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1 Introduction

The method K* was first introduced by Karamata [1] and Lotosky [2] reintroduced the
special case A = 1. Only after the study of Agnew [3], an intensive study of these and
similar cases took place. Vuékovi¢ [4] applied this method for summability of Fourier
series. Kathal [5] extended the result of Vuckovi¢ [4]. Working in the same direction,
Ojha [6], Tripathi and Lal [7] have studied Kk—summability of Fourier series under dif-
ferent conditions. The degree of approximation of a function fe Lip ¢« by Cesaro and
Norlund means of the Fourier series has been studied by Alexits [8], Sahney and Goel
[9], Chandra [10], Qureshi [11], Qureshi and Neha [12], Rhoades [13], etc. But nothing
seems to have been done so far in the direction of present work. Therefore, in present
paper, we establish two new theorems on degree of approximation of function f
belonging to Lip (o,r) (r > 1) and to weighted class W(L,, & (£))(r > 1) by K*-means on
its Fourier series and two other new theorems on degree of approximation of function
f, conjugate of a 27-periodic function f belonging to Lip (o,7) (r > 1) and to weighted

class W(L,,¢ (1)) (r = 1) by K*-means on its conjugate Fourier series.

2 Definitions and notations

Let us define, for n = 0, 1, 2,..,, the numbers [:1], for 0 < m < m, by
n—1 n
r
l_[(xJ’”):Z[:Jxm: (lic+n)
-0 pard (x) (2.1)
=x(x+1)(x+2)...(x+n—1).
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The numbers [:1] are known as the absolute value of stirling number of first kind

Let {s,,} be the sequence of partial sums of an infinite series Yu,, and let us write
() —[n
A m
s = E ATs 2.2
" T(k+n) m " (2.2)
m=0

to denote the nth K*-mean of order A > 0. If 52 — s as n — o, where s is a fixed
finite number, then the sequence {s,} or the series Yu, is said to be summable by Kar-
amata method (K*) of order A > 0 to the sum s, and we can write

sﬁ — s (KA) as n — oo. (2.3)

Let f be a 2m-periodic function and integrable in the sense of Lebesgue. The Fourier
series associated with f at a point x is defined by

f(x) ~ L;_O + Z (an cos nx + by, sinnx) = ZAn(x) (2.4)
n=1 n=1

with nth partial sums s,,(fx).
The conjugate series of Fourier series (2.4) is given by

Z (an sinnx — b, cosnx) = Z B (x) (2.5)
n=1 n=1

with nth partial sums 5, (f; x).
Throughout this paper, we will call (2.5) as conjugate Fourier series of function f.
L..-norm of a function f R — R is defined by

I flloo = supflf(x)| : x € R} (2.6)

L,-norm is defined by

I fllr = (fozn |f(x)|’dx) i, r>1. 2.7)

The degree of approximation of a function f R — R by a trigonometric polynomial ¢,

of degree n under sup norm || ||.. is defined by
(Zygmund [14])
I 'tn = flloo = sup{|tn (x) — f (x) | : x € R} (2.8)

and E, (f) of a function fe L, is given by

En(f) = H%:n Il tn _f”r- (2.9)

This method of approximation is called trigonometric Fourier approximation. A
function fe Lip o if

fax+t)—f@)|=0(t*) for 0<a=<1 (2.10)

and
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fe Lip (o r) for 0 < x < 27, if

1
2 r
(/ |f(x+t)—f(x)|’dx) -0(t*), 0<a<landr>1 (2.11)
0

(definition 5.38 of McFadden [15]).
Given a positive increasing function & (¢) and an integer r > 1, fe Lip (&(¢), r), if

1
2w r
(/0 If x+0) —f(x) |de> = 0(§(1)) (2.12)

and that
fe WL, &) if

1

2 r
(/ |{f(x+t>—f<x)}sinﬂx|’dx> —0(E®), B=0 (2.13)
0

If B = 0, our newly defined weighted i.e. W (L,, & (£)) reduces to Lip (¢ (2), r), if & (¢) = t*
then Lip (¢ (¢), r) coincides with Lip (¢, r) and if » — o then Lip (¢, r) reduces to Lip a.
We observe that

Lip @ C Lip(a,r) C Lip(&(t), 1) € W (L, &(t)) forO<a <1, r>1.

We write
dO =fx+)+fx—1)—2f ()
> o [;]Amsin(m+ Nt
Ky (1) =

I' (A +n)sin ()

YO =fl+)—flx—1)

S | | cos m 1)1
T (A +mn)sin ()

- 1 T t
f(x) = ~ /0 w(t)cot(2>dt

3 The main results
3.1 Theorem 1
If a function f, 27z-periodic, belonging to Lip (o, r) then its degree of approximation by

Ky (t) =

K*-summability means on its Fourier series is given by

I $e—fll =0 1 {log(n+1)e}+ 1

1 7
(n+ 1) r n+1 C(+n) (3.1)
O<a<1n=01,2.,
where s,, is K*-mean of Fourier series (2.4).
3.2 Theorem 2

If a function f, 27-periodic, belonging to W (L,, & () then its degree of approximation
by K*-summability means on its Fourier series is given by
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_ _ ﬂ*i 1 log(n+1) 1 1 }]
I f||r—O|:{(n+1) s<n+1)}{ e e rem 62

provided that ¢ (¢) satisfies the following conditions:

0]
t

} is non - increasing in t, (3.3)

1 T
/n+1 <t|¢(t)|) sinf'r d =o( 1 ) (3.4)
0 () n+1

and

1
T (e, |7
{/1 ( 30 >dt} =0(m+1), (3:5)

n+1

where ¢ is an arbitrary positive number such that s (1 - J) - 1 > 0, i + i =11<r<

oo, conditions (3.4) and (3.5) hold uniformly in «, s, is K*-mean of Fourier series (2.4).

3.3 Theorem 3
If a function f, conjugate to a 27r-periodic function f; belonging to Lip(ctr) then its degree

of approximation by K*-summability means on its conjugate Fourier series is given by

15 —J~C|| -0 1 {log(n+1)e} 1

1 0 [Troenm Tt (3.6)
n+ D% r (n+1) * :
O<a<1,n=0,1,2,..

where 3, is K*-mean of conjugate Fourier series (2.5) and
f= ! fnlﬁ(t)cot Ay
o2 ), 2]

3.4 Theorem 4
If a function f, conjugate to a 27z-periodic function f, belonging to W (L, (¢)) then its degree
of approximation by K*-summability means on its conjugate Fourier series is given by

T ﬂ*i 1 )}[ 2 log(n + 1) 1 ]
IS0 = £l O{("+1) s<n+1 12 a1 Traem] &7

provided that ¢ (¢) satisfies the conditions (3.3)-(3.5) in which ¢ is an arbitrary posi-
tive number such that s (1 - d) - 1 > 0, i + ; = 1,1<r< o, Conditions (3.4) and (3.5)

hold uniformly in x, 3, is K*-mean of conjugate Fourier series (2.5) and
Foo-— ) /ﬂvf(t)cot )i (3.8)
©o2n ), 2) 7 '

4 Lemmas
For the proof of our theorems, following lemmas are required.
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4.1 Lemma 1
(Vuékovi¢ [14]). Let L > 0 and 0 < t < 7, then

Im I’ (Ae” + n) _|sin (A log (n+1).sin t) |

+O (1) asn — oo uniformly in t.
' (Acost+mn)sin(}) sin (%) M Y

4.2 Lemma 2
Ky (1) =O{rlog(n+ 1)} +O(1).

Proof. For 0 <t < !, 1—cost <, sinnt<ntandsin} > !
sin [ m + t
1 " Tn ( 2)
Ky (0] < Z[ ]-Am ;
T +n) m=0 " sin
B it )
1" )\ 1t
Im{e2 (e +n)
T (1e')
=0 oy by (2.1)
' (A +n)sin
2
o ImT (A +n) |:ReF (re't + n)i|
= +
t
I (+msin F@+m
- (4.1)
-0 ['(Acost +n) ImT (Ae' +n) [ (Acost +n)
- I'(A+n) I'(+n)

t
F(kcost+n)sin2

=0 n—k(l—cost) . ImD (Aelt + n) +0O [n—k(l—cosl)]
t
I' (A cost +n)sin )

it
-0 e—l(l—cos t)logn ImT ()Lel + Tl) +0 |:e—k(1—cos t) logn]

.t
I‘()Lcost+n)sm2

- » t? log(n+1) ImT (Aeit + n) - ~ 2 log(n+1)
2 . e 2

=0|e +0

1"(Acost+n)sin2

Considering first part of (4.1) and using Lemma 1,
Kn (t) _ O e_;‘tz log(n+1) ) | Sin ()\. log (n + 1) . Sin t) | + O |:e_;‘t2 log(n+1)i|

sin (})

A
+0 |:e—2t log(n+1):|
=0 e_)zhtz log(n+1) . | Sin (k lOg (n + l) ' Sin t) | +0 e—)zhlf2 log(n+1)

sin (4)

|sin (A log(n+1)-sint) |

sin (4)

=O{Alog(n+l)}|: }0(1)

=O0{rlog(n+1)}+0(1).
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4.3 Lemma 3

e ; t? log(n+1)

K, (1) =O . +O0{rlog(n+1)}|sin (rlog(n +1) -sint) |

A
+0 |:ezt2 log(n+1) | sin (t/z) |] .

2 . N
" sin nt < nt andsméz

1 t
Proof.For0 <t < .., 1 —cost <} »

m

1 n cos(m+;>t
n m
Ky (0] < mw)z[ ]A .

m=0 sin
B it .
it
rel o2 I (re +n)
T (ret)
-0 ; by (2.1)
' (A +n)sin
2
ReT (2" +n) ImT (re" +n)
=0 +0
[ (e msin T'@G+m
-0

' (Acost +n) |:F(Acost +n) ImF()»e”+n)i|
N )

F(}»+n)sin; '(+n) I' (Acost +n)

-0 n‘”l‘cto”) 2 0| ymra—cosn | ImT (e +n)
sin I' (A cost+n)

L 2

—A(1—cost)l it
=0 4 (1=cost)logn +O |:ek(1cosl)logn A ImI ()‘el +n)]

t
sin I' (Acost+n)

t "I (Acost+m)

A
— *logn A .
e 2 — _tlogn ImT (Ae" +n
=0 +O|:e 2 ( )i|
sin

2

— _t?log(n+1) A .
e 2 — _logn+D) ImT (Ae +n
=0 +O0 e 2 . ( ) .
t I'(Acost+n)

Using Lemma 1,

—e—gﬂ log(n+1) *
K, () = O . +0 [ezf 1080+D I sin (% log (n + 1) - sint) q

A
+0 |:ezt2 log(n+1) | sin (t/z) |:|

—e—gﬂ log(n+1)_
=0 . +O{rlog(n+1)}|sin (Alog(n+1)-sint)|

)
+0 |:e2t2 log(n+1) | sin (t/2) |i| .
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4.4 Lemma 4
(McFadden [15]), Lemma 5.40) If fix) belongs to Lip(c,r) on [0,7], then ¢(£) belongs to
Lip(o,,r) on [0,7].

5 Proof of the theorems

5.1 Proof of Theorem 1

Following Titchmarsh [16] and using Riemann-Lebesgue theorem, the mth partial sum
Sm(x) of series (2.4) at t = x is given by

g : 1
sww4m=;/¢mm@tmﬂ
0

Sin 2

Therefore,

ra) —[n]., 1T Fra [n
TGt n) =O[m]}‘ {SM(x)_f(x)}_zn/O ¢(I)F(A+n)z|:m}

m m+0
asin(m+ )t

t
2

roy (7
Sm (%) —f (%) = 2;)/0 ¢ (DK, (1) dt

-A dt

sin

(5.1)

IS !
=()PW+ﬂd¢mmmm

2 n+1

=0(1.1)+0(I12) (say).

Now we consider,

1
Lia =S8 ¢ O | Ky (1) |de.

Using Lemma 2,
1 1
Iii = O{rlog(n+ D)} f§* ¢ (1) ldt + O [fg” o (t) |dt} .

Using Holder’s inequality and Lemma 4,

1 1

Iii=O[{rlog(n+ 1)} +1] |:/0n1 1 {ttzﬁtgt) }rd{| r |:/Oni . (ta])Sdt:| s

1
1 s

s—s+1
=O[{)\log(n+l)}+l](nil> { a }n+1

as—s+1],

1
=O{log(n+1)e}[ 1 ]s (5.2)
n+1

(ﬂ+ 1) )asfsﬂ
{log (n+ 1)2} 1
n+1) .

L n+1) s

{log(n+1)e} 1 . 1 1
since + =1.

n+1) . TS

L n+1) 1

Page 7 of 21
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Since, for
n+1 2 T

K.(t) =0 !
() = [F()\+n)sin£}

=o[ ! }
T(A+n)t

Next we consider,
7
hal= [ 10 @K @lde
1
n+1

Using Holder’s inequality, (5.3) and Lemma 4,

”2=O<F<;+m)[/w1 { %¢0)} }

n+1

1 1
(v itim) g
rav+n)) n+1)

t(6+a71)s+l

1 1 i
=O<ra+m> *5{ - }1
n+1) b+a—1)s+1

i k4
/ 1 t(&wt 1)5dt
L n+1

1

/
+
1
N

1

s
n+1:|

1

(o)l bl
F(+n)) (n+ 1) (n+1)0re-Dsl
1 1 1
=O(FA ) - 1
*r+n)/) (n+1) o
n+1 N
=o< 1 ) 1
T'(A+n) aihl
n+1) s
1 1
=0
(F()»+n)) a,l
L(n+1) T

Combining (5.1), (5.2) and (5.4),

—fw=0 (log(n+l)e> 1

(n+1)
L (n+1)

1 :log(n+l)e
1 n+1)
Ln+1) 71

This completes the proof of Theorem 1.

1 +0

r

1
T (A +n)

Y

(

T'(A+n)

)

n+1)

r

Page 8 of 21
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5.2 Proof of Theorem 2
Following the proof of Theorem 1,

1
_ - 0] n+1 /ﬂ
Sm () —f (%) = . /O +] 1 oMK, (vadt 55
n+1
=0(L1)+O0(hy) (say).
We have
px+0) - @[ <Ifu+tx+0) —fU+)[+|f wu—x—0)—fu—x)|
Hence, by Minkowiski’s inequality,
1 1
2 2
[/ {lp(x+1)—¢ (x)}sinﬂxlrdx] "< [/ Hfw+x+0)—f(u +x)}sinﬂx|’dx] r
0 0
1
2
+ [/ |{f(u—x—t)—f(u—x)}sinﬁxlrdx]r
0
=0{&®}.

Then fe W (L,(()= ¢ € WL, ¢ (D).
Now we consider,

1
Ll < [ 1o (0 11K (1) 1dt.
Using Lemma 2,
1
L =[0{rlogn+ 1)} +0(1)] /O” 1o 0 ldr.

Using Holder’s inequality and the fact that ¢ (£) € W (L,, & (2)),

1

. /3 T
Ly =O[{rlog(n+ 1)} +1] /n+ 1 {t|¢(tél(st1)n (t)} P
0

1
1

[rer] o }Sdt
0 tsin®t

1 s
=O{Alog(n+l)e}(nil> /()”Jrl{s(t) }dt by (3.4)

tsinft
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Since sin ¢ > 2t/7,

1
I =O(log(n+l)e> On+1 {é(t)} it

n+1 (148

Since ¢ (2) is a positive increasing function and using second mean value theorem for
integrals,

12.lzo{<log(n+l)e>§< 1 )}
n+1 n+1

ol(5 ()|
o[ )
off(=e)e(,1)

Next we consider,

Lol < /™4

n+1

1
- 1 S

n+1 1 1
/E {ﬂhﬂ»}dt nel

for some 0 <€<

1

- 1 s
t—(1+ﬁ)s+1

—(1+B)s+1 }

n+1

. (5.6)

1
1+8)—
n+1) S’:|
1
B+ . 1 1
n+1) 7 since + =1.
ros

| (&) 1Ky (1) |dL.

Using Holder’s inequality, |sin ¢| < 1,sin ¢ > 2¢/m, (5.3), conditions (3.3), (3.5) and
second mean value theorem for integrals,

n 1
12.2=O|:/ 1 F(A+n)t|¢(t)|dt:|

n+1

1 1

e ) ] r r 7 s s

=o< ! ) /1 {t I (@) Isin (t)}dt} [/1 { S.(t) }dt:|
C@+n §(@ t=dsinf 1t

L n+1 n+1

~ 1 1
_ 1 SO I CAGTN I R A IR O D
(e[ T80 |1 (]

L n+1 n+1

1

cof el )| [ {0 ]

n+1

Page 10 of 21
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Putting t =
1
()1
| -0 (n+1)6 n+1 y d}/
277G / porr oy
1
~ n+1)>° 1 et dy s 1
_O{F(A+n)§<n+l>}_/,; {d5(57ﬁ71)+2}dti| forsome7r <n<n+l
1
8 r pn+l
=O{(n+1) E( ! )} / { fbi }dti|s forsome1§1§n+1
C+n) \n+1)) [/ Pp@=p-1+2 b (5.7)
1
=o{(n+1)8§< 1 )}{ pp1--1 }"”}s
'A+n) n+1 L s(B+1-68)—1},
~ n+1)>° 1 145~
_O{F(A+n)§<n+l>}lm+l) S]

Now combining (5.5)-(5.7),

1
log(n+1)e 1 B+
S RN
1
o) 1 g 1 e
'A+n) n+1
1
B B+ 1 log(n+1)e 1
_OI("+1) rg(n+1>}|: (n+1) +r(x+n)]

Now using L,-norm, we get
1
2 T T
sm @) = f @) = UO |sm () — f @) dx}

O[ l<n+1> rs( 11>]

1

10g(n+1)e 1 } r
(n+1) ro+n

|
Tl
1"

log(n+1)e 1 2 r
(n+1) F(A+n)}] {/0 dx}

1
B B+ 1 log(n+1)e 1
_O[("”) rE(ml)“ (n+1) +r(,\+n)]'

This completes the proof of Theorem 2.
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5.3 Proof of Theorem 3
Following Lal [7], the mth partial sum §,, (x) of series (2.5) at t = x

1 7 . I - cos (m + ;) t
S (x) — [_271 /0 ¥ (t) cot(z) dt] =y /0 ¥ (t) o ¢ dt.
2
Therefore,

ra) [nl.mls 1 [~ t
F(x+n>z[m}A {S(x)_(_zn/o 1/’(t)c‘)t(?.)dt)}

m=0
COoS (m+ l)t
1T FrN) =[n]. . 2
_27:/0 ‘”(t)r(“n)mi;)[m]A sin © i
) } oy (7 ) (5.8)
Sm (%) —f (%) = 2( )/ ¥ () Ky () dt
T Jo
1
r T -
T /"+1+f L@ IR, 0 1de
2 0
n+1
=031)+0(32).
We consider,
1
sl = Jo** L @1 |Ra ] .
Using Lemma 3,
1 - A 2 log(n+1)
I =0 /”*16 W () ldt
0 t
1
+O{rlog(n+ 1)}/”+1 |sin (Alog (n + 1) .sint) ||y (1) |dt (5.9)
0

1 A
— _Plog(n+1)
+0 /””ez 0 sin (1/2) I1w (0 1dt
0

=l311+l12+13  (say).

Now consider,

A
1 — _t?log(n+1)

i1 =0 /"+1e L wo
0

1 ’ 1 A s
T
-0 /n+1 {tw(t)}dt /n+1 tafze’zlzl"g(’”l)
0 t 0
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Using second mean value theorem for integrals,

Alog(n+1) ) _
e 2 (n+1)? ! s 1
I511=0 n+1) Ln+1 (t”_z)sdt for0 <e< .
1
rlog(n+1) ) - 1
o ¢ 2 (n+1)? o2t |
- n+1) {sa—2s+lL
1
1 1 s
=0 R
<n+ 1) [<n+ 1)“*”} (5.10)
_of ! 1
B <n+1> 1
(n+1) s
1 1 1
=0 since + =1
<n+l) 1
(n+1) T
1
-0 1
m+1) T
Now we consider,
1
Is12=0{xlog(n+ 1)} /" +1 5in (Alog (n + 1) sint) ||y (¢) |dt.
0
. 1 .
Since, for 0 < t < , sinnt < nt,
n+
1
Is12 = O{alog(n+ D)} [** 1ty (0 |de.
Using Holder’s inequality and Lemma 4,
1 1
1 ol 1 s
Ii12=0{rlog(n+ 1)} |:/n+1 {tlﬁ(l)] dt:| |:fn+1 (t")sdt:|
0 “ 0
1
1 S
O{rlog(n+1) e ned
J as+ 1
1
N
Ofrtog(n+ 1] (n 1)[(“1)“*1]
| 1
A og(n+1) (n ]) 1 (511)

1
:O{log(n+1)}(n+1) ( 1)
arl—(1-
n+1)

:O{log(n+1)}(nil) ! 1 since1+1:1
L(n+1) T
log(n+1) 1
=0
[ (n+1)? ] 1

m+1) T
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Next we consider,

1
— _t?log(n+1)

Iis= 0/" +1,2 Isin (£/2) 11 (0) de
0

1
’/”*W(z)dt]
0
1 1
1 7, 1 S
- n+1 o) n+1 ()
-O{/O { @ }dt:| {/0 (t)dt:|

(5.12)

1 1 . 1 1
=0 ) since + =1.
(n+1) 1 ros

(n+1) 1

Combining (5.9)-(5.12),

1 log(n+1) 1
a_l +O{ (n+1)2 a_l
n+1) 71| n+1) 1

o{ ! } ! 5.13
(n+1)2 1 (5.13)

L+ 7]

log(n+1)e 1
1| *0 1

m+1)2m+1) T Ln+1) 7

=0

. 1 . t t
Since, for <t<m, |sin | >
n+1 2 T

1

F()»+n)sin<£) (5.14)

_ 1 :|
=0 )
LT (A+n)t
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Next we consider,

La< [T ¥ K, (t)dt.

n+1

Using Holder’s inequality, (5.14) and Lemma 4,

I

+1

> 1
n+1)7°

)l
n+1)7°

1 1

i

N
(Bra=1)s 3¢
1

b
I
n+1
1

{ﬁwm

1
I,=0
32 (F(A+n) @

X

n+

=o< !
'A+n)

1

|

t(5+a—1)s+l

O

1
(F(A+n) B+a—1)s+1

o

=o<
=o<

=o<

1
(F(A+n)

1
F(A+n)>

1
F(A+n)>

1
F(A+n)>

1 i 1
(n+ 1)76 (Tl+ 1)(3+a—1)5+1

(5.15)

T

(S+a—1)+
N

1 1
(n+ 1)’5
n+1)

1
1

a—1+
L(n+1) N

1 1 1

L+ 1) 7

Collecting (5.8), (5.13) and (5.15),

Sn—f@=0

m+1)2m+1) T

o

log(n+1)e 1

1 1

n+1) 1

1
T (A +n)

)
i

1

o

(n+1) o

1
+
'x+n)

log(n+1)e
(n+1)

|

n+1) 1

This completes the proof of Theorem 3.
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5.4 Proof of Theorem 4
Following the calculations of Theorem 3,

1
S o P W [ne1 / :
Sm (x) ﬂ@—zn A + 1 |[YOK. (e (5.16)
n+1
=0(41) +O(ls2).
Now,
1
ax =0 [7 11 @ik, 0 1ar
0
Using Lemma 3,
1 — A 2 log(n+1)
-0 [re1f W (0 |dt
O t
1
+(ﬂkbgm+1n/ﬁ+1|qubgm+1mmgnwgnm (5.17)
0

1 A
— t?log(n+1)
+0 /"+1e2 " sin (1/2) 11y @) |dt
0

=lyia+ 112 +1as  (say).

Using Minkowiski’s inequality, we have a fact that f [ W(L, & @)= z//[ W (L, &(1)).
Now we consider,

A
1 — _’log(n+1)

e 2
I411=0 /"+ 1 . ¥ (0) |dt
0

1
1
1 > s
. g r r - llog(n+1)
O/'”l o (1) sin” (1) dt /n+1 E@e di
0 £@® 0 sm"(t)
1
Alog(n+1) 1 . s
S et 2o (] e
‘ lo<n+1 |:0 sin? (1) dt by (3-4)
1
- 1 s
o) (e
n+1 0 sin? (1)
B 1

r 1

=O< ! ) /”+1 (S(t)) ] sincesint22t
n+1 0 th T
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Since £ (2) is a positive increasing function and using second mean value theorem for

integrals,
1
_ 1 S
1 1 1 1
I4.1A1=O{<n+1>$<n+1>} /€n+1{tﬁs}dt forsome0<e<n+1
) 1
_ . 1 ;
_ 1 1 R n+1
=0 <n+l>§<n+l>} {—/ffs+1}e (5.18)
r ) 1
B—1+|1—
S [(BRTANII
n+1 n+1
- 1
=0 ! S( (n+1)ﬁ+T since + =1
n+1)?° \n+1
Now,

Is1s = O{log(mn+ D)} [+ 1 Isin (hlog (n + 1) sint) ||y (¢) |dt.

. 1 .
Since for 0 < t < , sin nt < nt,
n+

1
Is12=0{rlog(n+1)} /n 1y ) |de.
0

Holder’s inequality and the fact that w (1) € W (L,, & (2)),

1 1
1 . B T T 1 s
Lot = O{klog(n+ 1)} ‘/(;n+l {tW(t; |(Stl)n () dt /On+ 1 {jli?t} dt
1
1 s
1 N
=o{log(n+1)}o(n+1> /0n+1 sshi,?t dt by (34)
1
1 ] s
=O<108(n+1)) /n+1 {E(t)}dt since sin t > 2t/w.
n+1 0 tﬁ

Since ¢ (¢) is a positive increasing function and using second mean value theorem for
integrals,
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1
r 1

s
1 1
/n+1 dt for some <e<
E tBs n+1

1

14.1.2=O{<log(n+l)>s< 1 )}
n+1 n+1
1 s
~ log (n+ 1) 1 P Y n et
_O{< n+1 >E<n+1)} {—/3s+1}€

p-1 (1—1>
=o{{(log(n+1))s( 1 >}‘(n+1) ! ”
n+1 n+1
o+ ) ! o 11
og(n + . ‘
=O|:{ (n+1)? f(n+1>}l(n+1) Tl:| slncer+5=1_

Next we consider,

(5.19)

B 1

A
— _flogn+l) |t
lirs =0 f"”e 2 [sin 119 (0 ldt
0

B 1
f”” tly (o) dt

0

Using Holder’s inequality and the fact that y (£) € W (L,¢ (2)),

1 1
1 ' c 1y 1 .
liis = O /n+1 ty @ lsin” @O | /HH{W}dt
0 £ 0 sinft
1
1
_ 1 n+1 £ ’
‘O<n+1> /0 {Sinﬁt}dt by (3.4)

Since, sin t > 2t/
1

_ 1 n+1 EW’°
14.1.3—O(n+1> /0 { 5 }dt

Since £ (2) is a positive increasing function and using second mean value theorem for
integrals,

Page 18 of 21



Nigam and Sharma Journal of Inequalities and Applications 2011, 2011:85
http://www.journalofinequalitiesandapplications.com/content/2011/1/85

1
- .
_ 1 1 n+1 1
tas=0of (e (o )} L7 o for
) 1
_ 1T,
-0 ( 1 )s( 1 ) P T ne 1
- n+1 n+1 —Bs+1]),
- B 1 (5.20)
=0 (! m+1) s
N n+1 n+1
- 1
EOERNII A
=0 £ n+1) $
n+1 n+1
—o_ 1 1 Wy _ 1,
= (n+1)2€(n+1>} n+1) since t=
Combining from (5.17) to (5.20),
1
;=0 { 1 s( ! )} ms1) T
e n+1)2° \n+1
(1 (n+1) 1 ﬁl
ogln+ ' 5.21
+O { (n+1)2 s(n+1)} m+1) 7 (5:21)

1
O e (o) o™
* (n+1)2'§ n+1 "

Using Hoélder’s inequality, |sin £| < 1, sin ¢ > 2¢/7, conditions (3.3), (3.5) and second
mean value theorem for integrals and the fact y () € W (L. (¢)),

I4,=0 ! ! t) |dt
42 = /1 I‘(A+n)t|w()|
1

n+
1 1
_ 1 = st o) [T T { £ (1) } s
‘O<F<x+n>> {/1 [ 40 * /1 ssinfe]
n+1 n+1
1 1
_ 1 r r“lw(m}" r / { £ } s
_O<F(A+n)> Ul { co | U st ] @
n+1 n+1
1
=OH ! }{(n+1)”}} /”1 { A }sdt ’
C'(A+n) A-dsinft
n+1

1

) OHF(,\1+ n) } {one 1)5}} {/”1 {ti(ft’)l }Sdt} E

n+1
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Putting t =

'/n+l { d}/
) ys(87ﬁ71)+2

n+1 d}/
L ys(87ﬁ71)+2

r };(,‘Hl—))‘)—l
{5(,3 +1-6§)—1

Combining from (5.16), (5.21) and (5.22)

1 1
sr=se01-0|f, e (1)) o
log(n+1) 1
O[{ (n+1)? S<n+1>} ‘(

1
s 1
dt forsome <np<n+1
T
1
s 1
dt forsome <1<n+1
T

1

)

1
B+
)y T
1
B+
n+l) T ’:|

+o[{(njl)zs(ni1)} [("”)W;H

T (. +n)

1
o)
col el {m+n r]

1
B B+ 1 2 log(n+1) 1
_O‘M+D ré(n+1>][m+1ﬁ+ (n+1)? +FQ+nJ'

Now using L,-norm, we get
1
2 r
I Sm () —f () Il = [/0 [Sm (x) = f (%) de]

{ 2 ﬁ+1 1
=0 / (n+1) rg( )
0 n+1

log(n+1)

Lol
n+1)?2  (m+1)?

=“(m1)ﬂ+ig("il)'

) { 2 log(n+1) . 1 ”
(n+1)2+ (n+1)? '(x+n)

1
B+ 1 2
=0{(n+1) Tf(n+1) |:(n+1)2+

ﬂ+1 1
=0{(n+1) T§<n+l) |:1+

1

“ran |4’
I'(x+n)

1

el

log(n+1) 1 i|
+
mn+1)2 T (+n

N
I'(A+n)

log(n+1)e 1 i|
(n+1)? ’

(5.22)
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This completes the proof of Theorem 4.
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