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1 Introduction
Let H be a real Hilbert space with the inner product (-, -) and the norm || - ||, respectively.
Let C be a nonempty closed convex subset of H.

Recall that a mapping S: C — C is called nonexpansive if
1Sx =Syl < lx=yll, Vx,yeC.

A mapping S: C — C is called asymptotically nonexpansive [1] if there exists a sequence
{k,} C [1,00) with k,, — 1 as n — oo such that

||S"x - S"y” <kyllx—y|| forallx,ye C, and all integers n > 1.

S:C — Cis called asymptotically nonexpansive in the intermediate sense [2] if it is con-
tinuous, and the following inequality holds:

limsup sup (|| $"x - S"y| - llx—yl) <O. (1.1)

n—>o00  x,yeC
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In fact, we see that (1.1) is equivalent to
||S”x - S”y”2 <|lx—-y|*+c, forallx,ye C, andall integers n > 1, (1.2)

where ¢, € [0,00) with ¢, — 0 as n — oc.

Recall that S is called an asymptotically «-strict pseudocontractive mapping with the
sequence {y,} [3] if there exists a constant ¥ € [0,1) and a sequence {y,} C [0,00) with
¥, — 0 as n — o0 such that

|57 = S"y|” < @+ y)llx—yI2 + i | (I - §")x = (1= 8"y 1.3)

forallw,y € C, and all integers n > 1.
A mapping S is called an asymptotically « -strict pseudocontraction in the intermediate
sense with the sequence {y,} [4] if

limsup sup { ||S”x—$”y”2 — @+ y)lle =yl = | (I-S")x - (I—S”)yﬂz} <0, (14)

n—oo xyeC

where k € [0,1) and y, € [0, 00) such that y, — 0 as n — o0. In fact, (1.4) is reduced to
the following:

8" ~ S”y”2 <@+ y)llx =yl +x|(I-5")x- (I—S”)y”2 +c,, VYwyeC,  (15)
where ¢, € [0,00) with ¢, — 0 as n — o0.

Example 1.1 [4] Let X = R and C = [0,1], where R is the set of real numbers. For each
x € C,we define T:C — Cby

kx, ifxel0,1],
0, ifxe(3,1].

Tx =

Then:
(1) T is an asymptotically « -strict pseudocontraction in the intermediate sense.
(2) T is not continuous. Therefore, T is not an asymptotically « -strict
pseudocontractive and asymptotically nonexpansive in the intermediate sense.

Recall that a mapping A of C into H is said to be L-Lipschitz-continuous if there exists
a positive constant L such that

|Ax - Ayl < Lllx-yl, VxyeC.
A mapping A of C into H is called monotone if
(Ax—Ay,x—y) >0, Vx,yeC.

A mapping A of C into H is said to be S-inverse strongly monotone if there exists a
positive constant 8 such that

(Ax — Ay,x —y) > BllAx — Ay||*>, Vx,yeC.
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It is obvious that if A is B-inverse-strongly monotone, then A is monotone and Lipschitz-
continuous.

Let mapping A from C to H be monotone and Lipschitz-continuous. The variational
inequality problem is to find a # € C such that

(Au,v—-u) >0, VveC.

The set of solutions of the variational inequality problem is denoted by VI(C, A).
Let F be a bifunction of C x C into R, where R is the set of real numbers. The equilibrium
problem for the bifunction F is to find x € C such that

F(x,y)>0, VyeC. (1.6)

The set of solutions of the equilibrium problem for the bifunction F is denoted by EP(F).

Let B: C — H be a nonlinear mapping. Then Blum and Oettli [5], Moudafi and Thera
[6] and Takahashi and Takahashi [7] considered the following generalized equilibrium
problem:

Find x € C such that F(x,y) + (Bx,y —x) >0, VyeC. (1.7)

The set of solutions of (1.7) is denoted by GEP(F, B). In the case of B = 0, GEP(F,B) =
EP(F). In the case of F = 0, GEP(F,B) = VI(C, B).

Problem (1.7) is very general in the sense that it includes, as special cases, optimization
problems, variational inequalities, minimax problems, the Nash equilibrium problems in
noncooperative games, and other; see, for instance, [5-7].

For solving the equilibrium problem, let us assume that the bifunction F satisfies the
following conditions (cf. [5, 8]):

(A1) F(x,x)=0 forallx e C;

(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 for all x,y € C;

(A3) foreachx,y,z€C,

limsup F(tz + (1 - t)x,y) < F(%,);

t—0t

(A4) foreachx € C, y— F(x,y) is convex and lower semicontinuous.

In 2009, Kangtunyakarn and Suantai [9] introduced the following mapping the sequence
{K,} generated by a finite family of nonexpansive mappings T3, T5,..., Ty and the se-
quence {kn,i}ﬁl in [0,1]

Un,l = )‘-n,l Tl + (1 - )\n,l)I’

un,Z = )Vn,Z T2un,l + (1 - )\n,Z)un,l;

un,S = )\n,S TS Un,Z + (1 - )"n,3)Un,2:
(1.8)

Uyn- = N1 Tnalpn-s + 1 = Apn-1) U n-2,

Kn = un,N = )‘-n,NTNUn,N—l + (1 - )Ln,N)Un,N—l'
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Recently, utilizing K,-mapping in (1.8), Jaiboon et al. [10] introduced the following it-
erative algorithm based on a hybrid relaxed extragradient method for finding a common
element of the set of solutions of a generalized equilibrium problem, the set of solutions of
the variational inequality problem for an inverse-strongly monotone mapping and the set
of common fixed points of a finite family of nonexpansive mappings. To be more precise,
they obtained the following theorem.

Theorem 1.2 [10, Theorem 3.1] Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C x C to R satisfying (A1)-(A4), let {T;}N, be a finite
family of a nonexpansive mapping from H into itself, let A be a B-inverse-strongly monotone
mapping of C into H, and let B be a & -inverse-strongly monotone mapping of C into H such
that © = ﬂﬁl Fix(T;) N GEP(F,A) N VI(C, B) # @. Let {x,,}, {yn}, {vn}, {2n} and {u,} be the
sequences generated by xo € H, Cy = C, x1 = Pcyxo, u, € C, and let

F(tt, ) + (A%, y = ) + 5o (0 = ths Uy = %) 2 0, Vy €C,
Yn = Pc(uy — 8,Buy),

Vi = €u% + (L= €2)Pc(Vn = 2uBYn),

Zn = Uy + (1= ) Ky vy,

Cn+l = {Z € Cn: ”Zn _Z” =< ”xn _Z”}¢

KXntl = PCn+1x0: ne N;

where {K,} is the sequence generated by (1.8), and «,, C (0,1) satisfy the following condi-
tions:
(i) {€.} C [0,¢€] for some e with 0 < e <1 and lim,_, o, = 0;
(i) {84}, {ru} C [a,b] for some a, b with 0 <a < b < 2§;
(iti) {r,} C [c, d] for some c, d with 0 <c<d < 2p.

Then {x,} and {u,} converge strongly to Pﬂf\il Fix(T,) NGEP(F,4)VI(C,B)%0-

Considering the common fixed point problems of a finite family of asymptotically
Kk -strict pseudocontractive mappings, Qin et al. [11] introduced the following algorithm.
Let xy € C and {a,}52, be a sequence in (0,1). The sequence {x,} is generated in the fol-
lowing way:

x1 = doxo + (1 = o) S1%0,

%y = 0wy + (1= 0) S,

xn = on-1xn-1 + (1= an-1)SnaN-1,

ans1 = anxn + (1 —on)Stan, (19)
Xon = dan-1%on-1 + (1 — 0121\1—1)5%19621\1_1,

3
Xon+1 = danXon + (1 — o) Sy %on,
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Since for each n > 1, it can be written as n = (h — 1)N + i, where i = i(n) € {1,2,...,N},
h = h(n) > 1 is a positive integer and /&(n) — 00, as n — co. Hence, we can rewrite the
table above in the following compact form:

h
X =y Xy + (11— an—l)Sl’(%)xn—lx V> 1.

For finding a common element of the set of solutions of a generalized equilibrium prob-
lem and the set of common fixed points of a finite family of asymptotically «-strict pseu-
docontractive mappings in the intermediate sense, utilizing the method in (1.9) and some
hybrid method, Hu and Cai [12] got the following strong convergence theorem with the
help of some boundedness assumptions.

Theorem 1.3 [12, Theorem 4.1] Let C be a nonempty closed convex subset of a real Hilbert
space H, and let N > 1 be an integer. Let ¢ be a bifunction from C x C to R satisfying
(A1)-(A4), and let A be an a-inverse-strongly monotone mapping of C into H. Let, for each
1<i<N, T;: C— Cbea uniformly continuous asymptotically k;-strict pseudocontractive
mapping in the intermediate sense for some 0 < k; < 1 with the sequences {y,;} C [0, 00)
such that lim,_, o Yy, = 0 and {c,;} C [0,00) such that lim,_,  c,; = 0. Let k = max{«; :
1<i <N}, yp =max{y,,;:1<i <N} and c, = max{c,; : 1 <i < N}. Assume that F =
ﬂf\il Fix(T;) N GEP(¢, A) is nonempty and bounded. Let {o,} and {B,} be the sequences in
[0,1] suchthat0<a<a,<1,0<8<B,<1-«forallneNand0<b<r, <c<2w.Let
{x,} and {u,} be the sequences generated by the following algorithm:

x9 € C  chosen arbitrary,

u, € C  such that ¢(u,,y) + (Ax,, y — uy,) + %(y— Uy, Uy —xy) >0, VyeC,
2= (L= Bt + Bu Ty thn;

In =1 —ap)uy + QuZy,

Co={veH:|y,—vI* < %: = VI* + 64},

Q.={veC:{x,—v,x9 —x,) >0},

Xn41 = Pc,ng.x0,  Yn e NU{0},

where 0, = Y P2 + Chny — 0, as n — oo, where p, = sup{||x, —v|| : v € F} < co. Then {x,}
and {u,} converge strongly to Prx.

Motivated and inspired by Jaiboon et al. [10], Hu and Cai [12], Hu and Wang [13] and
Ge [14, 15], we introduce some new algorithms with variable coefficients based on the
hybrid-type method and extragradient-type method for finding a common element of the
set of solutions of a generalized equilibrium problem, the set of solutions of the variational
inequality problem for a monotone, Lipschitz-continuous mapping and the set of common
fixed points of a finite family of asymptotically «-strict pseudocontractive mappings in
the intermediate sense in real Hilbert spaces. Some strong convergence theorems of these
iterative algorithms are obtained without some boundedness conditions. The results of
the paper improve and extend some recent ones announced by Inchan [8], Jaiboon et al.
[10], Hu and Cai [12], Ceng and Yao [16], Kumam ef al. [17] and others. The algorithms
with variable coefficients introduced in this paper are of independent interests.
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2 Preliminaries
Throughout this paper,
+ %, — x means that {x,} converges strongly to x;
+ Fix(S) = {x € C: Sx = x} denotes the set of fixed points of a self-mapping S on a set C;
¢ Byxi):={x e H:|lx—mll <r}
« Nis the set of positive integers;
« R is the set of real numbers.
For every point x € H, there exists a unique nearest point in C, denoted by Pcx, such
that

e —Pex|l < llx—yll, VyeC.

Pc is called the metric projection of H onto C. We know that P¢ is a nonexpansive mapping
from H onto C. Recall that the inequality holds

(¢ —Pcx,Pcx—y) >0, VxeH,yeC. (2.1)
Moreover, it is easy to see that it is equivalent to

IPcx ~ Pcy|l* < (Pcx ~ Pcy,x~y),  Vay € H.
It is also equivalent to

llx =11 = llx ~ Pexl| + |y - Pex||®,  Va€H,yeC. (2.2)

Lemma 2.1 [18] Let C be a nonempty closed convex subsets of a real Hilbert space H. Given
x € Handye C. Theny = Pcx if and only if the inequality

(x-y3y-2)>0, VzeC
holds.

Lemma 2.2 [16] Let A: C — H be a monotone mapping. In the context of the variational
inequality problem, the characterization of projection (2.1) implies that

ueQ <& u=Pc(u-rAu), VA>O0.

Lemma 2.3 [19] Let C be a nonempty closed convex subset of a real Hilbert space H. Given
x,9,z € H and given also a real number a, the set

{veC:ily—vI* <llx—vl*+(zv) +a}
is convex and closed.

Lemma 2.4 [20] Let H be a real Hilbert space. Then forallx,y,z € Hand all«, B,y € [0,1]
witho + 8 +y =1, we have

lax + By + vzl = allxl? + BlIyI* + v lzl1* - aBllx = ylI* —ay lx - zI* - By lly - zII*.
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Lemma 2.5 [4] Let C be a nonempty closed convex subset of a real Hilbert space H, and let
S : C — C be an asymptotically k-strict pseudocontraction in the intermediate sense with

the sequence {y,}. Then

875 = 8"y < = (icllx =yl + y/ (L+ (= )y Il = p112 + (1= )cs)

1-«

forallx,ye Candn>1.

Lemma 2.6 [5] Let C be a nonempty closed convex subset of a real Hilbert space H, and
let F be a bifunction of C x C into R satisfying (A1)-(A4). Let r > 0 and x € H. Then there
exists z € C such that

1
Fiz,y)+-(y—-z,z-x)>0, VyeC.
r
Lemma 2.7 [21] Let C be a nonempty closed convex subset of a real Hilbert space H, and
let F be a bifunction of C x C into R satisfying (A1)-(A4). Let r > 0 and x € H. Define a
mapping T,(x) : H — C as follows:

1
T,(x) = {zeC:F(z,y)+—(y—z,z—x) EO,VyGC}
r

forall z e H. Then the following hold:
(1) T, is single-valued,;
(2) T, is firmly nonexpansive, i.e., | Trx — T,y|* < (T,x — Tyy,x —y) forall x,y € H;
(3) Fix(T,) = EP(F);
(4) EP(F) is closed and convex.

By Ibaraki et al. [22, Theorem 4.1], we have the following lemma.

Lemma 2.8 [14] Let {K,,} be a sequence of nonempty closed convex subsets of a real Hilbert
space H such that K., C K, for each n € N. If K* = (2 K,, is nonempty, then for each

x € H, {Px,x} converges strongly to Pi=x.

A set-valued mapping T : H — 2 is called monotone if forallx,y € H,f € Txand g € Ty
imply that (x—y,f —g) > 0. A monotone mapping T : H — 2 is maximal if its graph G(T')
is not properly contained in the graph of any other monotone mapping. It is known that a
monotone mapping T is maximal if and only if for (x,f) € H x H, (x —y,f —g) > 0 for all
(9,2) € G(T) implies that f € Tx. Let A : C — H be a monotone and Lipschitz-continuous
mapping, and let Ncv be the normal coneto Catve C,ie, Ne={we H: (v—uw) >
0,Vu € C}. Define

Av+ Ncv, ifveC,
@, ifvéeC.

V=

It is known that in this case, T is maximal monotone, and 0 € 7v if and only if v € Q,
see [23].
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3 Results and proofs

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H, and
let N > 1 be an integer. Let F be a bifunction from C x C to R satisfying (Al)-(A4),
let A : C — H be a monotone, L-Lipschitz-continuous mapping, and let B: C — H be
a B-inverse-strongly monotone mapping. Let, for each 1 <i <N, S;: C — C be a uni-
formly continuous asymptotically k;-strict pseudocontractive mapping in the intermedi-
ate sense with the sequences {y,;} C [0,00) such that lim, . y,; = 0 and {c,;} C [0,00)
such that lim,_ s c,; = 0. Let k = max{k; : 1 <i < N}, y, = max{y,;: 1 <i < N} and
¢y = max{c,; : 1 <i < N}. Assume that F = ﬂfil Fix(S;) N VI(C,A) N GEP(F,B) # @. Let
{xn}, {un}, {yn} {tn) and {z,} be the sequences generated by the following algorithm with
variable coefficients

x1 € C chosen arbitrary,

u, € C  such that F(u,,y) + (Bx,,y — uy,) + é(y —UpUy—x,) >0, VyeC,
In = Pc(tty — AnAuty),

ty = Pc(ty — AnAyn),

. . (31)
Zn = (1= oty = Bu)%n + ntn + BuSiy ths
Co=C,
Cu={z € Cumr : 120 = 2117 < 160 = 2112 = (0w = &) Bulltn = Siiy tall + 600},
Xn41 = P,
for every n € N, where ﬁ?n = 1+||xf+x1||2’ O = Buyney(L + 13) + cnmy)» {an} C (a,1), {Ba} C

b,1-a), {r,} C(bIL,(1-a)/L) and {r,} C [d,e€] for some a € (k,1), b€ (0,1 -a) and 0 <
d < e < 2B, the positive real number ry is chosen so that F N B, (x1) # 0. Then the sequences

{xa}, {un}s {yu}, {tn} and {z,} converge strongly to a point of F.

Proof We divide the proof into eight steps.
Step 1. We claim that the sequences {x,}, {#,}, {y.}, {¢.} and {z,} are well defined.
Indeed, by Lemma 2.6, we have u,, = T, (x,, —r,Bx,), where {T}, } is a sequence defined as
in Lemma 2.7. From the definition of C,, and Lemma 2.3, it is easy to see that C, is convex
and closed for each n € N. So, it is sufficient to prove that 7 N B, (x;) C C, for each n € N.
Let p € 7 N B, (x1) be an arbitrary element. Then we see that p = T, (p — r,Bp). Since
B:C — H is a B-inverse-strongly monotone mapping and r, < 28, it follows from u, =
T,,(x, — r,Bx,) and Lemma 2.7 that

ity = pI1? = | Tr, (6 = ruBx) = Ty (p = rBD) |
< || @ = ruBx) = (0 - ruBp) |
= || Gt = p) = ru(Brn - Bp)|*
= 1%, = plI> = 27, (% — p, Bx, — Bp) + 12||Bx,, — Bp||*
< |l — pII> = ru(2B = 1) || Bx, — Bp|)?

<[l - plI*. (3.2)
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Putting x = u, — 1,Ay, and y = p in (2.2), we have

”tn —P||2 = ”un _)\nAyn —P||2 - ”un _)\nAyn - tn”z
= ”un —P||2 - ”un - tn||2 + Z)Ln(Ayn’p_ tn>
= llttw = pII* = N1ty = talI* + 24 ((Ays = Ap,p = Y0) + (Ap,p = Y1)

+ 2, <Ayn’yn - t}’l)'

Since A : C — H is a monotone mapping and p € VI(C, A), further, we have

£ = pI* < Nt =PI = Nt = Eall® + 22 (A Y = 1)
= ”un —19||2 - ”un _yn||2 - Z(Mn —YwYn — tn) - “yn - tn”z
+ 2)‘% <A_ymyn - tn)

= ||y, —P||2 — —J’n||2 —lyn - tn”z + 2ty — 2nAYy — Yo tn — )+ (3.3)
Since y,, = Pc(u, — AyAu,) and A is L-Lipschitz-continuous, by Lemma 2.1, we have

(thn = XnAYy = Vs bn = V)
= (Mn - )"nAun =Y tn _yn> + )"n (Aun _Aym tn _yrl)
S )‘fn (AM,, _Ayn: tn _yn)

SAnL”Mn_yn””tn_an (3-4')

So, it follows from (3.3), (3.4) and {)\,,} C (b/L,(1 — a)/L), we obtain

12 = 1y = £l + 220 Lt = Yl 16 =

It —pI? < Nty — I = Nt — ¥
<|lu, —P||2 = lu, _yrz”Z - ”yn - tn||2 +)\3,L2”un _yn”2 + ||ty _yn”Z
= llttw = pII* = (1= A2L2) ||t — yull®

< llun - plI*. (3.5)
By the definition of S;, foralln e N, x € C,1 <i < N we have

IS7x = p|* < U+ vl = pI® + it = S| + €
< L+ yllx—plP? + & |2 - Six* + ¢, (3.6)

)

where ¢, € [0,00) with ¢, — 0 as n — 00. So, from z, = (1 — «, — B,,)xn + a,t, + B,,Sf'(% ty,

(3.2), (3.5), (3.6) and Lemma 2.4, we deduce that

A —P||2 = ”(1 -0y — Bn)(xn —p) + oty —p) + ﬁAn (Sfl((ny;)tn _p) “2
< (L= = B)lln = pI? + tallt = pI* + Bu | Sf 0 — |
— @bt - Siiy ta”

< (== B)lxn = pII* + aullty — plI?

Page9of 18
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+ B+ )it = pI* + & [t — Sf’(%)tn ||2 + Chim) — B |t — SZE:;)tn ||2
= (1= an = Bu)llxn =PI + (tu + B 1w — pII?

+ Bu (Vo 16 =PI + h) = (@ = €)= Sl
<@ =an = Ba)lxn = pI* + (e + Bl — I

— (otn = 1) B |t = Sp 2 |” + B (Vi 16 = DI + Chim)

A n 2 A
= 1100 = I = (@t = €)Bo [ tn = Sig tal|” + B (Va1 =PI + €hin))- (3.7
Further, it follows from the definition of /§n that

b h 2
lzn = PI? < 11960 = pI* = (0t = ) Bul| £ = S

2¥0n) (160 — 21112 + [lp = 2111) + Chiny
L+ [l — %112

+ B

A h 2
=< llxn —P||2 — ety — ) By ”tn - Si((,:;)tn ” + ﬁn(zyh(n) (1 + 7‘8) + Ch(n))
2 h 2
< [l%n —P||2 —(ay — K)ﬂn ”tn - Si((,,,n))tn ” + Oy, (3.8)
where 6, = 8, 2yYnm (1 + r(z)) + Cp(n)). Therefore, we have
FNB,x)CC, VnmelN
Step 2. We claim that the sequence {x,} converges strongly to an element in C, say x*.
Since {C,} is a decreasing sequence of closed convex subset of H such that C* = (2, C,
is a nonempty and closed convex subset of H, it follows from Lemma 2.8 that {x,,:} =
{Pc,x1} converges strongly to Pcxx1, say x*.

Step 3. We claim that lim,,_, o z, = x*, lim,,_, oo £, = 2™ and lim,,_, « ||£,, — Sf'((:))t,, I =0.

Indeed, the definition of x,,; shows that x,,.; € C,,, i.e.,
2 2 3 h(n) . |2
1Zn = %1 1™ < %0 = X1 lI” = (0t — ) B ”tn - Si(n) Iy ” + 0y (3.9)

Note that vy — 0, cupry = 0, %, — ¥ asn — oo and @, > a >k, Vn € N, we have 6, — 0,

|1z = Xps1ll = 0, ||z — x|l = 0 and z,, — x* as n — oo. Further, it follows from (3.9) that

h 2
(a-x) b)) < 0 = s 17 + O

— |t =S
L+ [, — 21 [|2 [
Thus, lim,_ o ||£; — Sf’((n';)tn | = 0. Since z, = (1 — &y — Bu)y + Oty + ,BAMSZ(;;)L‘,,, we have
A A chin)
2y = Xn = (0 + Bu) (b — %) + ,Bn(Si(n) by — t,,).

That is,

h(n)
— (S Vt, — ).
a + B an+ﬂn(’("” ")

Page 10 of 18
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Considering 0 < a < oy, + /§n, Vn € N, we have
t,—x, — 0, t, — x*, asm— oo. (3.10)

Step 4. We claim that x* € ﬂf\il Fix(S;).
Indeed, foreachn € N, 1 <i <N, we have

|S7a* = x*|| < || S7x* = S tpuovynei]| + || SF tonmrinsi = Lo | + || Enmnines =27
This together with Step 3 and Lemma 2.5 implies that

Six* —x*— 0, asn— oo, (3.11)
where 1 <i < N. Since S; : C — C is uniformly continuous, by (3.11), we have

SiHx* = §;(Six*) > Six*,  asm— oo.

Hence, S;x* = x*, i.e., x* € Fix(S;). Thus, we obtain x* € ﬂﬁl Fix(S;).
Step 5. We claim that ¢, -y, — 0, £, —u, — 0, y, — x* and u,, - x*, as n — o0.
By (3.5), for p € F N By, (x1), we have

I =PI < Nl = plI> = (1= A2L?) 1t — yull®.
Therefore, from (3.2), we have
(1= 22L%) [ty = yull® < Nltw — PN = It = pII?
< lwn—pl* - lIta - pI*
< (I%n = pll + 1t = plI) (% — pll = 122 — Il
< (I%n = pll + 11w = pIl) (1% — tall).

This together with (3.10) and 0 <1 - (1 - @)* <1 - A2L?* implies that
Uy, -y, — 0, asn— 00. (3.12)

On the other hand, it follows from (3.5) that for p € F N B, (x1),

2, _P||2 < |l _P”2 — lun _yn||2 —lyn - tn||2 + 20, Lty = yulllltn = Yull
< lttn = pI* = Nt = yull* = Ny = all® + N80 = yull® + A2 L2 (18 — 3]
= Nun = pI* = (L= 22L%) l1tw — yull®.

Further, from (3.2), we have

(L= A2L2) Nty = yull® <l = pI* = It - pII?
< Ilxx —pI? = lIts = pII?
< (I%n = pll + 11t = pI1) (20 = 1l = It = pI)

< (o = pIl + 1122 = 1) (I = 2all)-
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This together with (3.10) and 0 < 1 - (1-a)? < 1 - A2L? implies that ¢, —y, — 0, as n — o0.

Further, from (3.12), Step 2 and Step 3, we have t, — 4, — 0, ¥, — x* and u, — x¥, as

n— oo.
Step 6. We claim that x* € VI(C, A).
Indeed, let
Av+ Ncv, ifveC,
Tv =

@, ifve C,
where N¢v is the normal cone to C at v € C. We have already mentioned in Section 2 that
in this case, T is maximal monotone, and 0 € 7Tv if and only if v € 2, see [23].

Let (v, w) € G(T), the graph of T. Then we have w € Tv = Av + Ncv, and hence, w — Av €
Ncv. So, we have

(v—-t,w—-Av) >0, VteC. (3.13)

Noticing ¢, = Pc(u, — 1,Ay,) and v € C, by (2.1), we have

(0, — )LnAyn —tyty—v) >0,

and hence,

n

tn_ n
<v—tn, A” +Ayn>20. (3.14)

From (3.13), (3.14) and ¢, € C, we have

(v=t,w) > (v—t,,Av)

tn_un

> (v — t,, Av) —<v—tn, +Ayn> (3.15)

n

t —
> (v—t, Av—At,) + (v—t,, At, — Ay,) — <v —tu n)\ o >
n
Letting n — oo in (3.15), considering A : C — H is monotone, L-Lipschitz-continuous,
{r.} C (b/L,(1 - a)/L) and Step 5, we have (v —x*,w) > 0. Since T is maximal monotone,
we have 0 € Tx*, and hence, x* € VI(C,A).
Step 7. We claim that x* € GEP(F, B).

Since u, = T, (x,, — ruBx,), for any y € C, we have

1
F(unry) + (BXp, Y — tp) + — Y — U, Uy — %) = 0.

'n
From (A2), we have

Uy —Xn

(Bxy,y — uy) + <y— Up, >2F(y, Up). (3.16)

n
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Put y, =ty + (1 — t)x* for all £ € (0,1] and y € C. Thus, we have y, € C. So, from (3.16), we

have

e — Uns Bys) = (s — thyy Bys) — (BXy s — Uyy)

Uy —Xn

—<yt — Uy, >+F(yt, Uy,)

n

= (J’: - un’Byt _Bun) + (yt - umBun _an>

_ <yz — U, + o —x,,> + F(ys, uy)- (3.17)

n

Since B: C — H is a B-inverse-strongly monotone mapping, letting n — oo, it follows
from Step 3, Step 5, (A4) and 0 < d < r,, that

(y: —x*,By:) = F(y,x*), Vte(0,1]. (3.18)
From (A1), (A4) and (3.18), we also have

0 =F(y,ye) < tF(ys,) + (1 — £)F (y2, %)
<tF(y,y) + (1 - D)y — 5%, By,)

= tF(y.,y) + t(1 - D)y — &%, Bys),

and hence,
0 < F(y,y) + (1 - Oy — x*, By,).
Letting ¢t — 0%, we have, for each y € C,
0 < F(x*,y) +(y — ™, Bx*).

This implies that x* € GEP(F, B).

Step 8. We claim that the sequences {x,}, {#,}, {y.}, {t.} and {z,} converge strongly to
x*eF.

From Step 4, 6,7, we have x* € F. Therefore, it follows from Step 2, Step 3 and Step 5 that
the sequences {x,}, {u,}, {y.}, {t.} and {z,} converge strongly to x* € F. This completes
the proof. d

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H, and let
N > 1 be an integer. Let F be a bifunction from C x C to R satisfying (A1)-(A4), and let
B:C — H be a B-inverse-strongly monotone mapping. Let, foreach1 <i <N, S;:C — C
be a uniformly continuous asymptotically k;-strict pseudocontractive mapping in the in-
termediate sense with the sequences {y,;} C [0,00) such that lim,_,  y,; = 0 and {c,;} C
[0, 00) such that lim,,_, o, ¢;,; = 0. Let k = max{k;:1 <i <N}, y, =max{y,,;:1<i <N} and
¢, =max{c,,; :1 <i < N}. Assume that F = ﬂf\il Fix(S;) N GEP(F,B) # 0. Let {x,,}, {u,,} and

Page 13 0f 18
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{z,} be the sequences generated by the following algorithm with variable coefficients

x, € C chosen arbitrary,

u, € C  such that F(u,,y) + (Bxy,y — uy,) + i(y — Uy Uy —x,) >0, VyeC,
2 = (1=t — Pt + Qalhy + By Uy
Co=C,

5 h
Cu={z€ Cumr : 120~ 2I1% < 1960 = 2112 = (ot = 1) Bullan = S}y 1> + 6},

Xn+l = PC,,,xl

for every n € N, where B, = H”xfifxl”z, On = Bu2¥ntn) (L + 75) + i), {eta} C (@,1), {Ba)} C
(b,1-a) and {r,} C [d,e] for some a € (k,1), b € (0,1 —a) and 0 <d < e < 20, the positive
real number ry is chosen so that F N B, (x1) # 0. Then the sequences {x,}, {u,} and {z,}

converge strongly to a point of F.

Proof Putting A = 0, the conclusion of Corollary 3.2 can be obtained by Theorem 3.1 im-
mediately. O

Remark 3.3 Corollary 3.2 improves and extends [12, Theorem 4.1] and [17, Theorem 4.3]
since
(1) the boundedness assumptions that set F and the sequence {p,} are both bounded
in [12, Theorem 4.1] are dispensed with,
(2) the boundedness condition on the sequence {p,} in [17, Theorem 4.3] is dropped
off,
(3) afinite family of asymptotically strict pseudocontractive mapping in [17,
Theorem 4.3] is extended to a finite family of asymptotically strict
pseudocontractive mapping in the intermediate sense,
(4) the equilibrium problem in [17, Theorem 4.3] is extended to the generalized
equilibrium problem.

Corollary 3.4 Let C be a nonempty closed convex subset of a real Hilbert space H, and let
N >1 be an integer. Let A : C — H be a monotone, L-Lipschitz-continuous mapping. Let,
foreach1 <i<N,S;:C— C be a uniformly continuous asymptotically ;-strict pseudo-
contractive mapping in the intermediate sense with the sequences {y,;} C [0, 00) such that
limy,—s o0 Vi = 0 and {c,;} C [0,00) such that lim,_, o, c,,; = 0. Let k = max{x; :1 < i <N},
Yu = max{y,;:1 <i <N} and ¢, = max{c,;: 1 <i < N}. Assume that F = ﬂf\il Fix(S;) N
VI(C,A) #0. Let {x,,}, {yn}, {t.} and {z,} be the sequences generated by the following algo-
rithm with variable coefficients

x1 € C  chosen arbitrary,

In = Pc(xy — AnAxy),

tn = Pc(%n = knAyn),

Zn = (1=t = Bt + tut + BuSiy;

CO :C;

)tn;

5 h
Cu =12 € Cur t |2u—2I1% < 12 = 211 = (et = K)Bulltn = Sl tull> + 61},

Xn+l = PC,,xl
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57:61”2, O = BuVuiny(L + 13) + cuim)s {on} C (a,1), {Bu)} C

for every n € N, where B, = oo
(b,1-a) and {r,} C (b/L,(1 - a)/L) for some a € («,1) and some b € (0,1 — a), the positive
real number ry is chosen so that F N By, (x1) # V. Then the sequences {x,}, {y.}, {t,} and

{zn} converge strongly to a point of F.

Proof Putting F = 0, B = 0, respectively, the conclusion of Corollary 3.4 can be obtained
by Theorem 3.1 immediately. O

Remark 3.5 Corollary 3.4 improves and extends [16, Theorem 3.1] since
(1) the convergence condition that liminf,_, o (Ax,,y —x,) > 0 for all y € C in [16,
Theorem 3.1] is removed,
(2) the boundedness assumptions that the intersection F(S) N 2 and the sequence {A,,}
are both bounded in [16, Theorem 3.1] are dispensed with,
(3) the requirement (I — A)(C) C C in [16, Theorem 3.1] is dropped off,
(4) an asymptotically «;-strict pseudocontractive mapping in the intermediate sense in

[16, Theorem 3.1] is extended to a finite family of ones.

Corollary 3.6 Let C be a nonempty closed convex subset of a real Hilbert space H, and let
N >1 be an integer. Let, for each 1 <i <N, S;: C — C be a uniformly continuous asymp-
totically k;-strict pseudocontractive mapping in the intermediate sense with the sequences
{yui} C [0,00) such that lim,_, Yn; = 0 and {c,;} C [0,00) such that lim,_, , c,,; = 0. Let
k =max{x;:1 <i <N}, y, =max{y,,;:1 <i <N} and ¢, = max{c,,; : 1 <i < N}. Assume
that F = ﬂfil Fix(S;) # 0. Let {x,} and {z,} be the sequences generated by the following

algorithm with variable coefficients

x1 € C  chosen arbitrary,

5 5 oh
Zp = (L= — Bp)y + Xy + ﬁ,,Si((nV;)x,,,
CO = C;

A h
Cu={2 € Cur t |2u = 2I1% < 12 = 2I1% = (ot = &) Bulln = iy 2all® + 00},

Xn+l = PC,,xl

for every n € N, where B, = 1+fo+x1\|2’ O = Bu(R¥nmy (L + 13) + cnimy), {etn} C (a,1) and {B,} C
(b,1— a) for some a € (k,1) and some b € (0,1 — a), the positive real number ry is chosen so

that F N\ B, (x1) # 0. Then the sequences {x,} and {z,} converge strongly to a point of F.

Proof Putting F = 0, A = 0, B = 0, respectively, the conclusion of Corollary 3.6 can be
obtained by Theorem 3.1 immediately. d

By the careful analysis of the proof of Theorem 3.1, we can obtain the following result.

Theorem 3.7 Let C be a nonempty closed convex subset of a real Hilbert space H, and
let N > 1 be an integer. Let F be a bifunction from C x C to R satisfying (Al)-(A4),
let A: C — H be a monotone, L-Lipschitz-continuous mapping, and let B: C — H be

a B-inverse-strongly monotone mapping. Let, for each 1 <i <N, S; : C — C be a uni-
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formly continuous asymptotically k;-strict pseudocontractive mapping in the intermedi-
ate sense with the sequences {y,;} C [0,00) such that lim,_, « Yu; = 0 and {c,;} C [0, 00)
such that lim,_, o cy; = 0. Let k = max{x; : 1 <i < N}, ¥, = max{y,,; : 1 <i < N} and
¢y = max{c,;:1 <i<N}.Assume that F = ﬂf\il Fix(S;) N VI(C, A) NGEP(F, B) is nonempty
and bounded. Let {x,}, {u,}, {yu}, {tn} and {z,} be the sequences generated by the following
algorithm

x1 € C  chosen arbitrary,

u, € C  such that F(u,,y) + (Bx,,y — uy,) + %(y —UpUy—x,) >0, VyeC,
In = Pc(tty = AnAuty),

tn = Pc(ty — AnAyn),

Zn = (1= oty = Bt + ity + BuSiiy b

Co=C,

h
Co =12 € Gt 12w —2l1% < 12 = 2117 = (et = ) Bullt = Sy all® + 61,

Kn+l = PCnxl

for every n € N, where 6, = B,(yin) A + Chiw)s Du = SUP,e 7 1% —pl?% {a,) C(a,1), {Ba} C
(b,1-a), {r,} C(b/L,(1—a)/L) and {r,} C [d,e€] for some a € (k,1), b € (0,1 -a) and 0 <
d < e<2B. Then the sequences {x,}, {u,}, {yu}, {t.} and {z,} converge strongly to a point
of F.

Proof Following the reasoning in the proof of Theorem 3.1, we use F instead of 7 N
By, (x1). Considering that F is bounded, we take A, = SUp ¢ 7 1% —pI1% 60, = Bu(yYu Ay + 1)
in (3.7), so the assertion of Step 1 holds. From Step 2, we have that the sequence {A,}
is bounded, and hence, 6, = 8,(y,A,, + ¢,) = 0 as n — oco. The remainder of the proof of
Theorem 3.7 is similar to Theorem 3.1. The conclusion, therefore, follows. This completes
the proof. d

Remark 3.8 Theorem 3.7 improves and extends [12, Theorem 4.1] since
(1) the requirement that the sequence {p,} is bounded in [12, Theorem 4.1] is dispensed
with,
(2) Theorem 4.1 of [12] is a special case, in which mapping A = 0 in Theorem 3.7.

Theorem 3.9 Let C be a nonempty closed convex subset of a real Hilbert space H, and
let N > 1 be an integer. Let F be a bifunction from C x C to R satisfying (Al)-(A4), let
A : C — H be a monotone, L-Lipschitz-continuous mapping, and let B: C — H be a
B-inverse-strongly monotone mapping. Let, for each1 <i <N, S;: C — C be a uniformly
continuous asymptotically nonexpansive mapping in the intermediate sense with the se-
quence {c,;} C [0,00) such that lim,_, o, c,; = 0. Let ¢, = max{c,,; : 1 < i < N}. Assume that
F = ﬂf\il Fix(S;) N VI(C,A) N GEP(F,B) # 0. Let {x,}, {un}, {yu}, {tn} and {z,} be the se-
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quences generated by the following algorithm

x1 € C chosen arbitrary,

u, € C  such that F(u,,y) + (Bx,,y — u,) + i(y — Uy Uy —x,) >0, VyeC,
Yn = Pc(ty — ApAuy),

tn = Pc(ty — AnAyn),

Zy =L — oty — Bu)xy + aply + ,B,,Sﬁ(rg)t,,,

Co=C,

h
Cu = {2 € Car ¢ 120 — 2I1% < 1% = 211 = uBulltn — Sy £all® + 6},

Xn+l = PCnxl

forevery n € N, where 6,, = By, () C (a,1), {Bn} C (b,1-a), {X,} C (b/L,(1-a)/L) and
{r,} C [d,e] for some a € (0,1), b € (0,1 —a) and 0 < d < e < 28. Then the sequences {x,},
{un}, {yu}, {tn} and {z,} converge strongly to a point of F.

Proof In Theorem 3.1, whenever S; : C — C is an asymptotically nonexpansive mapping
in the intermediate sense, we have y,,; =0, x; =0 forall » € N, 1 < i < N. From (3.7), we

have
h 2
zn = PI? < 1960 = PI* = (0t = k)Bull tn = Sk tu | + B (Vi 1t =PI + heny). (3.19)

Since k = max{k; :1 <i <N} =0, yu) = max{yum), : 1 <i <N} =0 and cy() = max{cy(), :
1 <i < N}, thus, (3.19) is reduced to

h 2
zn = PI? < 1960 =PI = B[ tn = Siy | + O

where 6, = B,¢i(y). So, we have
FccC, Vmel,

and hence, the result of Step 1 holds.
Next, following the reasoning in the proof of Theorem 3.1 and using F instead of 7' N
By, (x1), we deduce the conclusion of Theorem 3.9. O

Remark 3.10 Theorem 3.9 improves and extends [8, Theorem 3.1] and [10, Theorem 3.1]
since
(1) afinite family of nonexpansive mappings is extended to a finite family of
asymptotically nonexpansive mapping in the intermediate sense,
(2) inverse-strongly monotone mapping A is extended to monotone
L-Lipschitz-continuous mapping.
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