxm(k), fxm(k)+) + σm(k)

≤ ε + σm(k)– + σm(k). ()

From the equality of () and the last inequality of (), it yields

ε – σm(k) ≤ d(fxn(k), fxm(k)+)

≤ ε + σm(k)– + σm(k). ()

Similarly, we obtain

ε ≤ tk

≤ d(fxn(k), fxn(k)+) + d(fxn(k)+, fxm(k))

= σn(k) + d(fxn(k)+, fxm(k)).

And it follows that

d(fxn(k)+, fxm(k)) ≤ d(fxn(k)+, fxn(k)) + d(fxn(k), fxm(k)–) + d(fxm(k)–, fxm(k))

= σn(k) + d(fxn(k), fxm(k)–) + σm(k)–

≤ ε + σn(k) + σm(k)–. ()

Adding the two inequalities above,

ε – σn(k) ≤ d(fxn(k)+, fxm(k))

≤ ε + σn(k) + σm(k)–. ()

http://www.fixedpointtheoryandapplications.com/content/2014/1/28
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From () and (), we have

ε –
σn(k) + σm(k)


≤ d(fxn(k), fxm(k)+) + d(fxn(k)+, fxm(k))



≤ ε + σm(k)– +
σn(k) + σm(k)


. ()

Thus from () and (), we get

lim
n→∞

d(fxn(k), fxm(k)+) + d(fxn(k)+, fxm(k))


= ε. ()

Letting n → ∞ in (), then by (), (), and (), we get, as ψ is continuous,

ε ≤ αmax{ε, , , ε, ε} = αε < ε, ()

it is a contradiction! Thus our assumption () is wrong. Therefore, {fxn} is a Cauchy se-
quence. Since by (), we have {fxn = gxn+ ⊆ g(X)} and g(X) is closed, there exists z ∈ X
such that

lim
n→∞ gxn = gz. ()

Nowwe show that z is a coincidence point of f and g . Since from condition (vi) and (),
we have gxn � gz for all n, then by the triangle inequality and (), we have

ψ
(
d(fxn, fz)

) ≤ max
{
ψ

(
αd(gxn, gz)

)
,ψ

(
αd(gxn, fxn)

)
,ψ

(
αd(gz, fz)

)
,

ψ
(
αd(gxn, fz)

)
,ψ

(
αd(gz, fxn)

)}
. ()

So letting n→ ∞, and ψ being continuous, we have

ψ
(
d(fz, gz)

) ≤ max
{
,,ψ

(
αd(fz, gz)

)
,ψ

(
αd(fz, gz)

)
, 

}
= ψ

(
αd(fz, gz)

)
.

Since ψ is nondecreasing, then d(fz, gz) ≤ αd(fz, gz). Since α ∈ (, ), it follows that
d(fz, gz) = . Hence fz = gz. Thus we proved that f and g have a coincidence point.
Suppose now that f and g commute at z. Set w = fz = gz. Since f and g are weakly com-

patible,

fw = f (gz) = g(fz) = gw. ()

Since from condition (vi), we have gz � g(gz) = gw and as fz = gz and fw = gw, from (), we
have

ψ
(
d(fz, fw)

) ≤ max
{
ψ

(
αd(gz, gw)

)
,ψ

(
αd(gz, fz)

)
,ψ

(
αd(gw, fw)

)
,

ψ
(
αd(gz, fw)

)
,ψ

(
αd(gw, fz)

)}
= ψ

(
αd(gz, gw)

)
. ()

http://www.fixedpointtheoryandapplications.com/content/2014/1/28
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Since ψ is nondecreasing, d(fz, fw) ≤ αd(gz, gw), i.e., d(fz, fw) ≤ αd(fz, fw). Again from α ∈
(, ), d(fz, fw) = , that is, d(w, fw) = . Therefore,

fw = gw = w. ()

Thus, we have proved that f and g have a common fixed point. The proof is completed.
�

If we replace some conditions in Theorem ., then we can obtain the following con-
clusions. Note that the way followed in Theorem . is different from that in the proof
of Theorem .. In fact, we can use the way in Theorem . to prove the conclusions in
Theorem .. Similarly, we can also use the way in Theorem . to prove Theorem ..
Here, our aim is to show two different methods of proof. Comparing Theorem . with
Theorem ., we can find that the conclusions cover Theorem .; in other words, the
condition of Theorem . is more extensive than that in Theorem .. Now, let us treat
the following theorem.

Theorem . Let the conditions of Theorem . be satisfied, except that (iii), (v) and (vi)
are, respectively, replaced by

(iii′) f is a g-nonincreasing mapping;
(v′) there exists x ∈ X such that fx and gx are comparable;
(vi′) if {gxn} is a sequence in g(X) which has comparable adjacent terms and that converges

to some gz ∈ gX , then there exists a subsequence gxnk of {gxn} having all the terms com-
parable with gz and gz is comparable with ggz. Then all the conclusions of Theorem .
hold.

Proof Regardless of whether fx � gx or gx � fx (condition (v′)), Lemma  of [] im-
plies that two arbitrary adjacent terms of the Jungck sequence {yn} are comparable. This
is again sufficient to imply that {yn} is a Cauchy sequence. In the following, we assume the
other case to prove the conclusions of Theorem ..
Let x ∈ X be such that fx � gx, where it is different from gx � fx in Theorem ..

Since f (X) ⊂ g(X), we can choose x ∈ X such that gx = fx. Again from f (X) ⊂ g(X), we
can choose x ∈ X such that gx = fx. Continuing this process, we can choose a sequence
{yn} in X such that

gxn+ = fxn = yn, ∀n≥ . ()

Since fx � gx and gx = fx, we have gx � gx. Then by condition (iii′), f is a g-
nonincreasing mapping,

fx � fx. ()

Thus, by (), it follows that gx � gx. Again by condition (iii′),

fx � fx, ()

http://www.fixedpointtheoryandapplications.com/content/2014/1/28
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that is, gx � gx. Continuing this process, we obtain the result that two arbitrary adjacent
terms of the Jungck sequence {yn} are comparable.
Let O(yk ,n) = {yk , yk+, . . . , yk+n}. We will show that {yn} is a Cauchy sequence. To prove

our claim, we follow the arguments of Das and Naik [] again. Fix k ≥  and n ∈ {, , . . .}.
If diam[O(yk ;n)] = , then {yn} is also a Cauchy sequence. Thus our claims holds. Now we
suppose that diam[O(yk ;n)] > . Now for i, j with  ≤ i < j, by (), we have

ψ
(
d(yi, yj)

)
= ψ

(
d(fxi, fxj)

)
≤ max

{
ψ

(
αd(gxi, gxj)

)
,ψ

(
αd(gxi, fxi)

)
,ψ

(
αd(gxj, fxj)

)
,

ψ
(
αd(gxi, fxj)

)
,ψ

(
αd(gxj, fxi)

)}
= max

{
ψ

(
αd(yi–, yj–)

)
,ψ

(
αd(yi–, yi)

)
,ψ

(
αd(yj–, yj)

)
,

ψ
(
αd(yi–, yj)

)
,ψ

(
αd(yj–, yi)

)}
= ψ

(
max

{
αd(yi–, yj–),αd(yi–, yi),αd(yj–, yj),

αd(yi–, yj),αd(yj–, yi)
})

= ψ
(
αmax

{
d(yi–, yj–),d(yi–, yi),d(yj–, yj),

d(yi–, yj),d(yj–, yi)
})

≤ ψ
(
α diam

[
O(yi–; j – i + )

])
,

where the third equality holds, since ψ is nondecreasing, and ψ(max(s, s, . . . , sn)) =
max(ψ(s),ψ(s), . . . ,ψ(sn)) for all s, s, . . . , sn ∈ [, +∞). Since ψ is nondecreasing,

d(yi, yj) ≤ α diam
[
O(yi–; j – i + )

]
. ()

Now for some i, j with k ≤ i < j ≤ k + n, diam[O(yk ;n)] = d(yi, yj). If i > k, by () and (),
then we have

diam
[
O(yk ;n)

] ≤ α diam
[
O(yi–; j – i + )

]
≤ α diam

[
O(yk ;n)

]
, ()

where the inequality () holds as diam[O(yi–; j – i + )]≤ diam[O(yk ;n)]. Then from ()
and α ∈ (, ), we have diam[O(yk ;n)] = . It is a contradiction with the assumption that
diam[O(yk ;n)] > ! Thus,

diam
[
O(yk ;n)

]
= d(yk , yj) for j with k < j ≤ k + n. ()

Also, by () and (), we have

diam
[
O(yk ;n)

]
= d(yk , yj)

≤ α diam
[
O(yk–; j – k + )

]
≤ α diam

[
O(yk–;n + )

]
. ()
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Using the triangle inequality, by (), (), and (), we obtain

diam
[
O(yl;m)

]
= d(yl, yj)

≤ d(yl, yl+) + d(yl+, yj)

≤ d(yl, yl+) + α diam
[
O(yl+;m – )

]
≤ d(yl, yl+) + α diam

[
O(yl;m)

]
, ()

and so

diam
[
O(yl;m)

] ≤ 
 – α

d(yl, yl+). ()

As a result, we have

diam
[
O(yk ;n)

] ≤ α diam
[
O(yk–;n + )

]
≤ α · α diam

[
O(yk–;n + )

]
· · ·

≤ αk diam
[
O(y;n + k)

]

≤ αk

 – α
d(y, y), ()

where the first inequality holds by the expression () and the last inequality holds by ().
Now let ε > ; there exists an integer n such that

αkd(y, y) < ( – α)ε for all k > n. ()

Form > n > n, we have

d(ym, yn) ≤ diam
[
O(yn ;m – n)

]

≤ αn

 – α
d(y, y)

< ε. ()

Therefore, {yn} is a Cauchy sequence. Since g(X) is closed, it converges to some gz ∈ g(X).
By condition (vi′), there exists a subsequence ynk = fxnk = gxnk+, k ∈ N, having all the

terms comparable with gz. Hence, we can apply the contractivity condition to obtain

ψ
(
d(fz, fxnk )

) ≤ max
{
ψ

(
αd(gz, gxnk )

)
,ψ

(
αd(gz, fz)

)
,ψ

(
αd(gxnk , fxnk )

)
,

ψ
(
αd(gz, fxnk )

)
,ψ

(
αd(gxnk , fz)

)}
. ()

So letting n→ ∞, and as ψ is continuous, we have

ψ
(
d(fz, gz)

) ≤ max
{
,ψ

(
αd(fz, gz)

)
, , ,ψ

(
αd(fz, gz)

)}
= ψ

(
αd(fz, gz)

)
.
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Since ψ is nondecreasing, d(fz, gz) ≤ αd(fz, gz). Since α ∈ (, ), it follows that d(fz, gz) = .
Hence fz = gz. Thus we proved that f and g have a coincidence point.
Suppose now that f and g commute at z. Set w = fz = gz. Since f and g are weakly com-

patible,

fw = f (gz) = g(fz) = gw. ()

Since from condition (vi′), we have gz � g(gz) = gw and as fz = gz and fw = gw, from (), we
have

ψ
(
d(fz, fw)

) ≤ max
{
ψ

(
αd(gz, gw)

)
,ψ

(
αd(gz, fz)

)
,ψ

(
αd(gw, fw)

)
,

ψ
(
αd(gz, fw)

)
,ψ

(
αd(gw, fz)

)}
= ψ

(
αd(fz, fw)

)
. ()

Since ψ is nondecreasing, d(fz, fw) ≤ αd(gz, gw), i.e., d(fz, fw) ≤ αd(fz, fw). Again from α ∈
(, ), we have d(fz, fw) = , that is, d(w, fw) = . Therefore,

fw = gw = w. ()

Thus, we have proved that f and g have a common fixed point. The proof is completed.
�

Corollary . (a) Let (X,�) be a partially ordered set and suppose there is a metric d on X
such that (X,d) is a complete metric space. Let f : X → X be a nondecreasing self-mapping
such that for some α ∈ (, )

d(fx, fy) ≤ αmax
{
d(x, y),d(x, fx),d(y, fy),d(x, fy),d(y, fx)

}

for all x, y ∈ X for which x � y. Suppose also that either

(i) {xn} ⊂ X is a nondecreasing sequence with xn → u in X , then xn � u, ∀n holds, or
(ii) f is continuous.

If there exists an x ∈ X with x � fx, then f has a fixed point.
(b) The same holds if f is nonincreasing; there exists x comparable with fx and (i) is

replaced by

(i′) if a sequence {xn} converging to some u ∈ X has every two adjacent terms comparable,
then there exists a subsequence {xnk } having each term comparable with x.

Proof (a) If (i) holds, then take ψ = I and g = I (I = the identity mapping) in Theorem ..
If (ii) holds, then from () with g = I , we get

z = lim
n→∞xn+ = lim

n→∞ fxn = f
(
lim
n→∞xn

)
= fz. ()

(b) Let u be the limit of the Picard sequence {f nx} and let f nk x be a subsequence having
all the terms comparable with u. Then we can apply the contractivity condition in the (a)
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term to obtain

d(fu,u) ≤ d
(
u, f nk+x

)
+ d

(
fu, f nk+x

)
≤ d

(
u, f nk+x

)
+ αmax

{
d
(
u, f nk x

)
,d(u, fu),

d
(
f nk x, f nk+x

)
,d

(
u, f nk+x

)
,d

(
f nk x, fu

)}
.

Letting k → ∞, we have

d(fu,u) ≤ αmax
{
,d(u, fu), , ,d(u, fu)

}
= αd(u, fu).

It follows that d(fu,u) = . Therefore, fu = u.
Note also that instead of the completeness of X, its f -orbitally completeness is sufficient

to obtain the conclusion of the corollary. The proof is completed. �

3 Uniqueness of common fixed point of f and g
The following theorem gives the sufficient condition for the uniqueness of the common
fixed point of f and g in the case of ordered g-contractions in partially ordered metric
spaces.

Theorem . In addition to the hypotheses of Theorem ., suppose that for all x,u ∈ X,
there exists a ∈ X such that

fa is comparable to fx and fu. ()

Then f and g have a unique common fixed point x such that

x = fx = gx. ()

Proof Since a set of common fixed points of f and g is not empty due to Theorem .,
assume now that x and u are two common fixed points of f and g , i.e.,

fx = gx = x, fu = gu = u. ()

We claim that gx = gu.
By the assumption, there exists a ∈ X such that fa is comparable to fx and fu. Define a

sequence {gan} such that a = a and

gan = fan– for all n. ()

Further, set x = x and u = u and in the same way, define {gxn} and {gun} such that

gxn = fxn–, gun = fun– for all n. ()

http://www.fixedpointtheoryandapplications.com/content/2014/1/28
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Since fx(= gx = gx) is comparable to fa(= fa = ga), without loss of generality, we assume
that fa� fx, i.e., ga � gx; then it is easy to show

ga � gx. ()

Since f is g-nondecreasing, we obtain fa � fx. Since ga � ga, it follows that ga � fx, i.e.,
ga � gx. Recursively, we get

gan � gx for all n. ()

By (), we have

ψ
(
d(gan+, gx)

)
= ψ

(
d(fan, fx)

)
≤ max

{
ψ

(
αd(gan, gx)

)
,ψ

(
αd(gan, fan)

)
,ψ

(
αd(gx, fx)

)
,

ψ
(
αd(gan, fx)

)
,ψ

(
αd(gx, fan)

)}
. ()

By the proof of Theorem ., we find that {gan} is a convergent sequence, and there exists
gā such that gan → gā. Letting n→ ∞ in (), we obtain

lim
n→∞ψ

(
d(gan+, gx)

)
= ψ

(
d(gā, gx)

)

≤ max
{
ψ

(
αd(gā, gx)

)
, , ,ψ

(
αd(gā, fx)

)
,ψ

(
αd(gx, gā)

)}
= ψ

(
αd(gā, gx)

)
.

Therefore, it yields

d(gā, gx) = .

Hence

gā = gx. ()

Similarly, we can also show that

gan � gu for all n.

Apply the contractivity condition, we obtain

lim
n→∞ψ

(
d(gan+, gu)

)
= ψ

(
d(gā, gu)

)

≤ max
{
ψ

(
αd(gā, gu)

)
, , ,ψ

(
αd(gā, fx)

)
,ψ

(
αd(gx, gā)

)}
= ψ

(
αd(gā, gu)

)
.

Therefore, it yields

d(gā, gu) = .

http://www.fixedpointtheoryandapplications.com/content/2014/1/28


Liu Fixed Point Theory and Applications 2014, 2014:28 Page 15 of 19
http://www.fixedpointtheoryandapplications.com/content/2014/1/28

Hence

gā = gu. ()

Combining () with (), we obtain gx = gu. It follows that

x = fx = gx = gu = fu = u. ()

The proof is completed. �

Remark . Theorem . can be considered as an answer to Theorem  in []. We find
the sufficient conditions for the uniqueness of the common fixed point in the case of an
ordered g-quasicontraction. In this paper, condition (vi) in Theorem . is weaker than
that ordered g-quasicontraction in []. When ψ = I (I = the identity mapping), our con-
dition (vi) reduces to an ordered g-quasicontraction in [].

Example . Let X = {(,–), (, )}, let (a,b)� (c,d) if and only if a ≤ c and b ≥ d, and let
d be the Euclidean metric. We define the functions as follows:

f (x, y) =
(
x, y – y + 

)
, g(x, y) =

(
x + x – x, y – 

)
for all (x, y) ∈ X.

Let φ,ψ : [,∞)→ [,∞) be given by

ψ(t) =


t for all t ∈ [,∞).

The only comparable pairs of points in X are (x,x) for x ∈ X and then the contractivity
condition () reduces to d(fx, fx) = , and condition (iv) of Theorem . is trivially fulfilled.
The other conditions of Theorem . are also satisfied. It is obvious that for (,–) and
(, ) ∈ X, f (,–) = (,–) is not comparable to f (, ) = (, ), i.e., comparability in The-
orem . is not satisfied. In fact, f and g have two common fixed points (,–) and (, ),
since

f (,–) = g(,–) = (,–), f (, ) = g(, ) = (, ).

Example . Let X = (–∞, +∞) with the usual metric d(x, y) = |x – y|, for all x, y ∈ X. Let
f : X → X and g : X → X be given by

f (x) =
x


, g(x) =


x for all x ∈ X.

Let φ : [,∞)→ [,∞) be given by

ψ(t) =


t for all t ∈ [,∞).

It is easy to check that all the conditions of Theorem . are satisfied. We have

ψ
(
d(fx, fy)

)
=




· 


|x – y| = 


|x – y|

≤ α


· 


|x – y|

http://www.fixedpointtheoryandapplications.com/content/2014/1/28


Liu Fixed Point Theory and Applications 2014, 2014:28 Page 16 of 19
http://www.fixedpointtheoryandapplications.com/content/2014/1/28

= max

{
α


· 


|x – y|, α


·
∣∣∣∣x –

x


∣∣∣∣, α ·
∣∣∣∣y –

y


∣∣∣∣,
α


·
∣∣∣∣x –

y


∣∣∣∣, α ·
∣∣∣∣y –

x


∣∣∣∣
}

= max
{
ψ

(
αd(gx, gy)

)
,ψ

(
αd(gx, fx)

)
,ψ

(
αd(gy, fy)

)
,

ψ
(
αd(gx, fy)

)
,ψ

(
αd(gy, fx)

)}
,

and this holds when α ≥ 
 and gx ≥ gy, i.e, 

x ≥ 
y, i.e., x ≥ y. This means that the con-

tractivity condition () holds when α ∈ [ 
 , ).

In addition, ∀x,u ∈ X, there exists a ∈ X such that fa = a
 is comparable to fx = x

 and
fu = u

 . So, all the conditions of Theorem . are satisfied.
By applying Theorem ., we conclude that f and g has a unique common fixed point.

In fact, f and g has only one common fixed point. It is x = .

Example . Let X = [,  ] be the closed interval with usual metric and let f , g : X → X
and ψ ,φ : [, +∞) → [, +∞) be mappings defined as follows:

f (x) = x – x for all x ∈ X,

g(x) = x for all x ∈ X,

ψ(t) = t for  ≤ t ≤ 

,

ψ(t) =


t for t >



.

Let x, y in X be arbitrary. We say that y � x if y ≤ x. For any x, y ∈ X such that y � x, we
have

d(fx, fy) =
∣∣x – x –

(
y – y

)∣∣.
Since fmax = f (

√

 ) = 

 and fmin = f () = , f is nondecreasing at [,  ], then x – x – (y –
y) ∈ [,  ]. By the definition of ψ , we have

ψ
(
d(fx, fy)

)
=

(∣∣x – x –
(
y – y

)∣∣) = [
x – x –

(
y – y

)]

and

max
{
ψ

(
αd(gx, gy)

)
,ψ

(
αd(gx, fx)

)
,ψ

(
αd(gy, fy)

)
,ψ

(
αd(gx, fy)

)
,ψ

(
αd(gy, fx)

)}
=max

{[
α
(
x – y

)], [α(
x –

(
x – x

))], [α(
y –

(
y – y

))],
[
α
(
x –

(
y – y

))], [α(
y –

(
x – x

))]}
=

[
α
(
x –

(
y – y

))].
Since x ≥ x – y( – y) for all x ∈ [,  ], it follows that

–x ≤ –
(
x – y

(
 – y

)).

http://www.fixedpointtheoryandapplications.com/content/2014/1/28


Liu Fixed Point Theory and Applications 2014, 2014:28 Page 17 of 19
http://www.fixedpointtheoryandapplications.com/content/2014/1/28

Thus we have

ψ
(
d(fx, fy)

)
=

[
x – x –

(
y – y

)]
≤ [

x –
(
x – y

(
 – y

)) – (
y – y

)]
=

[
x –

(
y – y

)] –  · (x – (
y – y

)) · (x – y
(
 – y

))
+

(
x – y

(
 – y

))
=

[
x –

(
y – y

)] – 
[
x –

(
y – y

)] + [
x –

(
y – y

)]
≤ [

α
(
x –

(
y – y

))],
where the last inequality holds whenever α ∈ (, ). Therefore, f and g satisfy (). Also it
is easy to see that the mappings ψ(t) possess all properties in Definition ., as well as
hypotheses (v), (vi), and (vii) in Theorem .. Thus we can apply Theorem . and Theo-
rem ..
On the other hand, for y =  and each x >  the contractive condition in Theorem  and

Theorem  of Golubović, Kadelburg and Radenović []:

d(fx, fy) ≤ λ ·M(x, y), ()

where  < λ <  and

M(x, y) =max
{
d(gx, gy),d(gx, fx),d(gy, fy),d(gx, fy),d(gy, fx)

}

is not satisfied. Indeed,

M(x; ) = max
{
d
(
g(x), g()

)
,d

(
g(x), f (x)

)
,d

(
g(), f ()

)
,d

(
g(x), f ()

)
,d

(
g(), f (x)

)}
= max

{
x,x, ,x,x – x

}
= x.

Thus, for any fixed λ;  < λ < , we have, for y =  and each x ∈ X with  < x <
√
 – λ,

d
(
f (x), f ()

)
= x – x =

(
 – x

)
x > λ · x

= λ · d(
g(x), g()

)
= λ ·M(x, ).

Thus, f does not satisfy the contractive condition in Definition .. Therefore, the theo-
rems of Jungck and Hussain [], Al-Thagafi and Shahzad [] and Das and Naik [] also
cannot be applied.
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31. Abbas, M, Nazir, T, Radenović, S: Common coupled fixed points of generalized contractive mappings in partially

ordered metric spaces. Positivity 17, 1021-1041 (2013)
32. Nieto, JJ, Pouso, RL, Rodríguez-López, R: Fixed point theorems in ordered abstract spaces. Proc. Am. Math. Soc. 135,

2505-2517 (2007)
33. Roshan, JR, Parvaneh, V, Sedghi, S, Shobkolaei, N, Shatanawi, W: Common fixed points of almost generalized

(ψ ,ϕ)s-contractive mappings in ordered b-metric spaces. Fixed Point Theory Appl. 2013, Article ID 159 (2013)
34. Haghi, RH, Postolache, M, Rezapour, S: On T -stability of the Picard iteration for generalized ϕ-contraction mappings.

Abstr. Appl. Anal. 2012, Article ID 658971 (2012)
35. Olatinwo, MO, Postolache, M: Stability results for Jungck-type iterative processes in convex metric spaces. Appl. Math.

Comput. 218(12), 6727-6732 (2012)
36. Choudhury, BS, Metiya, N, Postolache, M: A generalized weak contraction principle with applications to coupled

coincidence point problems. Fixed Point Theory Appl. 2013, Article ID 152 (2013)
37. Chandok, S, Postolache, M: Fixed point theorem for weakly Chatterjea-type cyclic contractions. Fixed Point Theory

Appl. 2013, Article ID 28 (2013)

http://www.fixedpointtheoryandapplications.com/content/2014/1/28
http://dx.doi.org/10.1155/2008/131294
http://dx.doi.org/10.1016/j.camwa.2011.06.042
http://dx.doi.org/10.1016/j.mcm.2011.08.042
http://dx.doi.org/10.1186/1687-1812-2012-44
http://arxiv.org/abs/arXiv:1106.5472


Liu Fixed Point Theory and Applications 2014, 2014:28 Page 19 of 19
http://www.fixedpointtheoryandapplications.com/content/2014/1/28

38. Chandok, S, Mustafa, Z, Postolache, M: Coupled common fixed point theorems for mixed g-monotone mappings in
partially ordered G-metric spaces. Sci. Bull. “Politeh.” Univ. Buchar., Ser. A, Appl. Math. Phys. 75(4), 13-26 (2013)

39. Shatanawi, W, Postolache, M: Common fixed point results of mappings for nonlinear contractions of cyclic form in
ordered metric spaces. Fixed Point Theory Appl. 2013, Article ID 60 (2013)

40. Shatanawi, W, Postolache, M: Coincidence and fixed point results for generalized weak contractions in the sense of
Berinde on partial metric spaces. Fixed Point Theory Appl. 2013, Article ID 54 (2013)

41. Shatanawi, W, Postolache, M: Some fixed point results for a G-weak contraction in G-metric spaces. Abstr. Appl. Anal.
2012, Article ID 815870 (2012)

42. Shatanawi, W, Pitea, A: Some coupled fixed point theorems in quasi-partial metric spaces. Fixed Point Theory Appl.
2013, Article ID 153 (2013)

43. Shatanawi, W, Pitea, A: Omega-distance and coupled fixed point in G-metris spaces. Fixed Point Theory Appl. 2013,
Article ID 208 (2013)

44. Shatanawi, W, Pitea, A: Fixed and coupled fixed point theorems of omega-distance for nonlinear contraction. Fixed
Point Theory Appl. 2013, Article ID 275 (2013)

45. Aydi, H, Shatanawi, W, Postolache, M, Mustafa, Z, Tahat, N: Theorems for Boyd-Wong type contractions in ordered
metric spaces. Abstr. Appl. Anal. 2012, Article ID 359054 (2012)

46. Aydi, H, Postolache, M, Shatanawi, W: Coupled fixed point results for (ψ ,φ)-weakly contractive mappings in ordered
G-metric spaces. Comput. Math. Appl. 63(1), 298-309 (2012)

47. Miandaragh, MA, Postolache, M, Rezapour, S: Some approximate fixed point results for generalized α-contractive
mappings. Sci. Bull. “Politeh.” Univ. Buchar., Ser. A, Appl. Math. Phys. 75(2), 3-10 (2013)

48. Miandaragh, MA, Postolache, M, Rezapour, S: Approximate fixed points of generalized convex contractions. Fixed
Point Theory Appl. 2013, Article ID 255 (2013)
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