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1 Introduction

Let X, denote the class of functions f of the form

f@=27+)" a2, 11)

n=1-p

which are analytic in the punctured open unit disk
U*:= {z:ze(CandO< |z| <1} =U\ {0}.

Let P denote the class of functions p given by

p@)=1+Y p." (z€),

n=1

which are analytic in U and satisfy the condition
‘ﬁ(p(z)) >0 (zel).

A function f € X, is said to be in the class MS,(«) of meromorphic p-valent starlike
functions of order « if it satisfies the inequality

zf'(2)
%( 7@
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)<—<x (zeU;0 S a<p). (1.2)
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Moreover, a function f € X, is said to be in the class MK, («) of meromorphic p-valent

convex functions of order « if it satisfies the inequality

N zf"(2) ~ o<
Eh<1+f’(z)>< a (zeU0Za<p). 1.3)

It is readily verified from (1.2) and (1.3) that

/

feMKyl@) —%eM%W)

In [1], Wang et al. introduced and investigated two new subclasses of the class X,.
A function f € %, is said to be in the class M,,(B) if it is characterized by the condition

W7 |
ﬁ(f(z) ) >-8 (z€U;B8>p).

Also, a function f € £, is said to be in the class NV, (B) if and only if

ER<1+ chji,;iz))) >-B (zeU;B>p).

Let A, be the class of functions of the form

fle)=2"+ Z a,z"

n=p+1

which are analytic in U. If it satisfies the condition

(@) T T
m<e f(z))<'3 (zeU, 2<o¢<2,/3>pcosoz>,

then we say that f € S, («, 8). Furthermore, let C,(c, 8) denote the subclass of A, consist-
ing of functions which satisfy the inequality

ﬂi(ei‘"(1+ fo:;S))> <p (ze U;—% <a< %;ﬂ >pcosa).

The function classes S,(c, 8) and C,(«r, B) were introduced and studied recently by Uyanik
et al. [2].

Motivated essentially by the above mentioned work, we introduce and investigate the

following two subclasses of the class %, of meromorphic functions.

Definition 1 A function f € %, is said to be in the class MS,(«a, B) if it satisfies the con-
dition

i zf'(2)
Eﬁ(e f(—z)) >—ﬂ (ZGU) (1.4)
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for some real @ and B, where (and throughout this paper unless otherwise mentioned) the

parameters « and 8 are constrained as follows:
7
lo| < ) and B >pcosa.

Furthermore, a function f € %, is said to be in the class MC,(c, B) if it satisfies the in-
equality

m(a‘a (1 + Z;(S)» 5B (zel. (1.5)

Remark 1 Taking o = 0, we get the function classes introduced by Wang et al. [1].
Remark 2 We note that f € MS,(«, B) if and only if

T @ pe" - (2p-pe)z

o) < - (1.6)
Also, f € MC,(a, B) if and only if
w1, F" @Y  pe —2(8-pe ™)z
() AR -

For some investigations of meromorphic functions, see (for example) the works [1, 3-10]
and the references cited in.
In the present paper, we aim at proving some interesting properties such as integral rep-

resentations and coefficient inequalities of the function classes MS,(«, 8) and MC,(a, B).

2 Main results

We begin by presenting an integral representation of functions belonging to the class

MS,(a, B).

Theorem 1 Letf € MS,(«, ). Then

f2)=z7- exp(z(ﬂ —pcosa)e ™ /: (t) ))dt> (zeU), (2.1)

t(l - w(t
where w is analytic in U with »(0) = 0 and |w(z)| < 1.
Proof For f € MS,(a, B), we know that (1.6) holds true. It follows that

oD@ _ e AP~ peosa)o)

e = pe , (2.2)
@ F 1-w(z)
where w is analytic in U with w(0) = 0 and |w(z)| < 1. We next find from (2.2) that
/ 2 _ —ia
f (Z) p _ (IB Pcosa)e C()(Z) (Z c U*), (23)

f@ 'z 20 - 0(2))
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which, upon integration, yields

log(zpf(z)) =2(B8 —pcosa)e™™ /z ﬂdt (2.4)
o tl-w(®)
The assertion (2.1) of Theorem 1 can be easily derived from (2.4). O

Note that f € MS,(«, B) if and only if
—# € MCp(a, B),

we get the following result.

Corollary 1 Letf € MC,(a,B). Then

flz) = —p/z u Pl oexp(2(,3 —pcosa)e ™ /ou %dt)du (zeTY),

where w is analytic in U with »(0) = 0 and |w(z)| < 1.

Next, we discuss the coefficient estimates of functions belonging to the classes
MS,(a, ) and MC,(a, B). The following lemma will be required in the proof of The-

orem 2.

Lemma 1 Let p € N. Suppose also that the sequence {A,.., ), is defined by

Ap — B-pcosa (Wl — 0),
ﬁﬂ—pco%a) m-1 (25)
Apim = W(l + 2 k=0 Ap+k) (meN).
Then
2(8 — pcosa) 228 +k+2p—2pcosa
Ap+m = l_[
28 +m+2p—2pcosa o 2p + k
(m e Np:=NU{0}). (2.6)
Proof By virtue of (2.5), we get
m
2p+m+1)Apime =2(B —pcosa) (1 + ZAP”‘)’ (2.7)
k=0
and
m-1
(2p+m)Apm =2(B — pcosa) (1 + ZAl’*k)‘ (2.8)
k=0
Combining (2.7) and (2.8), we find that
Apimn _ 28 +m+2p—2pcosa (m e No). (2.9)

Apim 2p+m+1

Page 4 of 12
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Thus,
Ap+m _ Ap+m . Ap+m—1 o Ap+1 'Ap
Ap+m—1 Ap+m—2 Ap
_2B+m—-1+2p-2pcosa 28 +2p—2pcosa 2B —2pcosa
- 2p+m 2p+1 2p
_ 2(B —pcosa) ﬁ 28 +k+2p—2pcosa (meN), (2.10)
28 +m+2p—2pcosa o 2p +k
The proof of Lemma 1 is thus completed. g

Theorem 2 Letf(z) =27+, o dpmz’*™ € MSy(a, B). Then

2(B —pcosa) ﬁ2/3+k+2p—2pcosa

apml = 2B +m+2p-2pcosa | 2p +k (m € No). 210)
Proof Let

h(z) = P e;" ?(—S)C::z sinc (z € Ui f € MS,(, B)). (2.12)
We know that % € P. It follows that

ei"‘zf/(z) = (B —pcosa)f(2)h(z) — (B + ipsina)f(2). (2.13)
Suppose that

hz)=1+Mmz+hz*+---. (2.14)
Then

e (-pz? + pa, 2 + (p + Dayaz™ + -+ (p+ m)ap,m?™" + - )
=(B-pcosa)(z? +apd + apn™ +-) x (Lt iz +h2? +--+)

—(B+ipsina)(z7? + apz’ + apn2™ + -+ Apemd 4 ). (2.15)
By evaluating the coefficient of z7*” on both sides of (2.15), we get

eia(p + m)ﬂerm = (B —pcos O‘)(ther + dphm + ﬂp+1hm—1 R ﬂp+m)

— (B +ipsina)ay.m. (2.16)
On the other hand, it is well known that
el £2 (ke N). (2.17)
From (2.16) and (2.17), we easily get

4] < B —pcosa
p

(2.18)
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and

2(B —pcosa)
o] S = <1+Z|ap+k|> (2.19)

Suppose that p € N. We define the sequence {A,.},, as follows:

Ap _ ﬂ-P;osa (m = 0), (220
2(B—pcosa) > :
Ap+m = 2p+m (1 Z p+k (Wl = 1)~

In order to prove that
|@p-ml < Apim (m € Np), (2.21)

we use the principle of mathematical induction. It is easy to verify that

ay < A, = PZPEOS® (2.22)
Thus, assuming that
|ap+j| §Ap+j (j: 0,1,...,my;me NO)) (2'23)
we find from (2.19) and (2.23) that
2(B — pcosa) “
+m+ s — |1 +K
G| = 2p+m+1 +k§|ap,|
2(8 —pcosa) “
<— 711 A
- 2p+m+1 +§| pel
= Ap+m+1 (m e Ny). (2.24)
Therefore, by the principle of mathematical induction, we have
|ap+m| < Ap+m (m € Np). (2.25)
By means of Lemma 1 and (2.20), we know that
2(8 - T2 +k+2p—2
Ay = (B-pcosa) 1—[ B+k+2p—-2pcosa (m e Ny). (2.26)

28 +m+2p—2pcosa 2p +k

k=0

Combining (2.25) and (2.26), we readily get the coefficient estimates (2.11) asserted by
Theorem 2. O

From Theorem 2, we easily get the following result.

Page 6 of 12
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Corollary 2 Letf(z) =z 7 + Y, o dpemz’™" € MC,(a, B). Then

2p(B —pcosa) 1—[2ﬁ+k+2p—2pcosa

| S Np).
2 |_(p+m)(2,3+m+2p—2pcosa)k 2p + k (m & No)

=0

Remark 3 By setting o = 0 in Theorem 2, we get the corresponding result due to Wang
etal [1].

Theorem 3 Iff € MS,(x, B), then

pcosa — (28 —pcosa)r < g e zf'(2) < pcosa + (28 —pcosa)r (2.27)
1-r f(z) 1+r
for|zl=r<1.
Proof Consider the function ¢ defined by
o _ 28 — —ia
(o)< P 2Bmpez ) (2.28)
1-z
Let z = re?? (0 <7 <1), we see that
, 2(B —pcosa)r(cosd —r)
N = - . 2.29
((p(z)) peose 1+7r%2—2rcos6 229
Suppose
2(8 - t—
¥ (t) :=pcosa — (B —pcosa)r(t—r) (t := cosh), (2.30)
1+7r2-2rt
we easily find that
W(O) = -2(8 - poosa) — "0 (2.31)
- peosa (1+72-2rt)2 g '
This implies
2(8 - 2(8 -
pcosa — B —peosar < N(p(2) S pcosa + 2B —peosar (2.32)
1-r 1+r
which is equivalent to
pcosa — (28 —pcosa)r < f)f(go(z)) < pcosa + (28 — pcos oz)r‘ (2.33)

1-r 1+r

Noting that —e™® % < ¢(2z) and ¢(z) is univalent in U, we prove the inequality (2.27).
d

Taking @ = 0 in Theorem 3, we have the following corollary.
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Corollary 3 Iff € MS,(0, B), then

p-Q2B-pr <m(Zf/(Z)> ~p+@2B-p)r
1-r flz) )~ 1+r

for |zl =r<1.
Similar to the proof of Theorem 3, we get the following result.

Corollary 4 Iff € MC,(, B), then

pcosa —(2p —PCOSOl)f<% o1 7f"(2)\) o peosa + (2B —pcosa)r
1-r = (‘e ( e )) L+r

for|zl=r<1.

Corollary 5 Iff € MC,(0, B), then

p-Q2B-p)r _ %(1 . Zf”(Z)> ~P+2B-p)r
1-r = f(z) 1+r

for|z| =r<1.

Now, we present some sufficient conditions for functions belonging to the classes

MS,(a, B) and MCp(a, B).

Theorem 4 Iff € MS,(«, B) satisfies the condition

o0
Z (|me™ + x| + |ne™ + 2B — A|)|a| < |pe™ =28 + A| - |pe™ — 4| (2.34)
n=1-p

Sfor somereal o, B and % (0 < A < pcosa), then f € MS,(a, B).
Proof To prove f € MS,(«, B), it suffices to show that

e % +A
e L8+ (28 -2)

<1 (zeU;0< A< pcosa). (2.35)

From (2.34), we know that

oo oo
|pei°‘ —-2B8+ k! - Z |rzei"‘ +28 —A||an| > !peia —A| + Z |nei"‘ + A||an| >0. (2.36)
n=1-p n=l-p
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Now, by the maximum modulus principle, we deduce from (1.1) and (2.36) that

el Zf—ég) s

‘ ‘ (—pe® + 1)+ 0% (ne® + \)a,z"*
eict % +(28 1) T (—pei@ + 28— 1) + Ziozl_p(nei“ +28 - Mauzr

n=1-p

|pe™ — | + Z;il_p |ne® + Al|a,|

< — .
lpe™® =28+ A| = >0, |nel® +28 — Al|a,|

n=1-p

A

1. (2.37)

Therefore, if f satisfies the coefficient estimate (2.34), then we know that f satisfies the
inequality (2.35). This completes the proof of Theorem 4. d

Corollary 6 Iff € MC,(«, B) satisfies the inequality

o0
Z n|(|ne™ +A| + |ne™ + 28 — A|)laq| < p(|pe™ =28 + | - |pe” - 1)
n=1-p

Jor some real a, B and % (0 £ A < pcosa), then f € MC,(a, B).
We need the following lemma to prove our next theorem.

Lemma 2 (See [11]) Let ¢ be a nonconstant regular function in U. If |¢| attains its maxi-
mum value on the circle |z| = r <1 at z, then

209 (20) = ko(20),
where k 2 1 is a real number.

Theorem 5 Iff € MS,(0, B) satisfies

1+

zf"(z) zf'(2)| B-p
@ _f(z) < o (ze ) (2.38)

Sfor some real B > p, then f € MS,(0, B).
Proof Let us define the function ¢ by
#'(2)

@ TP

5 2B-p

#(2) := (ze ), (2.39)

then we see that ¢ is analytic in U and ¢(0) = 0. It follows from (2.39) that

zf'(z)  —p+ (2B -p)p(2)
f@ T 1-4@ (240

Differentiating both sides of (2.40) logarithmically, we obtain

LA @) QE-pepe) | 22
f@)  f& -p+2B-p¢) 1-¢2)

(2.41)

Page 9 of 12
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By virtue of (2.38) and (2.41), we find that

7"(z2) f'(2)
f@)  f2)

‘ 2(B - p)z¢'(2) . B-p
[-p+ (28 -p)o(2)][1 - p(2)] 28

1+ (2.42)

Suppose that there exists a point zy € U such that

max |¢>(z)| = |¢(Zo)| =1

ENEN

Then, Lemma 2 gives us that ¢(zo) = €? and zo¢'(zo) = ke’ (k = 1). For such a point zo, we

have that
N zof " (z0) B zof " (z0) _ ’ 2(B - p)ke®
f'zo)  fl(zo) [-p + (2B - p)e?][1 - €]
_ 2(B -p)k
VP*+ (2B —p)? —2p(2B — p)cosH~/2 —2cos O
>Por (2.43)

28
This contradicts our condition (2.38). Therefore, there is no zy € U such that |¢(zg)| = 1.

This implies that |¢(z)| < 1 (z € U*), that is,

#'(2)
T TP

zjfé? +(2B-p)

<1 (zel).

Thus, we conclude that f € MS,(0, B). O

Theorem 6 Iff € MS,(0,B) for somerealp < B <p+ 3, then

R 1 1 (zel) (2.44)
‘<zpf(z)>>1—2ﬂ+2p ze ‘

Proof Consider the function 7 such that

1 1+(1-2y)n(2)

= 2.45
2@ 1-n) 243
for y = m and f(z) € MS,(0, B). Then we know that
Zf’(2)> ( (1-2y)zn'(z) = zn'(2) )
R - =N|p+ + < B. (2.46)
() =1 e * o)
Since 7(z) is analytic in U and n(0) = 0, we suppose that there exists a point zo € U such

that

- -1,
lzr%agolln(ZH |n(zo)|

Page 10 of 12
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Then, applying Lemma 2, we can write that 7(zy) = ¢ and zon/(z9) = ke? (k = 1). This

gives us that

4 _ i6 it
ER(—Z—Of (ZO))zf)’{<p+1(1 2y ke + ke - )

f(zo0) +(1-2y)e?  1-¢?
1-2y)k Kk
> _t
-1
>p+ yz—y - 8, (247)

which contradicts the inequality (2.46). Therefore, there is no zy € U such that |n(zo)| = 1.
This means that |5(z)| < 1, and that

1 1
N U). 2.48
<Z”f(2)>>1—2ﬂ+2p eet) (249
The proof of Theorem 6 is thus completed. g

In view of Theorem 6, we get the following result.

Corollary 7 Iff € MC,(0,B) for somerealp < B < p + 3, then

N 1
ﬁ(zP*lf’(z)) > 128+ (ze ).
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