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1 Introduction and preliminaries

The concepts of mixed monotone mapping and coupled fixed point were introduced in [1]
by Bhaskar and Lakshmikantham. Also, they established some coupled fixed point theo-
rems for a mixed monotone mapping in partially ordered metric spaces. For more details
on coupled fixed point theorems and related topics in different metric spaces, we refer the
reader to [2-13] and [14-25].

Also, Berinde and Borcut [26] introduced a new concept of tripled fixed point and ob-
tained some tripled fixed point theorems for contractive-type mappings in partially or-
dered metric spaces. For a survey of tripled fixed point theorems and related topics, we
refer the reader to [26-32].

Definition 1.1 [26] An element (x,y,z) € X3 is called a tripled fixed point of F: X3 — X
if F(x,9,2) = x, F(y,x,y) =y and F(z,y,%) = z.

Definition 1.2 [27] An element (x,7,z) € X® is called a tripled coincidence point of the
mappings F: X> — X and g: X — X if F(x,%,2) = g(x), F(y,x,y) = gy and F(z,y,x) = gz.

Definition 1.3 [27] An element (x,y,z) € X3 is called a tripled common fixed point of
F:X>—> Xandg: X — Xifx=g(x) =F(x,92),y=g%) =F(y,x7y) and z = g(z) = F(z,y,x).

Definition 1.4 [29] Let X be a nonempty set. We say that the mappings F: X> — X and
g: X — X are commutative if g(F(x,y,z)) = F(gx,gy,gz) for all x,y,z € X.
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The notion of altering distance function was introduced by Khan et al. [10] as follows.

Definition 1.5 The function v : [0,00) — [0, 00) is called an altering distance function if
1. ¢ is continuous and nondecreasing.
2. Y@ =0ifandonlyif¢=0.

The concept of generalized metric space, or G-metric space, was introduced by Mustafa
and Sims [33]. Mustafa and others studied several fixed point theorems for mappings sat-

isfying different contractive conditions (see [33—45]).

Definition 1.6 (G-metric space, [33]) Let X be a nonempty set and G : X3 — R* be a
function satisfying the following properties:

(GQl) Gx,y,2)=0iffx=y =2z

(G2) 0<G(x,x,y) forall x,y € X with x #y;

(G3) G(x,x,y) < G(x,y,2) for all x,y,z € X with z # y;

(G4) G,y,2) = G(x,2,9) = G(y,2,x) = - - - (symmetry in all three variables);

(G5) G(x,9,2) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X (rectangle inequality).
Then the function G is called a G-metric on X and the pair (X, G) is called a G-metric

space.

Example 1.7 If we think that G(x,y,z) is measuring the perimeter of the triangle with
vertices at x, y and z, then (G5) can be interpreted as

[x9] + [%,2] + [y,2] <2[x,a] + [a,y] + [a,2] + [y, 2],
where [, 7] is the ‘length’ of the side x, y. If we take y = z, we have
2[x,y] < 2[x,a] + 2[a,y].
Thus, (G5) embodies the triangle inequality. And so (G5) can be sharp.

In [46], Aydi et al. established some tripled coincidence point results for mappings F :
X3 — Xandg: X — X involving nonlinear contractions in the setting of ordered G-metric

spaces.

Theorem 1.8 [46] Let (X, <X) be a partially ordered set and (X, G) be a G-metric space
such that (X, G) is G-complete. Let F: X> — X and g: X — X. Assume that there ex-
ist ¥, ¢ : [0,00) — [0,00) such that  is an altering distance function and ¢ is a lower-
semicontinuous and nondecreasing function with ¢(t) = 0 if and only if t = 0 and for all

x%9,2,u,v,w,1,5,t € X, with gx < gu < gr, gy > gv > gs and gz < gw < gt, we have

v (G(F(x,,2), F(u, v, w), F(r, s, 1))
< ¥ (max{G(gx, gu, gr), G(gy, gv, g5), G(gz, gw, gt)})
- q)(max{ G(gx, gu, gr), G(gy, gv, gs), G(gz, gw, gt)}).

Assume that F and g satisfy the following conditions:
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(1) F(X®) < g(0),

(2) F has the mixed g-monotone property,

(3) F is continuous,

(4) g is continuous and commutes with F.
Let there exist xo,y0,20 € X such that gxy < F(x0,%0,20), &0 = F(yo,%0,y0) and gzy <
F(z0,90,%0). Then F and g have a tripled coincidence point in X, i.e., there exist x,y,z € X
such that F(x,y,z) = gx, F(y,x,y) = gy and F(z,y,x) = gz.

Also, they proved that the above theorem is still valid for F not necessarily continuous

assuming the following hypothesis (see Theorem 19 of [46]).
(I) If {x,} is a nondecreasing sequence with x,, — x, then x,, < x forall n € N.

(II) If {y,} is a nonincreasing sequence with y, — y, then y, >y forall » e N.

A partially ordered G-metric space (X, G) with the above properties is called regular.

In this paper, we obtain some tripled coincidence point theorems for nonlinear (¥, ¢)-
weakly contractive mappings in partially ordered G,-metric spaces. This results generalize
and modify several comparable results in the literature. First, we recall the concept of
generalized b-metric spaces, or G,-metric spaces.

Definition 1.9 [47] Let X be a nonempty set and s > 1 be a given real number. Suppose
that a mapping G : X> — R* satisfies:

(Gpl) G(x,9,2)=0ifx=y=2z,

(Gp2) 0<G(x,x,y) forallx,y € X withx #y,

(Gp3) G(x,x,9) <G(x,y,z) forall x,7,z € X withy #z,

(Gp4) G(x,y,2) = G(p{x,y,z}), where p is a permutation of x, y, z (symmetry),
(Gp5) G(x,y,2) <s[G(x,a,a) + G(a,y,z)] for all x,y,z,a € X (rectangle inequality).

Then G is called a generalized b-metric and the pair (X, G) is called a generalized b-
metric space or a G,-metric space.

Obviously, each G-metric space is a G;-metric space with s = 1. But the following exam-
ple shows that a G,-metric on X need not be a G-metric on X (see also [48]).

Example 1.10 If we think that G,(x,y, z) is the maximum of the squares of length sides of
a triangle with vertices at x, y and z such that:

If x #y # z, then Gy(x, y, z) = max{([x, y])% (5, 2])2, ([z,x])*}.

Ifx 7y =z, then Gy(x,5,9) = ([x,y])%,
where [x,7] is the ‘length’ of the side x, y. Then it is easy to see that G,(x,y,z) is a G,
function with s = 2.

Since by the triangle inequality we have
)] < [xal +layl,  [zx] <l[zal +[ax],
hence

Gy(x,9,2) = max{([x6,5])", (I9.2))", ([z.4])°}
< max{([x,a] + [a,y])z, ([y,z])2, ([za] + [a,x])Z}
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< max{2((lx,a))” + (12.1)°), (1.4) " 2(([z.a))” + (1a,21)°))
<2([xal)” + max{2(la,5])*, (I5.2))", 2(1z. a]) )
[a,5])

2([x,a]) +max{( 2,2([_)/,2) ( a])z}

IA

= 2(Gp(x,a,a) + Gy(a, y,2)).

Example 1.11 [47] Let (X, G) be a G-metric space and G, (x,y,z) = G(x,y,z)’, where p > 1
is a real number. Then G, is a G,-metric with s = 2771,

Also, in the above example, (X, G,) is not necessarily a G-metric space. For example, let
X =R and G-metric G be defined by

1
Glx,y,2) = g(lx—yl +y -zl +|x —z|)

for all x,7,z € R (see [33]). Then G, (x,y,2) = G(x,7,2)? = %(|x —yl+ly—zl+lx—z)?isa
Gp-metric on R with s = 227! = 2, but it is not a G-metric on R.

Example 1.12 [47] Let X = R and d(x,y) = |x — y|*>. We know that (X,d) is a b-metric
space with s = 2. Let G(x,7,2) = d(x,y) + d(y,2z) + d(z,x), then (X, G) is not a G,-metric
space. Indeed, (G;3) is not true for x = 0, y = 2 and z = 1. To see this, we have

G(0,0,2) =d(0,0) +d(0,2) + d(2,0) = 2d4(0,2) = 8
and
G(0,2,1) = d(0,2) +d(2,1) +d(1,0) =4 +1+1=6.
So, G(0,0,2) > G(0,2,1).
However, G(x,y,z) = max{d(x,y),d(y,z),d(z,x)} is a Gp-metric on R with s = 2. Similarly,
if d(x,y) = |x — y|? is selected with p > 1, then G(x,y,z) = max{d(x,y),d(y,z),d(z,x)} is a
Gp-metric on R with s = 2771,

Now we present some definitions and propositions in a G,-metric space.

Definition 1.13 [47] A Gj,-metric G is said to be symmetric if G(x,y,y) = G(y,x, x) for all
x,y€X.

Definition 1.14 Let (X, G) be a G,-metric space. Then, for xy € X and r > 0, the G-ball
with center xq and radius r is

Bg(xo,7) = {y € X | G(xo,y,) < r}.
By some straight forward calculations, we can establish the following.

Proposition 1.15 [47] Let X be a G,-metric space. Then, for each x,y,z,a € X, it follows
that:
1) ifG(x,9,2) =0, thenx =y =z,
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(2) G(x,9,2) <s(G(x,x,y) + G(x,%,2)),
(3) Gx,y,7) <25G(y,,x),
(4) G(x,9,2) <s(G(x,a,z) + G(a,y,2)).

Definition 1.16 [47] Let X be a G,-metric space. We define dg(x,y) = G(x,y,y) + G(x,x,7)
forallx,y € X.Itis easy to see that dg defines a b-metric d on X, which we call the b-metric
associated with G.

Proposition 1.17 [47] Let X be a G,-metric space. Then, for any xg € X and r > 0, ify €
Bg(xo, 1), then there exists § > 0 such that Bg(y, ) C Bg(xo,7).

From the above proposition, the family of all G,-balls
F = {BG(x,r) lxeX, r> 0}

is a base of a topology 7(G) on X, which we call the G,-metric topology.
Now, we generalize Proposition 5 in [34] for a G,-metric space as follows.

Proposition 1.18 [47] Let X be a G,-metric space. Then, for any xo € X and r > 0, we have

r
BG X0, 2 +1 gBdQ(xOIr) gBG(x07r)'

Thus every G,-metric space is topologically equivalent to a b-metric space. This allows
us to readily transport many concepts and results from b-metric spaces into G,-metric
space setting.

Definition 1.19 [47] Let X be a G,-metric space. A sequence {x,,} in X is said to be:
(1) Gp-Cauchy if for each € > 0, there exists a positive integer ny such that, for all
m,n, 1 > ng, G(xy, X, %) < €;
(2) Gp-convergent to a point x € X if for each ¢ > 0, there exists a positive integer ng
such that, for all m, n > ngy, G(x,, %, %) < €.

Proposition 1.20 [47] Let X be a Gy-metric space. Then the following are equivalent:
(1) the sequence {x,} is Gp-Cauchy;
(2) forany e > 0, there exists ng € N such that G(x,, %, %) < € for all m,n > ny.

Proposition 1.21 [47] Let X be a G,-metric space. The following are equivalent:
(1) {xn} is Gp-convergent to x;
(2) G(xy, %, %) = 0 as n — +00;
(3) G(xy,x,%) — 0 as n — +00.

Definition1.22 [47] A G,-metric space X is called complete if every G,-Cauchy sequence
is Gp-convergent in X.

Definition 1.23 [47] Let (X,G) and (X', G') be two Gp-metric spaces. Then a function
f:X — X is G-continuous at a point x € X if and only if it is G;-sequentially continuous
at x, that is, whenever {x,} is G,-convergent to x, {f(x,)} is G, -convergent to f(x).

Page 5 of 27
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Mustafa and Sims proved that each G-metric function G(x, y, z) is jointly continuous in
all three of its variables (see Proposition 8 in [33]). But, in general, a G,-metric function
G(x,y,z) for s > 1 is not jointly continuous in all its variables. Now, we recall an example
of a discontinuous Gj-metric.

Example 1.24 [49] Let X =N U {oco} and let D: X x X — R be defined by

0 if m=n,

% - %I if one of m, n is even and the other is even or oo,

D(m, n) =
5 if one of m, n is odd and the other is odd (and m # 1) or oo,
2 otherwise.

Then it is easy to see that for all m, n, p € X, we have

5
D(m,p) < E(D(m, n) + D(n,p)).

Thus, (X, D) is a b-metric space with s = % (see corrected Example 3 in [9]).

Let G(x,y,z) = max{D(x,), D(y,z), D(z,x)}. It is easy to see that G is a G,-metric with
s=5/2.1In [49], it is proved that G(x, y,z) is not a continuous function.

So, from the above discussion, we need the following simple lemma about the G-
convergent sequences in the proof of our main result.

Lemma 1.25 [49] Let (X, G) be a Gy-metric space with s > 1 and suppose that {x,}, {y,}
and {z,} are Gy-convergent to x, y and z, respectively. Then we have

1
= G(x,9,2) <liminf G(x,, Y, 2u)
S n—s> 00

<limsup G(x,, ¥, z,) < SBG(x»J/» 2).

n—>-00

In particular, if x = y = z, then we have lim,,_, o, G(xy, y»,2,) = 0.

In this paper, we present some tripled coincidence point results in ordered G,-metric
spaces. Our results extend and generalize the results in [46].

2 Main results
Let (X, <, G) be an ordered G,-metric space and F ‘X3 > X and g: X — X. In the rest of
this paper, unless otherwise stated, for all x, y,z, u, v, w,r,s,t € X, let

Mp(x,y,2,u, v, W, 1,5, t) = max{G(F(x,y,2), F(u, v, w), F(r,5,1)),
G(F(y, x,9), F(v,u,v), F(s, r,s)),
G(F(z,,%), F(w,v,u),F(t,s, r))}

and

Mo(x,9,2,u,v, W, 1,5, t) = max{G(gx,gu,gr), G(gy, gv,gs), G(gz, gw, gt) }
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Now, the main result is presented as follows.

Theorem 2.1 Let (X, <, G) be a partially ordered Gy-metric space and F : X3 > X and
g:X — X be such that F(X®) C g(X). Assume that

Y (sME(x,9,2,u,v,W,1,5,1))

<Y (My(x,3,2,u,v,w,1,5,1)) — 0 (My(%,, 2,11, v, W, 1,5, 1)) (2.1)

for every x,y,z,u,v,w,r,s,t € X with gx < gu < gr, gy > gv > gs and gz < gw < gt, or gr <
gu < gx, gs > gv > gy and gt < gw <X gz, where Y, ¢ : [0,00) — [0, 00) are altering distance
functions.

Assume that

(1) F has the mixed g-monotone property.

(2) gis Gp-continuous and commutes with F.

Also suppose that

(a) either F is Gy-continuous and (X, G) is Gp-complete, or

(b) (X, G) is regular and (g(X), G) is Gp-complete.

If there exist xo,Y0,z0 € X such that gxy < F(x0,%0,20), g2v0 = F(¥o,%0,Y0) and gzo

IA

F(z0,y0,%0), then F and g have a tripled coincidence point in X.

Proof Let x0,y0,20 € X be such that gxo < F(x0,%0,20), &0 > F(¥0,%0,y0) and gzo

IA

F(z0,¥0,%0)- Define x1,91,z1 € X such that gx; = F(xo,%0,20), g2v1 = F(y0,%0,%0) and gz
F(z0,50,%0). Then gxy < g1, gyo > gy1 and gzy < gz;. Similarly, define gx, = F(x1,91,21),
gy2 = F(yr,%1,9) and gz = F(z1,91,%1). Since F has the mixed g-monotone property, we
have gxo < gx1 < gx2, gy0 = g1 = gy and gzp < gz1 < gz.

In this way, we construct the sequences {a,}, {b,} and {c,} as

an =8Xn = F(xn—byn—ly Zn-1)s

by = g¥n = FYnu-1,%n-1, Y1)
and
Cn=82n = F(Zn—l;yn—l; Xpn-1)
forallm>1.
We will finish the proof in two steps.
Step I. We shall show that {a,}, {b,} and {c,} are G,-Cauchy.
Let
5;1 = maX{G(an—lv Ay, an): G(bn—ly bn; bn)) G(Cn—lv Cns Cn)}-

So, we have

(Sn = MF(xn—2¢yn—2: Z1n-2)%1-1>Yn-1>Zn-1,%n-1, Yn-1» Zn—l)
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and

Oy = Mg(xn—lryn—l,Zn—l:xnrymzn;xmym Zn).

As gxy,_1 < gxy, @Vn1 = gYn and gz, < gz, using (2.1) we obtain that

Y (88,41) = ¥ (SMF@n_1, Y1 Zn-1s %> V> Zns Xins Vs Zn) )
< YU (M (%n-1, Y1 2015 %> V> Zns Xrns Vs Zn) )
— (M (%=1, Y1 Zn-1> %> V1> Zs X0 Vs Zn) )
= Y (8,) — ¢(8n)
< Y (s8,) — (Sn)- (2.2)

Since v is an altering distance function, by (2.2) we deduce that
8n+1 =< 6;1)

that is, {3,,} is a nonincreasing sequence of nonnegative real numbers. Thus, there is 7 > 0
such that

lim 8, =r.

n—00

Letting n — o0 in (2.2), from the continuity of ¥ and ¢, we obtain that

Y(sr) < Yr(sr) —p(r),

which implies that ¢(r) = 0 and hence r = 0.
Next, we claim that {a,}, {b,} and {c,} are G,-Cauchy.
We shall show that for every ¢ > 0, there exists k € N such that if m, n > k,

max{G(am,an,a,,), G(by, by, by), G(cm,cn,c,,)} <e.
Suppose that the above statement is false. Then there exists ¢ > 0 for which we can find
subsequences {a,,x} and {a,x } of {a,}, (b} and {b,y} of {b,} and {c,up} and {cuw)} of
{c,.} such that n(k) > m(k) > k and

max { G(@m()» @n(k) An(k))> GBmik)» bu)» bur))> GCmk)» Cniios Enii)} = € (2.3)
where n(k) is the smallest index with this property, i.e.,

max { G(@m()» @n(k)-1» An(-1)» GBm(kys Bu(i-1 Ptir-1)» GCm@)» Cntiy-1» Cnii-1) } < €. (2.4)
From (2.4), we have

lim sup max{ G(@m), @n()-1» Ank)-1)> G(Bm(is buiio-1> buiio-1)»

k—> 00

GCm)» Cn(i-1> Eniy-1) | < €. (2.5)
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From the rectangle inequality,

G@m)> An(kys Ani)) < S[G(@mk)> An(i)-1 Ank)-1) + G(An()-1 Bn(i» Anih)) ]- (2.6)
Similarly,
G(Bn)» by buiio) < [ Gk i1, bur)-1) + G(Buii-1, by buiy) ] (2.7)
and
G(CmE)» Cntir k) = S[GEmik)» Enti)-1> Enti-1) + G(Cnr)-1> Enih)s Eni)) |- (2.8)
So,
max{ G(@m(k) Ank)» An(t))> GBm(i» bk bu(io)s G(Cmkys ntis Enti) }
< smax{ G(@m(k) Bn)-1> An(-1)» GOy Buti-1> bu)-1)» G(Cmir) Cniio-1> Eniior-1) }
+ smax{ G(@u()-1, (k) An(t))> GBr(t-1> (i) buti))» G(Cni-1s Cniis i) }- - (2.9)
Letting k — oo as lim,_, o 8, = 0, by (2.3) and (2.4), we can conclude that
; < liklggfmaX{G(ﬂm(k),dn(k) 1 @n()-1)s GO m(k)s Bu(y-1, buiry-1)»
G(CmE)» Cn(i-1> Entio-1) - (2.10)
Since
G(@m(k)s Ani)s An()) < SG(Am(k)s Am(k)+1> Ami)1) + SG(Am(k) 41 Bn(h)» Ank)) (2.11)
and
GOy, by u)) < GGk bin()+15 bm(y+1) + SG (D) +15 Ok bu(i))» (2.12)
and
G(Cmk)s Cn(k)s Cnk) =< SG(Cm(k)s Cmk)+15 Cmk)+1) + SG(Comi) 1> Crk)» Cnk))s (2.13)

we obtain that

max{ G(am(k) @n@)» An())> GBm)» by bu(io)» G(Cmys Entis i)}

< smax{G(@m(k), Bm(i)+1 Bm(i)+1)s GOt By +1 B +1)> G(Cmkyr Cm) 11> Em 1) |

+ smax{ G(@m()+1, An()> ni)» GBm(ky+1, bty buy)»

G(Cm)+1> Cn(ir Enih)) }-

(2.14)

Page 9 of 27
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If in the above inequality k — 0o as lim,,_, o §,, = 0, from (2.3) we have

& .
5= lim sup max { G(@m) 1> @n(ky> @ni))» GBm(k)+1, buii)» buy)»
k— 00
G(Cm)+1» Cn(k)> Enth)) }- (2.15)

As n(k) > m(k), we have gx,) < @%n(k)-1) EVm(k) = &Vn()-1 aNd gZm(k) = 2u(k)-1. Putting x =
Xn(k)r Y = Ym(k)» Z = Zm(k)s U = Xn(k)=1 V = Yn(k)=1s W = Zn(k)-15 T = Xn(k)-1> S = Yn(k)-1 AN £ = Zyx)1

in (2.1), we have

¥ (s - max{G(@m@) 1, An(i) ni))s GBm(ky+1 bty buk))» G(Cmiiy 1 Enis Enti) })
= Y (8- MEGm(ys Yim()» Zm(is X1 Yn()—1» Zn(i)- l,xn(k)—l;yn(k)—lyZn(k)—l))
< Y (Mg (m@)» Ym(k) Zm(10» %n()-1> (k)1 Zn(k)-1> ()1 (k)1 Zn(k)-1))
= @ (Mgt Ym(k)» Zm(i)» En()=1> Yn(k)-1 Zn(l)-1> Xn(k)-1s Yn(l)-1> Zn(i)-1))
=V (max{G(gxm(k»gxn(k)—ngn(M—x)r G (&Y m(k» 8Ynk)-1) &Y nth1),
G(@2m(k)» 82n(h)-1 &2nth)1) })
— @ (max{ G(gxm(t), &%n0)-1, &Xn(t)-1)» G(Vm(k)» EYnihy-1 &Ynihy-1);
G(@2m(r)» 82n()-1&2n(h-1) })
=y (max{ G(@m), An()-1, An)-1)> GBmx)» bu-1> Buii-1);
GCm)» Cnti-1> Enir-1)})
- @(max{G(@m), An)-1> An(0)-1)s GBm(k)> b1 bu(iy-1)s

GCm@) Cniy-1> Cni-1)})- (2.16)

Letting k — o0 in (2.16),

& .
1/f( - ;) < W(S - Tim sup max{ G(@m(k)+1, Ank)> An(t))» Gk +1> Bu(iy uii))»

k— o0
G(Cmk)+15 Cn(k) Cn(k)) })

<V (Um sup max { G(@m(ky» @n(o)-1, An(t)-1)> G B> bugio-1> Puiio-1)»

k—00

G(Cm(k)» Cnlk)-1> Cnik 1)})

" (likrggfmax {G@m@), An-1> Ani-1)» GBmii) b1 bugio-1)s

G(Cmi)> Cn(i)-15 Cn(k)-l)}>

< 1#(8)—<P<1iklgi£fmax{G(ﬂm(k),ﬂn(k)mtln -1)s GGy s bu()-15 iy -1)s

G(Cmk)> Cn(k)-15 Cn(k)-l)}>- (2.17)
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From (2.17), we have
® (likrgiogfmax{ G(@m(k)s An(l)-1» An(k)-1)» G(Bim(k)s Pu(-1, Pu(iy-1)5
G(Cm(k)» Cnlk)-1> Cn(h)-1) }) <o0.

Therefore,

hkrg ior.}f max { G(@m(ky, @n()-1, An)-1)» GG buio-1 Ouii-1)» G(Cmik)» Enk-1» Cniiy-1) } = 0,

which is a contradiction to (2.10). Consequently, {a,}, {b,} and {c,} are G,-Cauchy.
Step II. We shall show that F and g have a tripled coincidence point.
First, let (a) hold, that is, F is Gj-continuous and (X, G) is G,-complete.
Since X is Gp-complete and {a,} is G,-Cauchy, there exists a € X such that

lim G(a,, a,, a) = lim G(gx,,gx,,a) =0.
Similarly, there exist b, ¢ € X such that
lim G(b,,b,,b) = lim G(gy,,gyu,b) =0
n— o0 n— 00
and

lim G(c,, ¢y ¢) = lim G(gz,, gz, ¢) = 0.
n— 00

n—00

Now, we prove that (a, b, ¢) is a tripled coincidence point of F and g.

Continuity of g and Lemma 1.25 yields that

1
0 = —Glga,ga,ga) <lim inf G(g(gx,),g(gxn),ga)
N n—00

< lim sup G(g(gx,,),g(gxn),ga) < s*G(ga, ga,ga) = 0.

n—00

Hence,

nll)l'ng G(g(gxn)'g(gxn)’ga) =0

and similarly,

nll)rgo G(g(gyn)’g(gyn)’gb) =0

and

nlin;o G(g(gzn),g(gzn),gc) = 0.

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

Since g1 = F(Xns Yns Zn)s &ns1 = FYn» %> ¥n) and gzy.1 = F(2y, ¥, %,), the commutativity

of F and g yields that

g(gxnﬂ) =g(F(xn:ymzn)) = F(gxmgymgzn)r

(2.24)
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2(@yns1) = E(E s % ¥n)) = F(€Y11» 8 Q) (2.25)

and

8(g2n1) = &(F (2 Y %n)) = F (@21 &Vn» G%n)- (2.26)

From the continuity of F and (2.24), (2.25) and (2.26) and Lemma 1.25, {g(gx,.1)} is
Gj-convergent to F(a,b,c), {g(gy,.1)} is Gp-convergent to F(b,a,b) and {g(gz,.1)} is Gp-
convergent to F(c, b, a). From (2.21), (2.22) and (2.23) and uniqueness of the limit, we have
F(a,b,c) = ga, F(b,a,b) = gb and F(c, b,a) = gc, that is, g and F have a tripled coincidence
point.

In what follows, suppose that assumption (b) holds.

Following the proof of the previous step, there exist u, v, w € X such that

nlingo G(gxy,, gxy,gu) =0, (2.27)

Jim G(gy,gyngv) =0 (2.28)
and

nll)ngo G(gz,, g2y, gw) =0, (2.29)

as (g(X), G) is Gp-complete.
Now, we prove that F(u, v, w) = gu, F(v,u,v) = gv and F(w, v, u) = gw. From regularity of
X and using (2.1), we have
Y (SME(Xns s Zus U Vs W, 14, v, W) )
S 'l/f(max{G(gxn,gu;gu); G(gymg":gl’)’ G(an’gW’gw)})
- ¢(max{G(gx,, gu, gu), G(gyn, gv, gv), G(gzn, gw> gw)}). (2.30)
As {gx,} is G,-convergent to gu, from Lemma 1.25, we have lim,,_, - G(gx,,gu,gu) = 0.

Analogously, lim,,—, oo G(gyy, gV, gv) = lim,_, oo G(gz,,, gw,gw) = 0.
As yr and ¢ are continuous, from (2.30) we have

lim Mg (xy, V> 20, th, v, W, 1, v, w) = 0,
n—oQ

or, equivalently,

lim G(gxn+1,F(u, v,w),F(u,v, w)) =0. (2.31)
n—00
Similarly,
lim G(gy,,+1,F(v, u,v), F(v, u, v)) = lim G(gz,,+1,F(w, v,u), F(w,v, u)) =0. (2.32)
On the other hand,

G(gu, F(u,v,w), F(u,v,w)

< sG(gut, §xns1, §%ns1) + SG(gX1, F (e, v, w), F(u, v, w). (2.33)

Page 12 of 27


http://www.journalofinequalitiesandapplications.com/content/2013/1/453

Mustafa et al. Journal of Inequalities and Applications 2013, 2013:453 Page 13 of 27
http://www.journalofinequalitiesandapplications.com/content/2013/1/453

Taking the limit when n — oo and using (2.27) and (2.31), we get

G(gu, F(u,v,w), F(u,v,w)) < s lim G(gu,g%ns1,8%n+1)
n— 00

+s lim G(gx,.1, F(u,v,w), F(u,v,w) =0, (2.34)
that is, gu = F(u, v, w).
Analogously, we can show that gv = F(v,u,v) and gw = F(w, v, u).
Thus, we have proved that g and F have a tripled coincidence point. This completes the
proof of the theorem. |

Let
M(x,y,z,u,v,w,1,5,t) = max{G(x, u,r), Gy, v,s), Gz, w, t)}.

Taking g = Iy (the identity mapping on X) in Theorem 2.1, we obtain the following
tripled fixed point result.

Corollary 2.2 Let (X, <, G) be a G,-complete partially ordered G,-metric space, and let
F: X3 — X be a mapping with the mixed monotone property. Assume that

w (SMF(x:)’; z,u,v,w,r,s, t))

<Y (M52, u,v,w,1,5,1)) — o (M(x,5,2,t, v, W, 7,5, 1)) (2.35)

for every x,y,z,u,v,w,r,s,t e X withx <u<r,y>v>sandz<w=t orr=<u=xzx,
s=v>yandt=<w =<z where Y, :[0,00) — [0,00) are altering distance functions.

Also suppose that

(a) either F is Gyp-continuous, or

(b) (X, G) is regular.

If there exist x,Y0,20 € X such that xo < F(x0,%0,20), Yo > F(yo,%0,%0) and zy <
F(z0,50,%0), then F has a tripled fixed point in X.

Taking ¥ (¢) = t and ¢(¢) = f—i for all ¢ € [0, 00) in Corollary 2.2, we obtain the following

tripled fixed point result.

Corollary 2.3 Let (X, <X, G) be a G,-complete partially ordered Gy-metric space and F :
X3 — X with the mixed monotone property. Assume that

M(x,y,2,u, v, W, 1,5,t)

SMEg(x,y,2,u, v, W, 1,8, t) < (2.36)

1+ M(x,y,z,u,v,w,r,s,t)
for every x,y,z,u,v,w,r,s,t € X withx <u<r,y>v>sandz<w=<t orr=<u=xx,
s=v>yandt<w=<z

Also suppose that

(a) either F is Gy-continuous, or

(b) (X, G) is regular.

If there exist xg,Y0,z0 € X such that xy < F(x0,%0,20), Yo = F(¥0,%0,Y0) and zy <
F(z0,50,%0), then F has a tripled fixed point in X.
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Remark 2.4 Theorem 1.8 is a special case of Theorem 2.1.

Remark 2.5 Theorem 2.1 part (a) holds if we replace the commutativity assumption of F
and g by compatibility assumption (also see Remark 2.2 of [30]).

The following corollary can be deduced from our previously obtained results.

Corollary 2.6 Let (X, <) be a partially ordered set and (X, G) be a G,-complete G,-metric
space. Let F : X3 — X be a mapping with the mixed monotone property such that

3

U (Ml .2,y v, ,75,8)) < 1//(G(x, u,r)+Gy,v,s) + G(z,w, t)>

- ¢(max{G(x,u,1), G(y,v,5), G(z,w, 1) }) (2.37)

for every x,y,z,u,v,w,r,s,t e X withx <u<r,y>v>sandz<w=<t orr<u=<x,
s=v>yandt<w=<z

Also suppose that

(a) either F is Gy-continuous, or

(b) (X, G) is regular.

If there exist xo,Y0,z0 € X such that xy < F(x0,%0,20), Yo = F(¥0,%0,Y0) and zy <
F(z0,90,%0), then F has a tripled fixed point in X.

Proof If F satisfies (2.37), then F satisfies (2.35). So, the result follows from Theorem 2.1.
d

In Theorem 2.1, if we take ¥ (£) = t and ¢(t) = (1 — k)t for all £ € [0, 00), where k € [0, 1),
we obtain the following result.

Corollary 2.7 Let (X, <) be a partially ordered set and (X, G) be a G,-complete G,-metric
space. Let F : X3 — X be a mapping having the mixed monotone property and

k
Me(x, 9,2, u, v, w,r,8,t) < —M(x,y,2,u, vV, W, 1,8, £) (2.38)
s

for every x,y,z,u,v,w,r,s,t € X withx <u <r,y>v>=sandz<w=<t orr<u=<x,
s=v>yandt<w=<z

Also suppose that

(a) either F is Gy-continuous, or

(b) (X, G) is regular.

If there exist xo,Y0,z0 € X such that xy < F(x0,%0,20), Yo = F(¥0,%0,Y0) and zy <
F(z0,y0,%0), then F has a tripled fixed point in X.

Corollary 2.8 Let (X, <X) be a partially ordered set and (X, G) be a G,-complete G,-metric
space. Let F : X3 — X be a mapping with the mixed monotone property such that

k
Mp(x, 9,2, u, v, W, 1,8, 1) < 3—[G(x, u,r)+ G(y,v,s) + Gz, w, t)] (2.39)
S

for every x,y,z,u,v,w,r,s,t E X withx <u<r,y>v>=sandz<w=t orr<u=xx

s=v=yandt<w=z
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Also suppose that

(a) either F is Gy-continuous, or

(b) (X, G) is regular.

If there exist x,Y0,20 € X such that xo < F(x0,%0,20), Yo > F(yo,%0,%0) and zy <
F(z0,y0,%0), then F has a tripled fixed point in X.

Proof If F satisfies (2.39), then F satisfies (2.38). (I

Note that if (X, <) is a partially ordered set, then we can endow X 3 with the following
partial order relation:

xy,2) 2 (w,v,w) = x=u, y>=v, z=w

for all (x,y,2), (u, v, w) € X3 (see [26]).
In the following theorem, we give a sufficient condition for the uniqueness of the com-
mon tripled fixed point (also see, e.g, [4, 46, 50] and [51]).

Theorem 2.9 In addition to the hypotheses of Theorem 2.1, suppose that for every (x,y,z)
and (x*,y*,z") € X x X x X, there exists (u,v,w) € X> such that (F(u,v,w),F(v,u,v),
F(w,v,u)) is comparable with (F(x,y,z), F(y,x,), F(z,y,x)) and (F(x*,y*,z*), F(y*,x*,y*),
F(z*,y*,x*)). Then F and g have a unique common tripled fixed point.

Proof From Theorem 2.1 the set of tripled coincidence points of F and g is nonempty. We
shall show that if (x,,z) and (x*,y*,z*) are tripled coincidence points, that is,

gx) = F(x,9,2), g0)=F@xy),  g2)=Fl(zyx)

and
g(x*) — F(x*,y*,z*), g(y*) — F(y*,x*’y*), g(z*) — F(z*,y*,x*),

then gx = gx* and gy = gy* and gz = gz*.
Choose an element (&, v, w) € X such that (F(u, v, w), F(v, u,v), E(W, v, 1)) is comparable
with

(F(x,5,2), F(y,%,9), F(2,,%))

and
(F(x*,y*,z*),F(y*,x*,y*),F(z*,y*,x*)).

Let uy = u, vo = vand wy = w and choose 1, v; and w; € X so that guy = F(ug, vo, wo), gv1 =
F(vo,uo,v0) and gwy = F(wo, vo, 4o). Then, similarly as in the proof of Theorem 2.1, we can
inductively define sequences {gu,}, {gv,} and {gw,} such that gu,,.1 = F(t4,s, Vis, Wn), gVs1 =
F(Vy, tty,vy) and gwyy = F(Wy, v, uy). Since (gx,gy,g2) = (F(x,9,2), F(y,%,9), F(W,y,x))
and (F(u,v,w), F(v,u,v), F(w,v,u)) = (gu1,gv1,gw1) are comparable, we may assume that
(gx,gy,g2) < (gu1,gv1,gw1). Then gx < guy, gy > gv1 and gz < gw;. Using the mathematical
induction, it is easy to prove that gx < gu,, gy > gv, and gz < gw,, for all n > 0.
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Applying (2.1), as gx < gu,, gy > gv, and gz < gw,,, one obtains that

W (s max{G(gx, gitni1, Gtni), G(€Y, Vi1, V1), G (82 gWns1, &Wnn1) })
= U (SME (%, ¥, 2, Uy Viy Wiy Uy Vs W) )
< Y (Mg(%, 9,2, thy Vis Wy iy Vis W) ) = @ (Mg (%, 55 2, tons Viy Wiy Uy Vs Wir) )
= v (max{G(gx, gun, gutn), G(€9, 8V V), G(g2,&Wn gW1) })
- p(max{G(gx, gutn, gun), G(gY, 8V &Vi), G(82, W W) })- (2.40)

From the properties of v, we deduce that

{max{G(gx, i, gttn), G(€)> &V gVn), G(82, gWi gwn) } }

is nonincreasing.
Hence, if we proceed as in Theorem 2.1, we can show that

lim max{ G(gx, g, gutn), G(€Y, &Vir §Vn), G(gz,gw,,,gwn)} =0,
n—00
that is, {gu,}, {gv.} and {gw,} are G,-convergent to gx, gy and gz, respectively.
Similarly, we can show that

Jlim max{G(gx*, gun, gutn), G(gY*, gV gVn), G(g2",gWnrgWn) } = 0,
that is, {gu,}, {gv,} and {gw,} are G,-convergent to gx*, gy* and gz*, respectively. Finally,
since the limit is unique, gx = gx*, gy = gy* and gz = gz*.

Since gx = F(x,9,2), gy = F(y,x,9) and gz = F(z,y,x), by commutativity of F and g,
we have g(gx) = g(F(x,y,2)) = F(gx, g7, 82), g(gy) = g(F(y,%,7)) = F(gy,gx,gy) and g(gz) =
g(F(z,y,x)) = F(gz,gy,gx). Let gx = a, gy = b and g(z) = ¢. Then ga = F(a, b,c), gb = F(b,a, b)
and gc = F(c,b,a). Thus, (a,b,c) is another tripled coincidence point of F and g. Then
a=gx=ga,b=_gy=gband c =gz =gc. Therefore, (4, b,c) is a tripled common fixed point
of Fand g.

To prove the uniqueness, assume that (p, g, r) is another tripled common fixed point of
Fand g. Then p =gp = F(p,q,r), q=gq9 = F(q,p,q) and r = gr = F(r,p,q). Since (p,q,7) is
a tripled coincidence point of F and g, we have gp = gx, gg = gy and gr = gz. Thus, p =
gr=ga=a,q=gq=gb=>bandr=gr=gc=c. Hence, the tripled common fixed point is
unique. ]

3 Examples
The following examples support our results.

Example 3.1 Let X = (—00, 00) be endowed with the usual ordering and the G,-complete
Gjp-metric
2

G, y,2) = (lx =yl + |y — 2| + |z — x])

where s = 2.
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Define F: X®> — X as

x—2y+4z

F(x,y,2) = 96

forallx,y,z € X and g: X — X with g(x) = g forall x € X.
Let ¢ : [0,00) — [0,00) be defined by ¢(¢) = In(t + 1), and let ¥ : [0,00) —
defined by ¥ (¢) = In(%£1),

t+4
Now, from the fact that for o, 8, > 0, (@ + 8 + y)? < 2% 2?2 + 227287 4 2771y we

[0,00) be

have

¥ (sG(F(x, v,2), F(u,v,w), F(r,s, t)))

! 2(9L[|(x 2y +4z) — (u - 2v+4w)|]+ e Ll (u— 2v+4-w) (r—2s+41)|]
=1In
96[|(r—2s+4t)—(x 2y+4z)|]) +1
(21581 A0 = S IS e I - 51 1z - )
+ﬁl%—él+ﬁl%—%uﬁl%—%wﬁl%—%l) 8

<In %([l%-ﬁ+|§—§|+|§—§|]2+%[|% sl+ 13 —31+15 =311
+orllE -5+l —5l+15-51M)+1
1 21 2
<ln(ﬁ<n§—%|+|gl—g|+|§—§|J +[ﬁ[|%t—§|+2|———|+|———])
- z w w z
5 -5l +15 =3l +15 =519 +1
1 2 2
<In gmax{[|3 -3+ 15 -1 +15 =315 05 - 51+ 15 - 51+ 15 - 311%
[|——W|+|———|+|2——|]2}+1
1
<In 4max{G(gx,gu gr), G(gy,gv,5), G(gz, gw, gt)} +1

= In(max{G(gx, gu, gr), G(gy, gv. gs), G(gz. gw, gt)} + 1)

In ( 4 max{G(gx, gu,gr), G(gy, gv, gs), G(gz, gw, gt)} + 4)
max{G(gx, gu, gr), G(gy, gv,gs), G(gz, gw, gt)} + 4

=y (max{G(gx, gu, gr), G(gy, gv. g5), G(gz, gw, g1) )

- (max{G(gx,gu,gr), G(gy,gv, gs), G(gz,gw,gt)}).

Analogously, we can show that

v (G(F(y, x,9), F(v,u,v),F(s,r, s)))
< (max{G(gx, gu, gr), G(gy, gv. g5), G(gz, gw, gt)})

- ¢(max{G(gx, gu, gr), G(gy, gv, g5), G(gz,. gw, gt)})
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and

v (G(F(z,9,%), F(w,v,u), F(t,s,1)))
< ¥ (max{G(gx, gu, gr), G(gy, gv. gs), G(gz, gw, gt)})

- ¢(max{G(gx, gu, gr), G(gy, gv. g5), G(gz, gw, gt)}).
Thus,

U (sSME(%,,2,1,v, W, 1,5, 1)) < W (My(x, 9,2, u,v, W, 1,5, 1))

— o (My(x,3,2,1,v,w, 7,5,1)).

Hence, all of the conditions of Theorem 2.1 are satisfied. Moreover, (0, 0,0) is the unique

common tripled fixed point of F and g.
The following example has been constructed according to Example 2.12 of [2].

Example 3.2 Let X = {(x,0,%)} U {(0,x,0)} C R3, where x € [0, 0] with the order < de-
fined as

(1, 91,21) X (%2,92,22) &= X1 <%y, Y1=)2, z1 = 2.
Let d be given as

d(x,y) = max{|x; — %21 [y1 - y21% |21 — 2217}
and

G(x,7,2) = max{d(x,y),d(y,2),d(z, %)},

where x = (x1,y1,21) and y = (%2, ¥2,22). (X, G) is, clearly, a G,-complete G,-metric space.
Letg:X — X and F: X®> — X be defined as follows:

F(x,y,z) =x
and
2((x,0,%)) =(0,x,0) and g((0,x,0)) = (x,0,x).

Let ¥, ¢ : [0,00) — [0,00) be as in the above example.

According to the order on X and the definition of g, we see that for any element x € X,
g(x) is comparable only with itself.

By a careful computation, it is easy to see that all of the conditions of Theorem 2.1 are
satisfied. Finally, Theorem 2.1 guarantees the existence of a unique common tripled fixed
point for F and g, i.e., the point ((0, 0, 0), (0,0, 0), (0,0, 0)).
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4 Applications
In this section, we obtain some tripled coincidence point theorems for a mapping satisfy-
ing a contractive condition of integral type in a complete ordered G;-metric space.
We denote by A the set of all functions u : [0, +00) — [0, +00) verifying the following
conditions:
(I) w isa positive Lebesgue integrable mapping on each compact subset of [0, +00).
(1) Foralle >0, [ u(t)dt>0.

Corollary 4.1 Replace the contractive condition (2.1) of Theorem 2.1 by the following con-
dition:
There exists ;L € A such that

W (SME(x,9,2,u,v,W,1,8,t))
/ e)de

0

<

fllf(Mg(x,y,z,u,v,w,r,s,t)) /‘(P(Mg (xy,zuv,w,r.s,t))

w(t) dt - w(t) dt. (4.1)

0 0

If the other conditions of Theorem 2.1 are satisfied, then F and g have a tripled coincidence
point.

Proof Consider the function I'(x) = f(;c wu(t)dt. Then (4.1) becomes

F(w (sMp(x,y, Z, U, V, W, T, S, t)))

<T(y (Mg, 2,u,v,w,1,5,0)) = T (0(Mg(x,5, 2,1, v, W, 1,5, 1)) ).

Taking v¥; = Coyr and ¢; = oy and applying Theorem 2.1, we obtain the proof (it is easy

to verify that v, and ¢; are altering distance functions). O

Corollary 4.2 Substitute the contractive condition (2.1) of Theorem 2.1 by the following
condition:
There exists ;L € A such that

SME (x,y,2,u,v,W,r,8,t)
w(/ mam>
0

Mg (x,y,2,u,v,W,1,5,t) Mg (x,y,2,u,v,W,r,5,t)
([ utode) - o [ () ). @2)
0 0

If the other conditions of Theorem 2.1 are satisfied, then F and g have a tripled coincidence
point.

Proof Again, as in Corollary 4.1, define the function I'(x) = f(;c wu(t)dt. Then (4.2) changes
to

w(F (sMp(x,y, Z,U,V, W, 1,8, t))) <y (F (Mg(x,y, Z, U, V, W, T, S, t)))

— (T (Mg, 9,2, u, v, W, 1,5, 1))).
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Now, if we define ¥, = YoI" and ¢; = poI" and apply Theorem 2.1, then the proof is com-
pleted. O

Corollary 4.3 Replace the contractive condition (2.1) of Theorem 2.1 by the following con-
dition:
There exists L € A such that

Yo (SME(%,y,2,u,V,W,1,5,t))
14} < / u(t) dt)

0

Vo (Mg (x,y,2,u,v,w,r,5,t)) 02 (Mg (x,9,2,u,v,w,7,5,t))
<u(/ utode) o uode) @)

0 0

for altering distance functions Y1, Va, @1 and @,. If the other conditions of Theorem 2.1 are
satisfied, then F and g have a tripled coincidence point.

Similar to [52], let N € N be fixed. Let {ut;}1<;<n be a family of N functions which belong
to A. For all £ > 0, we define

L) - /0 Jas) ds,

It fé 11(s)ds
L(t) = / Ma(s)ds = / ua(s)ds,
0 0

It fofé Ml(s)ds,uz(s)ds
L) - f 1a(s) s = / 1a(s) ds,
0

0

I(N—l)t
In(t) = / wn(s)ds.
0

We have the following result.

Corollary 4.4 Replace inequality (2.1) of Theorem 2.1 by the following condition:

v (In(sMe(x,y, 2,1, v, w, 1,5, 8))) < ¥ (In(Mg(%, 9,2, u, v, W, 7,5, 1)) )

- o(In(Mg (%, y, 2,1, v, W, 1,8, 1)) ). (4.4)

If the other conditions of Theorem 2.1 are satisfied, then F and g have a tripled coincidence
point.

Proof Consider U = yoly and ® = poly. Then the above inequality becomes

W (sMp(x, 3,21, v, w,7,5,8)) < W (Mg(x, 9, 2,1, v, w,7,5,))

- CiJ(Mg(x,y, Z,u, v, W, 1,5, 1)).

Applying Theorem 2.1, we obtain the desired result (it is easy to verify that ¥ and & are
altering distance functions). O
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Another consequence of the main theorem is the following result.

Corollary 4.5 Substitute contractive condition (2.1) of Theorem 2.1 by the following con-
dition:
There exist (i1, Ly € A such that

SME(%,y,2,u,v,W,1,s,t)
| a(t)de

0

Mg (x,y,2,u,v,W,r,5,t) Mg (x,y,2,u,v,W,r,5,t)
<[ witeds- a(t)de.
0 0

If the other conditions of Theorem 2.1 are satisfied, then F and g have a tripled coincidence
point.

Proof 1t is clear that the function s — fos wi(t)dt for i = 1,2 is an altering distance func-

tion. g
Motivated by [46], we study the existence of solutions for nonlinear integral equations

using the results proved in the previous section.

Consider the integral equations in the following system.

T
x(t) = w(t) + /o S(¢, r)[f(r,x(r)) + k(r,y(r)) + h(r, z(r))] dr,
T
y(t) = w(t) + /0 S(t, r)[f(r,y(r)) + k(r, x(r)) + h(r,y(r))] dr, (4.5)
T
z(t) = w(t) + / S(t, r)D’(k,z(r)) + k(r,y(r)) + h(r,x(r))] dr.
0

We will consider system (4.5) under the following assumptions:
(i) f,k,h:[0,T] x R— R are continuous,
(ii) w:[0,T] — R is continuous,
(iii) S:[0,T] x R — [0, 00) is continuous,
(iv) there exists g > 0 such that for all x,y € R,

0<f(r,y)—f(r,x) <qly —x),
0 < k(r,x) - k(r,y) < qly —x)

and
0 < h(r,y) = h(r,x) < q(y —x).

(v) We suppose that

T »
23773347 sup (/ |S(t,r)|dr) <1
0

te[0,T]
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(vi) There exist continuous functions «, 8,y : [0, T] — R such that

T

a(t) <w(t) + /0 S(t, r)[f(r,a(r)) + k(r, ﬂ(r)) + h(r, y(r))] dr,
T

B(t) > w(t) + /(; S(t, r)[f(r, ,B(V)) + k(r,a(r)) + h(r, ,3(;’))] dr

and

T

y(t) <w(t) + /0 S(t, r)[f(r, y(r)) + k(r,ﬁ(r)) + h(r,a(r))] dr.

We consider the space X = C([0, T, R) of continuous functions defined on [0, T'] endowed
with the G,-metric given by

GO, 0,9) = ((max |0(0) - 0(0

P p »
- max o=y ol max lv 0 -00))

for all 8, ¢, ¥ € X, where s =27~ and p > 1 (see Example 1.12).
We endow X with the partial ordered < given by

x=xy <= «x(t)<yt), foralltel0,T].

On the other hand, (X, d) is regular [53].
Our result is the following.

Theorem 4.6 Under assumptions (i)-(vi), system (4.5) has a solution in X> where X =
(C[0, T],R).

Proof As in [46], we consider the operators F: X3 — X and g: X — X defined by

T
Foey,%0,%3)(t) = w(t) + / S, r)f (r,x1(r)) + k(r, %2(r)) + h(r, x3(r)) | dr

0

and

gx) =

for all £ € [0, T] and x7, %, x3,x € X.

F has the mixed monotone property (see Theorem 25 of [46]).

Letx,y,z,u,v,w € X besuch thatx > i, y < vand z > w. Since F has the mixed monotone
property, we have

F(u,v,w) < F(x,9,2).
On the other hand,
maxge(o,1] |1F (%, , 2)(t) — F(u, v, w)(©)I7,

G(F(x,y, 2), F(u,v,w),F(a,b, c)) =max { maxeeo,] |F (&, v, w)(t) — F(a, b,c)(®)|?,
maxeo, 1 |F(a, b, c)(t) — F(x,9,2)(£)P
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Now, for all £ € [0, T] from (iv) and the fact that for «;, 8,y > 0, (o + 8 + y)? <2%2a? +

227287 4 2P71yP we have

|F(x,y, z)(t) = F(u, v, w)(t)|p

foTS(t”") (r,x(r)) —f(r,u(r))] dr
+ fo S(t, r)k(r,y(r)) — k(r,v(r))] dr
+ [ S, M)A, 2(r)) - h(r, w(r)] dr

p

|f0 [f(r,x(r)) = f (r,u(r)] dr|
< +|f0 tr[kry )) — krvr N dr|
+|f0 S(t, r)[h(r, z(r)) = h(r, w(r))] dr|
222 fo S, r)[f (r,x(r)) = f(r, u(r))] dr|?
< | +2%72| [y Sk, y() - k(r, ()] drl?
)

+ 2071 [ (8, 1) [h(r, 2(r) = h(r, w(r))] dr|P

+ (fOT |S(&, 1) [k(r,y(r)) = k(r, v(r))]| dr)?
+ (fOT IS(¢, r)[h(r, z(r)) = h(r, w(r))]| dr)?

< 22p—2qp[< max | (r) - u(r)|> ( IEI%&I;] |y(r) - V(r)|)P

rel0,T]

+ (a0 ]( [ Istenlar)

maxepo,7] |%(r) — u(r)|? T
=227 |+ max,e(o1) [y(r) — v(r)|? < /
0

+ max,eo, 1] |2(r) — w(r)P

{ (fy 1S@ P r,x(r) = f (r u(r))] | dr)? }
<22p—2

Thus,

max |F(x,y,2)(t) - F(u,v,w)(®)[/

te[0,T]
T r
<2%72347 sup </ dr>
te[0,T] 0
P 12 12
X max{ max |x —u(r)|”, max |y(r) —v(r)|", max |z(r) - w(r)| } (4.6)
relo rel0,T] rel0,T]

Repeating this idea and using the definition of the G,-metric G, we obtain

max ‘F u, v, w)(t) — F(a, b, c)(t)‘p
te[0,T]
P
dr)

X max{ max ‘u(r) a(r) ’p, max ‘v(r (r)‘p, max ’w —c(r) ‘p} (4.7)
rel0,T] rel0,T] re(0,T)

T
<2%72347 sup <
te[0,T] 0

Page 23 of 27


http://www.journalofinequalitiesandapplications.com/content/2013/1/453

Mustafa et al. Journal of Inequalities and Applications 2013, 2013:453
http://www.journalofinequalitiesandapplications.com/content/2013/1/453

and

max |F(a, b, o)(t) - F(x,5,2)(0)[°
tel0,T]

<2%72347 sup

X max[ max |a(r) —x(r)
re(0,T]

T p
S(t,r)|d
te[0,T] (/0 } (t ’") | V)

P max |b(r) —y(r) ax
re(0,T] rel0,T]

So, from (4.6), (4.7) and (4.8), we have

G(F(x, v,2), F(u,v,w),F(a,b, c))

T iz
<2%72347 sup < |S(t,r)|dr)
tefo,11\Jo

X max

max{max,co,r] [#(r) — u(r)|", max,(o,r] [y(r) — v(r)|?,
max,fo,7] |2(r) — w(r) P},

max{max,eo,r] |4(r) — a(r)|?, max,cjo,1) [v(r) = b(r)I?,
max,c(o,7) [w(r) - c(r)|P},

max{max,co,r] |a(r) — x(r)|?, max,c(o,17 |b(r) — y(r)|?,

max,fo,77 |c(r) — z(r) P}

Similarly, we can obtain

G(F(y,%,9), E(v,u,v), F(b,a, b))

T »
<2%72347 sup </ |S(t,r)|dr>
0

X max

and

te[0,T]

max{max,efo,r] |y(r) = v(r)|?, max,cjo,7) [x(r) — u(r)|?,
maxyefo,7] [y(r) — v(r)I’},

max{max,co,r] [V(r) = b(r)|P, max,c(o,1) |u(r) — a(r)|?,
max,o,7] [V(r) — b(r)|P},

max{max,o,r] |b(r) = y(r)I¥, max,epo,1) |a(r) — x(r)|?,

max,eo,7] |b(r) — y(r)17}

G(F(z,y, x), F(w,v,u),F(c,b, a))

<2%72347 sup

X max

T iz
</ ’S(t,r)‘dr)
tel0,7)\Jo

max{max,e(o,r] |2(r) — w(r)|?, max,co,1) [y(r) — v(r)|¥,
max,co,7) |¥(r) — u(r)|},

max{max,eo,r] [W(r) — c(r)|P, max,cjo,r) [V(r) — b(r)I?,
max,eo,r] |u(r) — a(r)|’},

max{max,eo,r] |c(r) — z(r) [P, max,cpo, 1] |1b(r) — y(r)|?,

max,efo,77 |a(r) — x(r)|”}

? m |c(r)—z(r)|p}.
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Now, from (4.9), (4.10) and (4.11), we have

G(F(x,9,2), F(u,v,w),F(a,b,c)),
max { G(F(y,x,y), F(v,u,v),F(b,a,b)),
G(F(z,y,x), F(w,v,u),F(c, b, a))

T p
522p—23q17 sup (/ |S(t,r)|dr)
0

te[0,T]

max{max,o,r] [4(r) — u(r)|’, max,co,1) |u(r) — a(r)|?,
maxyefo,r) |%(r) — a(r)|’},

max{max,e[o,r] [¥(r) — v(r)|", max,co, 1) [V(r) — b(r)|?,
max,efo,r] [y(r) — b(r)|},

max{max,co,r] |2(r) — w(r)|?, max,efo,ry [W(r) — c(r)|?,

max,efo,77 12(r) — c(r)|P}

X max

T
= 222347 sup (/ ‘S(t, r)‘ dr)p maX{G(x, u,a), G(y,v,b),G(z,w, c)}
0

te(0,T]

2337 sup,co,1y(fy IS(E )| drP? .

1 ax{G(x, u,a), G(y,v,b),G(z,w, c)}.

But from (v), we have

T p
23773347 sup ([ |S(t,r)|dr> <L
0

te[0,T]

This proves that the operator F satisfies the contractive condition appearing in Corol-
lary 2.7.

Let «, B, y be the functions appearing in assumption (vi), then by (vi), we get

a <F(a,B,y), B=F(B,a,p), y <F(y,B,a).

Applying Corollary 2.7, we deduce the existence of x1, %, x3 € X such that x; = F(xy, %7, x3),
%y = F(2,%1,%2) and x5 = F(x3,%2,%1). O
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