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1 Introduction

Let E be a real Banach space, E be the dual space of E. A set-valued mapping A : D(4) C
E — E" with graph G(A) = {(x,x") : &” € Ax}, domain D(A) = {x € E : Ax # @}, and range
R(A) = U{Ax : x € D(A)}. A is said to be monotone if (x —y,x" —y’) > 0 whenever x™ € Ax,
y" € Ay. A monotone operator A is said to be maximal monotone if its graph is not properly
contained in the graph of any other monotone operator. Let A C E x E' be a maximal
monotone operator. We consider the problem for finding x € E

0€Ax, (1.1)

a point x € E is called a zero point of A. Denote by A~10 the set of all points x € E such
that 0 € Ax. We know that if A is maximal monotone, then the solution set A™10 = {x €
D(A): 0 € Tx} is closed and convex. One popular algorithm for approximating a solution
of this problem is called the proximal point algorithm which was first proposed by Mar-
tinet [1] and studied further by Rockafellar [2] in Hilbert spaces. Since the proximal point
algorithm weakly converges in general which is the proximal point algorithm is defined by
xo € E and

X1 = Jr, %0, forn=0,1,2,3,..., (1.2)
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where {r,} C (0,00) and J,,, are the resolvent of A. Solovov and Svaitor [3] proposed a mod-
ified proximal point algorithm which converges strongly to a solution of the equation A~10
by using the projection method. Many problems in nonlinear analysis and optimization
can be formulated by the proximal point algorithm (see [4—9]).

Let E be a real Banach space with dual £ and let C be a nonempty closed and convex
subset of E. Let f : C x C — R be a bifunction. The equilibrium problem is to find x € C
such that

flx,y)=>0, VyeC. 1.3)

The equilibrium problem is very general in the sense that it includes, as special cases,
optimization problems, variational inequality problems, min-max problems, saddle point
problem, fixed point problem, Nash EP. In 2008, Takahashi and Zembayashi [10, 11] intro-
duced iterative sequences for finding a common solution of an equilibrium problem and
a fixed point problem.

A mapping A : D(A) C E — E  is said to be a-inverse-strongly monotone if there exists a

constant « > 0 such that
(x—y,Ax — Ay) > a||Ax — Ay||*>, Vx,yeC.

If A is a-inverse strongly monotone, then it is é—Lipschitz continuous, i.e.,

1
l4x - Ayl = —llx =yl VxyeC.

Let C be a nonempty closed and convex subset of a real Banach space E. Let A be a
monotone operator from C into E . The variational inequality problem for an operator A
is to find z € C such that

(y-2,Az) >0, VyeC. (1.4)

The set of solutions of (1.4) is denoted by VI(4, C).

Let C be a nonempty closed and convex subset of E. A mapping T from C into itself is
said to be nonexpansive if

ITx =Tyl < llx=yll, VxyeC.

T is said to be total asymptotically nonexpansive if there exist nonnegative real se-
quences vy, i, with v, — 0, u, — 0 as n — oo and a strictly increasing continuous func-
tion ¢ : R* — R* with ¢(0) = 0 such that

|77 = T"y| < llx =yl + wa (lx = yll) + v, Vx5 € C,¥n>1.

A point x € C is a fixed point of T provided Tx = x. Denote by F(T) the fixed point set
of T; thatis, F(T) = {x € C: Tx = x}. A point p in C is called an asymptotic fixed point of
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T [12] if C contains a sequence {x,} which converges weakly to p such that lim,_, » ||x, —
Tx,|| = 0. The asymptotic fixed point set of T is denoted by E(T).

The value of x° € E” at x € E will be denoted by (x,x") or x"(x). For each p > 1, the gener-
alized duality mapping J, : E — 2F is defined by

Jpx) = {x € E: {x,x) = lx?,

x| = llxlP}

for all x € E. In particular, J = J, is called the normalized duality mapping. If E is a
Hilbert space, then J = I, where I is the identity mapping. Consider the functional defined
by

P, y) = x> = 2(x, Jy) + ly|*> forx,y € E. (1.5)

If E is a Hilbert space, then ¢(y,x) = ||y — x||2. It is obvious from the definition of ¢
that

(Iyll = I1x1)* < 6@2) < (Iyll + Ixl)*,  ¥x,y € E. (1.6)
T is said to be ¢-nonexpansive (13, 14] if

&(Tx, Ty) < p(x,9), Vx,yeC.
T is said to be quasi-¢-nonexpansive (13, 14] if F(T) # ¢ and

o, Tx) < ¢p(p,x), Vxe Candp € F(T).

T is said to be asymptotically ¢p-nonexpansive [14] if there exists a sequence {k,} C [0, 00)
with k,, — 1 as n — oo such that

q)(T"x, T"y) <k,p(x,y), Vx,yeC.

T is said to be quasi-$-asymptotically nonexpansive [14] if F(T) # ) and there exists a
sequence {k,} C [0, 00) with k, — 1 as n — oo such that

¢(p, T”x) <k,¢(p,x), VYxeC,peF(T),Vn>1.
T is said to be total quasi-$-asymptotically nonexpansive if F(T) # ¢ and there exist non-

negative real sequences vy, i, with v, — 0, i, — 0 as n — o0 and a strictly increasing
continuous function ¢ : R* — R* with ¢(0) = 0 such that

¢ (p, T"x) < p(p, %) + v (P %)) + 1w, Y1 >=1,Yx € C,p € F(T).

A mapping T is said to be uniformly L-Lipschitz continuous, if there exists a constant L > 0
such that

|T"x - T"y|| <Lllx-yll, Vx,yeC. (1.7)
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T is said to be closed if for any sequence {x,} C C such that lim,_ ., = %o and

limn*)oc Txn =50, Txo =Yo-

Remark 1.1 Every quasi-¢-nonexpansive mapping implies a quasi-¢-asymptotically non-
expansive mapping and a quasi-¢-asymptotically nonexpansive mapping implies a total

quasi-¢-asymptotically nonexpansive mapping, but the converse is not true.

On the other hand, Alber [15] introduced that the generalized projection Tl¢ : E — C is
a map that assigns to an arbitrary point x € E the minimum point of the functional ¢(x, y),

that is, ITcx = X, where X is the solution of the minimization problem
¢ (%, x) = inf p(y, x). (1.8)
yeC

The existence and uniqueness of the operator Il¢ follow from the properties of the func-
tional ¢(x, y) and strict monotonicity of the mapping J. Let I1¢ be the generalized projec-
tion from a smooth strictly convex and reflexive Banach space E onto a nonempty closed
convex subset C of E. Then Il¢ is a closed relatively quasi-nonexpansive mapping from E
onto C with F(IT¢) = C.

Matsushita and Takahashi [16] proposed the following hybrid iteration method with a

generalized projection for a relatively nonexpansive mapping 7 in a Banach space E:

x9 € C chosen arbitrarily,

Y =T Mooy + (1= 0,) Tt),

Cr={z€ C:9(z,y1) = P(z,%4)}, (1.9)
Qu={2€ C: (xu—2Jxo — Jxu) = 0},

%xn41 = Ilc,nq,%o-

They proved that {x,} converges strongly to I1r(rxo. Many authors studied the methods
for approximating fixed points of a countable family of (relatively quasi-) nonexpansive
mappings (see [17-19]).

Recently, Qin et al. [20] considered a pair of asymptotically quasi-¢-nonexpansive map-

pings. To be more precise, they proved the following results.

Theorem QCK Let E be a uniformly smooth and uniformly convex Banach space and C
be a nonempty closed and convex subset of E. Let T : C — C be a closed and asymptotically
quasi-p-nonexpansive mapping with the sequence k) c [1, 00) such that K — 1asn —
oo and S: C — C be a closed and asymptotically quasi-¢p-nonexpansive mapping with the
sequence {kgt)} C [1, 00) such that ki,s) — lasn— oo. Let {a,}, {Bu}, {Vn}, and {8,} be real
number sequences in [0,1]. Assume that T and S are uniformly asymptotically regular on

C and Q = F(T) N F(S) is nonempty and bounded. Let {x,} be a sequence generated in the
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following manner:

xo € E  chosen arbitrarily,

G =C,
X1 = Hcle;
Zn =]71(,Bn]xn + yn](Tnxn) + (Sn](Snxn))y (110)

Yn = ]_1(an]xn + (1 - an)]Zn):
Cri={weCy: ¢(W1yn) =< ¢(W1xn) + (ky — l)Mn}’

Xn+l = HlexO;

where k,, = max{k,gt),kff)}for each n > 1, ] is the duality mapping on E, M,, = sup{¢p(z,x,) :
z € Q} for each n > 1. Assume that the control sequences {o,}, {Bu}, {vu}, and {8,} satisfy
the following restrictions:

@ Bu+Vn+8,=1,Vn>1;

(b) liminf,_, o y,.8,, lim,, o By = 0;

() 0 <ay<landlimsup,_ . o, <1

In 2008, Alber et al. [21] proved the strong convergence theorems to approximate a fixed
point of a total asymptotically nonexpansive mapping in a Hilbert space. In 2011, Chang et
al. [22, 23] proved the strong convergence theorems for finding the set of fixed points of a
total quasi-¢-asymptotically nonexpansive mapping in the framework of Banach spaces.

Motivated and inspired by the work mentioned above, in this paper, we introduce a
new hybrid projection algorithm for a pair of total quasi-¢-asymptotically nonexpansive
mappings for finding a set of solutions of the equilibrium problem, a zero point of maxi-
mal monotone operators, and a set of solutions of the variation inequality in a uniformly
smooth and strictly convex Banach space.

2 Preliminaries
In this article, we denote the strong convergence and weak convergence of a sequence {x,,}
by x, — x and x, — x, respectively.

A Banach space E with the norm || - || is called strictly convex if || % |<1lforallx,yeE
with ||x|| = ||yl =1 and x # y. Let U = {x € E : ||x|| = 1} be the unit sphere of E. A Banach

space E is called smooth if the limit lim,_, ¢ w

exists for each x,y € U. It is also called
uniformly smooth if the limit exists uniformly for all x,y € U. The modulus of convexity of

E is the function § : [0,2] — [0,1] defined by

5(e) = inf{l— H’%‘

%y € Elxll =yl =1 llx -yl = 8}‘

A Banach space E is uniformly convex if and only if §(¢) > 0 for all ¢ € (0,2]. Let p be a
fixed real number with p > 2. A Banach space E is said to be p-uniformly convex if there
exists a constant ¢ > 0 such that §(¢) > ce” for all ¢ € [0, 2]. Observe that every p-uniformly
convex is uniformly convex. One should note that no Banach space is p-uniformly convex
forl<p<2.

Remark 2.1 The basic properties of E, /, and /™! are as follows (see [24]).
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« If E is an arbitrary Banach space, then J is monotone and bounded;

« If E is strictly convex, then J is strictly monotone;

« If E is smooth, then J is single-valued and semi-continuous;

« If E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E;

« If E is reflexive smooth and strictly convex, then the normalized duality mapping / is
single-valued, one-to-one, and onto;

« If E is a reflexive strictly convex and smooth Banach space and J is the duality
mapping from E into E, then /™! is also single-valued, bijective and is also the duality
mapping from E into E, and thus JJ ™! = I» and J7YJ = I;

« If E is uniformly smooth, then E is smooth and reflexive;

« If E is a reflexive and strictly convex Banach space, then J ! is

norm—weaI{ -continuous.

Remark 2.2 If E is a reflexive strictly convex and smooth Banach space, then ¢(x,y) =0
if and only if x = y. It is sufficient to show that if ¢(x,y) = 0, then x = y. From (1.5), we have
llx|l = 7]l This implies that (x, Jy) = ||x]|> = | Jy||?>. From the definition of J, one has Jx = Jy.
Therefore, we have x = y (see [24—26] for more details).

Recall that a Banach space E has the Kadec-Klee property [24, 25, 27] if for any sequence
{x,} C E and x € E with x, — x and ||x,|| — |lx||, then |x, — x| = 0 as n — oo. It is well
known that if E is a uniformly convex Banach space, then E has the Kadec-Klee property.

The generalized projection [15] from E into C is defined by I1c(x) = argmin . ¢(y,x).
The existence and uniqueness of the operator Il¢ follow from the properties of the func-
tional ¢(y,x) and the strict monotonicity of the mapping J (see, for example, [4, 15, 24, 25,
28)). If E is a Hilbert space, then ¢(x, y) = ||x — y||> and IT¢c becomes the metric projection
Pc:H — C.If Cis a nonempty closed and convex subset of a Hilbert space H, then P¢
is nonexpansive. This fact actually characterizes Hilbert spaces and consequently, it is not
available in more general Banach spaces. We also need the following lemmas for the proof
of our main results.

Lemma 2.3 (Alber [15]) Let C be a nonempty closed convex subset of a smooth Banach
space E and let x € E. Then xo = I cx if and only if

(xo =y, Jx = Jxo) =0, VyeC.

Lemma 2.4 (Alber [15]) Let E be a reflexive strictly convex and smooth Banach space, C
be a nonempty closed convex subset of E and let x € E. Then

¢y, cx) + p(Mcx, x) < d(,x), VyeC.

Lemma 2.5 (Change et al. [22]) Let C be a nonempty closed and convex subset of a
uniformly smooth and strictly convex Banach space E with the Kadec-Klee property. Let
S:C — C be a closed and total quasi-p-asymptotically nonexpansive mapping with non-
negative real sequences v, and L, with v, — 0, i, — 0 as n — 00 and a strictly increasing
continuous function ¢ : R* — R* with £(0) = 0. If u,, = 0, then the fixed point set F(S) is a
closed convex subset of C.
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For solving the equilibrium problem for a bifunction f : C x C — R, let us assume that
f satisfies the following conditions:

(A1) f(x,x)=0forallx € C;

(A2) f is monotone, i.e., f(x,y) +f(y,x) <0 forallx,y € C;

(A3) foreachx,y,z€C,

ltifgf(tz + (1= 0)xy) <f(xy);

(A4) foreachx € C, y— f(x,y) is convex and lower semi-continuous.
The following result is in Blum and Oettli [8].

Lemma 2.6 (Blum and Oettli [8]) Let C be a closed convex subset of a smooth, strictly
convex, and reflexive Banach space E, let f be a bifunction from C x C to R satisfying
(A1)-(A4), and let r > 0 and x € E. Then there exists z € C such that

1
Sfzy) + ~-zjz-jm =0, VyeC

Lemma 2.7 (Takahashi and Zembayashi [11]) Let C be a closed convex subset of a uni-
formly smooth strictly convex and reflexive Banach space E and let f be a bifunction from
C x C to R satisfying conditions (Al)-(A4). For all r > 0 and x € E, define a mapping
K, : E — C as follows:

Kx= {zeC:f(z,y)+ %(y—z,]z—]x) >0,Vye C}.

Then the following hold.:
(1) K, is single-valued;
(2) K, is a firmly nonexpansive-type mapping [29), that is, for all x,y € E,
(Kyx — I<ry:]I(rx _]Kry> < {Kx-K.y,Jx _]y);

(3) F(K;) = EP(f);
(4) EP(f) is closed and convex.

Lemma 2.8 (Takahashi and Zembayashi [11]) Let C be a closed convex subset of a smooth
strictly convex and reflexive Banach space E, let f be a bifunction from C x C to R satisfying
(A1)-(A4) and let r > 0. Then, for x € E and q € F(K,),

#(q, Krx) + p(Kix, x) < (g, %).
Lemma 2.9 [30] Let E be a uniformly convex Banach space and B,(0) = {x € E: ||x|| <r}
be a closed ball of E. Then there exists a continuous strictly increasing convex function
g:[0,00) — [0, 00) with g(0) = 0 such that

2% + gy + vzl < Iaxl® + 1wyl + iy 2ll* - g (Il - y1l)

forall x,y,z € B,(0) and A, i,y € [0,1] with A+ p+y =1.
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Let E be a smooth strictly convex and reflexive Banach space, C be a nonempty closed
convex subset of E and A C E x E be a monotone operator satisfying D(A) C C C
J7H();.0 RU + AA)). Then the resolvent J; : C — D(A) of A is defined by

Jx = {zeD(A) Jx €Jz+ MAz,Vx € C}.

J» is a single-valued mapping from E to D(A). For any A > 0, the Yosida approximation
A, : C — E of A is defined by A;x = W for all x € C. We know that A;x € A(J;x) for all
A>0andx € E.

Lemma 2.10 (Kohsaka and Takahashi [29]) Let E be a smooth strictly convex and reflexive
Banach space, C be a nonempty closed convex subset of E and A C E x E' be a monotone
operator satisfying D(A) C C C J™((N,.oRU + AA)). For any A > 0, let ], and A, be the
resolvent and the Yosida approximation of A, respectively. Then the following hold:

(@) ¢(p,Jix) + d(hx,x) < ¢(p,x) forall x € C and p € A20;

(b) (hx,Ayx) € A forall x € C;

(¢) F(,)=A0.

Lemma 2.11 (Rockafellar [31]) Let E be a reflexive strictly convex and smooth Banach
space. Then an operator A C E x E is maximal monotone if and only if R(J + LA) = E for
all A > 0.

3 Main result

Theorem 3.1 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly uniformly convex Banach space E with the Kadec-Klee property. Let f be a bi-
function from C x C to R satisfying the conditions (Al)-(A4) and let A CE x E be a
maximal monotone operator satisfying D(A) C C and J,, = (J + r,A)™J for all r, > 0.
Let S: C — C be a closed and total quasi-p-asymptotically nonexpansive mapping with
nonnegative real sequences v, uS with v — 0, u5 — 0 as n — 0o and a strictly in-
creasing continuous function ¥ : R* — R* with 5(0) = 0. Let T : C — C be a closed
and total quasi-¢p-asymptotically nonexpansive mapping with nonnegative real sequences
v, wI with v — 0, uT — 0 as n — oo and a strictly increasing continuous function
YT RY — R* with ¥7(0) = 0. Assume that S and T are uniformly L-Lipschitz continu-
ous and F = F(S) N F(T) N EP(f) N A™0 # @. For an initial point x| € E, C, = C, define the
sequence {x,} by

Zn =]rnxnr
uy = K, x,,
Yn = ]_1(05;,1]96;1 + ﬂn]Snzn + )/n]Tnun)r (31)

Cn+l = {V € Cn :¢(Vryn) < ¢(V1xn) + Cn}’

Xue1 =g, %1, neEN,

where {a,}, {B,}, and {y,} are sequences in (0,1) such that a,, + B, + Y = 1, {r,} C [d, 00)
for some d > 0 w, = sup{us,ul}, v, = sup(v3,vI}, ¥ = sup{yS, ¥} forall n>1, ¢ =
Uy SUP ¢ 7 Y (p(q,x4)) + oy Iflim,,, oo 0 B, = 0 and liminf,_, @, v, < 1, then {x,} converges
strongly to T1px;.
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Proof First, we show that C, is closed and convex for all # € N since C; = C is convex.

Suppose that C,, is convex for all # € N. For any v € C,;, we know that ¢(v,y,,) < ¢ (v, %) + {n

is equivalent to

2
I

200, Jtn = Jyn) < 1% ll> = 1yll® + e

That is, C,,1 is convex for all # € N. By the definition of C,,, it is obvious that C, is closed

forall n e N.

We show that {x,} is well defined. It is obvious that F C C; = C. Suppose F C C, for

n €N, from Lemma 2.8 and Lemma 2.10, S, T are total quasi-¢-asymptotically nonexpan-

sive mappings. For each g € F C C,,, it follows that

& @yn) = (0T (ctnfxn + BuJS zn + vl T" 1))
= Nl = 2{q, anJn + BaTS"2n + I T" ) + || €Ty + BuJS" 2 + v Tty |*

< (@, %) + Bt (4, S"20) + vup (g, T" 1)

< 0u (@ %n) + Bu(D(q,20) + VoS (B(q,20)) + 145)
+ V(g 1) + v YT (D(q ) + 1))

= u (s %n) + Bu®(@20) + BuVS ¥ (60, 20)) + Buit
+ Vu® (G tn) + vy (DG 1)) + Vit

< (@, %) + B, 2n) + BaVs VS ((q %)) + it
+ Vu (@ ) + Vuvp T (D(g,%0)) + Vuttsy

< u (%) + Bu(q: 20) + Buvu ($(q, %)) + Bt

+ Vu®(q, un) + annw((p(q’xn)) + Vnlhn

< an®(q,%n) + Bud(q: z0) + YuP(q, un) + (1 - an)vn\b(¢(q’xn)) + (L= n

< @n (%) + Bud(@,20) + Vud(q, ) + vy suIF)t//(¢>(q,xn)) +
qe

< an (g, %n) + Bud(q: 2n) + YnP(q, ) + En
< au (g, %n) + Bud(q, %n) + Vu(q> thn) + L
< auP(q, %n) + Bu®(q: %n) + Yn (@, Ky, 20) + Cn
< and(q%n) + Bud(q,%n) + Vn (G %n) + En

< (g, %n) + Cns

(3.2)

where ¢, = v, sup,p ¥ (o(q,x,)) + iLy,. This shows that g € C,,,1, thus F C C,,4;. Hence, F C

C, for all n > 1. This implies that the sequence {x,} is well defined.

We show that lim,,_, . X, = p. From the definition of C,,; with x, = I1¢,x; and %41 =

¢, %1 € Cyn1 C C,, it follows that

DXy %1) < P(Xpi1,%1), Ym=>1

(3.3)

Page9of 18
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By Lemma 2.4, we get

O x1) = 9(Ig,x1,%1)
< ¢(q,x1) — d(q,%,)
<¢(g,x1), VYgeF. (3.4)

From (3.3) and (3.4), we have that lim,_, o, ¢(x,,x;) exists. In particular, it follows from
(1.6) that the sequence {x,} is bounded and so are {z,}, {,}, and {y,}. Since x, € C, CE
and E is reflexive, the sequence {x,} converges weakly to an element of E, we assume that
x, — p. Note that C, is closed and convex and x,, € C,,. We have that p € C,,, that is,

x, ~peC, asn— oo. (3.5)

For p € C,, we have

liminf ¢ (x,,, 1) = liminf{ [|x, 1> — 2(x,, Jo1) + [l21]|%}
n— 00 n—0o0
> Ipll* = 2{p, Jx1) + 21|

= ¢(p’xl)
On the other hand, x,, = I1¢, %1, we have
dxnx1) <P, x1), VpeC,

It follows that

#(p,x1) < liminf ¢ (x,, x1) < limsup ¢ (x,,x1) < d(p,x1).
n—00 n—00
This implies that lim,,_, oo ¢ (x4, %1) = ¢(p,x1). Hence, we get

[%nll = llpll - as n— oo. (3.6)

From (3.5), (3.6), and the Kadec-Klee property of E, we have

lim x, = p. (3.7)
Therefore,

lim ¢, = lim v, sup ¥ (¢(g, %)) + pn = 0. (3.8)

n—00 n—00 qE]:

From (3.7), it follows that

lim |[%, —%,.1] =0 (3.9)
n—00
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and hence

lim ”]xn _]xn+1” =0. (310)
n—00

We show that p € F(S) N F(T) N A™'0 N EP(f).
Now, we show that p € EP(f). For %41 € Cys1 C C, and &, = I, %1, it follows that

¢(xn+1:xn) = ¢(xn+1: HC,,xl)
< d(xne1s%1) — ST, %1, %1)

= ¢(xn+1:xl) - ¢(xn¢x1)'
Since lim,,_, o ¢(x,,,%1) exists, we have
lim ¢(x,.1,%,) = 0. (3.11)
n— o0

Since x,,; C C, and the definition of C,,1, we have ¢(x,11,74) < d(Xp11,%4) + &y From

(3.11), we also have

nlin;o¢(xn+l»yn) =0. (3.12)

From (1.6) and (3.7), it follows that

lyall = llpll  asn— oo, (3.13)
and hence
yull = Upll - as n— oo. (3.14)

This implies that {||/y, ||} is bounded. Note that E is reflexive and E is also reflexive, we can
assume that Jy, — x” € E". Since E is reflexive, we see that J(E) = E". Hence, there exists

x € E such that Jx = x” and we have

¢(xn+1:yn) = ||xr1+1||2 - 2<xn+1y]yn> + ||J’n||2

= ||xn+1||2 - 2(xn+1y]yn> + ”]yn”2

Taking liminf,_, - on the both sides of the equality above, in view of the weak lower semi-

continuity of the norm | - |, it follows that

0> [pI* -2(p,x) + IIx'II?
= Ipl* - 2{p, Jx) + x>
= lIpl* = 2(p. Jx) + Il
= ¢(p, x).
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From Remark 2.2, we have p = x, which implies thatJy, — Jp as n — oo. From the Kadec-
Klee property of E', we obtain that

Jyn—Jp asn— oo. (3.15)

Note that /™' : E* — E is demicontinuous, that is, y, — p as n — oo. From the Kadec-Klee
property of E, it follows that

lim y, = p. (3.16)

n—00

From (3.2), (3.7), and (3.16), it follows that lim,,_, o, ¢(q, 1) = ¢(q, p). Since u,, = K, x, and

from Lemma 2.8, we have

D (s %) = (K Xy %) < GG, %) = (Ko, %) = (%) = $(q,24) > 0 as n— o0
From (1.6), it follows that

lunll = llpll asn— oo. (3.17)
Since {u,} is bounded and E is also reflexive, we can assume that #, — u € E and we have

D Wty %) = N1t | = 2 (1t Jn) + 1217

Taking liminf,,_, o, on the both sides of the equality above, in view of the weak lower semi-
continuity of the norm || - |, it follows that

0> [lull® - 2(uJp) + Ip|I?

= 4’(%17)

From Remark 2.2, we have u = p, that is, u,, — p as n — 0o. From the Kadec-Klee property
of E, we obtain that

lim u, = p. (3.18)
n— o0

Since lim,,_, » #,, = p and lim,,_, o, x;, = p, we have that
lim ||u, —x,|| = 0. (3.19)
n—00

Since J is uniformly norm-to-norm continuous, we obtain
lim ||Ju, - Jx,|| = 0.
n— o0

it —Fxn
Tn

From r, > 0, we have ‘ — 0asn— ooand

1
fluwy) + —(y—wupJuy, —Jx,) >0, VyeC.
'n
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By (A2),

Wun —Jxall 1
IIy—unll% >

n r}’l

(J’ - ”n:]un _]xn)
> ~f (uny)
zf(y’ MVI)’ V)’ E Cy

and u, — p, we get f(y,p) <0 for all y € C. For 0 < ¢ <1, define y, = ty + (1 — £)p. Then
y: € C, which implies that f(y;, p) < 0. From (Al), we obtain that

0=fey:) <tf e, y) + A= )f e, p) <f 1, 7).
Thus f(y:,y) > 0. From (A3), we have f(p,y) > 0 for all y € C. Hence, p € EP(f).

Next, we show that p € A0. From (3.2), (3.7), (3.16), and (3.18), it follows that
lim,_, o ¢(q, 24) = ¢(q, p). Since z,, = J,,x, and from Lemma 2.10, we have

® (2> %n) = QU Xons %n) < (G5 %) = $(q5 ), %n) = D(q, %) — $(g,2,) > 0 as n— o0.
From (1.6), it follows that

lzall = llpll  asn— oco. (3.20)
Since {u,} is bounded and E is also reflexive, we can assume that z, — z € E and we have

Pz %) = 120 1* = 2(2u Jon) + 1241

Taking liminf,_, -, on the both sides of the equality above, in view of the weak lower semi-
continuity of the norm || - |, it follows that

0 > ||zl* - 2(z,Jp) + lIpII?

= ¢(Z¢p)~

From Remark 2.2, we have z = p, that is, u, — p as 1 — oo. From the Kadec-Klee property
of E, we obtain that

lim z, = p. (3.21)
n— 00

Since lim,,_, » 2, = p and lim,,_, », %, = p, we have that
lim ||z, —x,] =0, (3.22)
n— 00

and hence

lim ||, —Jzu |l = 0.
n—00
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From the condition {r,} C [d, 0c0) for some d > 0, we have
. 1
lim —||Jx, = Jzu|l = 0.
n—oQ rn
Thus, since z,, = J;, %, we have

. 1
lim [|A,,x,| = lim —|Jx, —Jz,.| = 0.
n—00 n—>00 1,

For any (w,w’) € G(A), it follows from the monotonicity of A that (w — z,,w — A,,x,) >
0 for all # > 0. Letting n — oo, we get (w — p,w’) > 0. Therefore, since A is maximal
monotone, we obtain p € A™10.

On the other hand, we have

O(@ %) = (@, 3n) = 1%l = 19ull® = 2(q, It — Jut)

< 1% = ll (1 + 3ll) + 21111 1o = Tyl

In view of ||x, — y,|| = 0 and ||Jx, — Jy,|| — 0 as n — 0o, we obtain that

¢(q%n) = $(g,yn) > 0 asn— oo. (3.23)

From Lemma 2.9, we have

(@ yn) = O(@T " Jxn + BuJS" 2 + Y T" 1)
< IqI1* = 2{q ctfon + BuJS" 20 + Y T"tin) + || Jtn + BuJS" 2 + Vi) T" )
— otuBug (Itn = ISz )
= an (@, %) + Bu® (0 S"20) + Y (@ T" ) — g (10 = JS" 24 )
< &g, %) + &n = uBug (I = IS 2ull)- (3.24)

I

It follows from liminf,, o ¢, 8, > 0, (3.23), (3.8), and the property of g that
nli)r{.lo”]xn -JS"z, || =0.
Since x, — p as n — oo and J is uniformly continuous, it yields that Jx,, — Jp, we have
JS"z, — Jp. (3.25)
Since /7! is demicontinuous, we also have
Sz, — p. (3.26)
On the other hand, we observe that

)

ISz || = lpll| = [|7(S™24) | = Wll| < |J(S"20) —
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we obtain that ||S"z,|| — ||p||. Since E has the Kadee-Klee property, we get

lim §"z, =p. (3.27)

n—00

By the assumption that S is uniformly L-Lipschitz continuous, we have

|5 2, = 8"z || < |8™ 20 = S 2 | + | 201 = 2 | + N2ns1 = 2ull + || 20 = §"2 |

<L+ Dz —zall + ||Sn+lzn+1 — Zn+l ” + Hzn - S8"z, ” (3.28)

Since lim,,_, o 2, = p and lim,,_, , Sz, = p, it yields that ||S"*'z, - S"z,|| — 0,n — co. From
S"z, — p, we get S"*1z, — p, that is, $§"z, — p. In view of the closeness of S, we have
Sp = p. This implies that p € F(S). By the same way, we have that p € F(T).

We show that p = I1gx;. From %, = I1¢, %1, we have (Jx; — Jx,,,x, — v) > 0, Vv € C,. Since
F c C,, we also have

(Jxy = Jxn, %y —y) >0, VyeF.
By taking limit # — oo, we obtain that
(o1 -Jp,p—y) >0, VyeF.

By Lemma 2.3, we can conclude that p = I1px; and x, — p as n — oo. The proof is com-
pleted. g

Let A be a continuous and monotone operator of C into E". Then we can find a solution
of VI(A, C) in a uniformly smooth and strictly convex Banach space E with the Kadec-Klee
property by using the following lemma.

Lemma 3.2 (Zegeye and Shahzad [32]) Let C be a nonempty closed convex subset of a
uniformly smooth strictly convex real Banach space E. Let A : C — E be a continuous
monotone mapping. For any r > 0, define a mapping W, : E — C as follows:

1
W,x = {zeC: (y—z,Az) + ;(y—ZJZ—]x> zO,VyeC}

forall x € C. Then the following hold:
(1) W, is single-valued,;
(2) F(W,) = VI(A,C);
(3) VI(A,C) is a closed and convex subset of C;
4) ¢(q, Wix) + p(Wyx, x) < ¢(q,x)f0” all g € F(W,).

Corrollary 3.3 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly uniformly convex Banach space E with the Kadec-Klee property. Let f be a bifunc-
tion from C x C to R satisfying the conditions (Al)-(A4) and let A be a continuous and
monotone operator of C into E . Let S : C — C be a closed and total quasi-¢-asymptotically
nonexpansive mapping with nonnegative real sequences v3, uS with vi — 0, u5 — 0 as
n — oo and a strictly increasing continuous function ¥ : R* — R* with ¥5(0) = 0. Let
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T : C — C be a closed and total quasi-¢-asymptotically nonexpansive mapping with non-
negative real sequences v}, uI with vl — 0, uI — 0 as n — oo and a strictly increasing
continuous function T : R* — R* with ¥T(0) = 0. Assume that S and T are uniformly
L-Lipschitz continuous and F = F(S) N F(T) N EP(f) N VI(A, C) # @. For an initial point
x1 € E, C1 = C, define the sequence {x,} by

Zy = Wrnxnr
Uy = <rnxn:
IYn :]_1(05;4]95;1 + Bu)S"z, + Vn]Tnun)» (3.29)

Cui={veC, :¢(Vryn) <o, x4) + Lu)s

KXntl = HC,H.lxly ne N;

where {a,}, {B,} and {y,} are sequences in (0,1) such that a,, + B, + v = 1, {r,} C [d, 00)
for some d > 0 w, = sup{us,ul}, v, = sup(v3,vI}, ¥ = sup{yS, T} forall n>1, ¢ =
Vyy SUP e 7 Y (P(q, x4)) + p- Iflim,, oo @, B, = 0 and liminf,_, o v, < 1, then {x,} converges
strongly to Tgx;.

Proof From the proof of Theorem 3.1, we known that lim, .« z, = p and lim,_, c %, = p.
We obtain that

lim ||z, —x,| =0, (3.30)
n— o0
and hence
lim ||Jx, —Jz,| = 0.
Since {r,} C [d, o0) for some d > 0, we have
. 1
lim —||Jx, — Jz,|l = 0. (3.31)
n—>00 1,
From the definition of W, it follows that
1
()’ - anAnZn> + }"_ O’ - Zn)]Zn _]xn) >0, Vy eC.

n

For 0 < ¢ <1, define y; = ty + (1 — t)p, then y, € C. We have

1
Ot = zns Anzn) + — Yt = Zu Jzn = Jxn) 20, Vy, € C. (3.32)
18

n

It follows that

1
(_yt _Zn:Anyt> Z (yt _Zn:Anyt> - ()’r _ZmAnZn> + r_<yt _ijzn _]xn>

n

]Zn - ]xn >

T'n

= e =z Anyr — Anzn) + <yt — Zn»
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Since A, are continuous and monotone mappings, we have (y; —z,, A,y —A,z,) > 0. From
(3.31) and (3.32), it follows that (y; — z,, A, ;) > 0. Take the limit as » — oo and z, — p.
We get (y;: — p,A,y:) > 0 for all y; € C. Therefore, (y —p,A,y:) >0 forallye C.Ift — 0,
we have that (y — p,A,p) > 0 for all y € C. Hence, p € VI(A, C). The proof is completed.

O

Corrollary 3.4 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly uniformly convex Banach space E with the Kadec-Klee property. Let A be a continu-
ous and monotone operator of C into E” and let B C E x E” be a maximal monotone operator
satisfying D(B) C C and J,,, = (J + r,B)™Y] for all r, > 0. Let S: C — C be a closed and to-
tal quasi-p-asymptotically nonexpansive mapping with nonnegative real sequences v3, us
with v5 — 0, u5 — 0 as n — 0o and a strictly increasing continuous function S : R* —
R* with 5(0) = 0. Let T : C — C be a closed and total quasi-¢-asymptotically nonexpan-
sive mapping with nonnegative real sequences v\, uI with v — 0, uI' - 0 asn — oo
and a strictly increasing continuous function YT : R* — R* with ¥ 7(0) = 0. Assume that
S and T are uniformly L-Lipschitz continuous and F = F(S) N F(T) N VI(A,C) N B0 # 0.
For an initial point x; € E, C; = C, define the sequence {x,} by

Zp :]rnxny
Uy = W, %y,
Yn = jil(an]xn + ﬂn]Snzn + Vn]Tnun)¢ (333)

Cu1={veC, :¢(Vryn) <¢(v,x.) + Cn)s

xpi1 = Mg, %1, nE N,

where {a,}, {B,}, and {y,} are sequences in (0,1) such that a,, + B, + Y, = 1, {r,} C [d,00)
for some d > 0 p, = sup{us, ul}, v, = sup{v3,vl}, ¥ = sup{yS, ¥ T} forall n>1, ¢ =
Uy SUP ¢ 7 Y(p(q x4)) + oy Iflim,,, oo 0 B, = 0 and liminf,_, o @, v, < 1, then {x,} converges
strongly to Tlrx;.
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