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Abstract

In this paper, we study the complete convergence and complete moment
convergence for weighted sums of extended negatively dependent (END) random
variables under sub-linear expectations space with the condition of

CylIXIPIOX| )] < oo, further E(IX[PI(X| 7)) < Cy[IXIPI(X]*)] < 00, 1 < p < 2 (I(x) > 0
is a slow varying and monotone nondecreasing function). As an application, the
Baum-Katz type result for weighted sums of extended negatively dependent random
variables is established under sub-linear expectations space. The results obtained in
the article are the extensions of the complete convergence and complete moment
convergence under classical linear expectation space.
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1 Introduction

Additivity has been generally regarded as a fairly natural assumption, so the classical prob-
ability theorems have always been considered under additive probabilities and the lin-
ear expectations. However, many uncertain phenomena do not satisfy this assumption.
So Peng [1-5] introduced the notions of sub-linear expectations to extend the classical
linear expectations. He also established the general theoretical framework of the sub-
linear expectation space. The theorems of sub-linear expectations are widely used to as-
sess financial riskiness under uncertainty. For complete convergence and complete mo-
ment convergence, there are few reports under sub-linear expectations. This paper aims
to obtain the complete convergence and complete moment convergence under sub-linear
expectation space with the condition of Cy[|X|PI(|X|"*)] < oo, further E(|X|?I(|X|"*)) <
Cy[IXPI(|X|V*)] < 00, 1 < p < 2. In addition, the results and conditions of this paper in-
clude a slow varying and monotone nondecreasing function, so the theorems are more
generic than the traditional complete convergence. In a word, it is meaningful that this
paper extends the complete convergence and complete moment convergence under sub-
linear expectation.
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Sub-linear expectations generate lots of interesting properties which are unlike those
in linear expectations, and the issues in sub-linear expectations are more challenging, so
lots of scholars have attached importance to them. Numbers of results have been estab-
lished, for example, Peng [1-5] gained a weak law of large numbers and a central limit
theorem under sub-linear expectation space. Chen [6] gained the law of large numbers for
independent identically distributed random variables with the condition of I@(IX | < oo.
The powerful tools as the moment inequalities and Kolmogorov’s exponential inequalities
were established by Zhang [7-9]. He also obtained the Hartman-Wintner’s law of iterated
logarithm and Kolmogorov’s strong law of large numbers for identically distributed and
extended negatively dependent random variables. Wu and Chen [10] also researched the
law of the iterated logarithm, and Cheng [11] studied the strong law of larger number
with a general moment condition sup;, ]E[lXi|1p(|X,»|)] < 00, and so on. Many powerful in-
equations and conventional methods for linear expectation and probabilities are no longer
valid, the study of limit theorems under sub-linear expectation becomes much more chal-
lenging.

The complete convergence has a relatively complete development in probability limit
theory. The notion of complete convergence was raised by Hsu and Robbins [12], and
Chow [13] established complete moment convergence. The complete moment conver-
gence is a more general version of the complete convergence. Lots of results on com-
plete convergence and complete moment convergence for different sequences have been
found under classical probability space. For example, Shen et al. [14], Wang et al. [15]
and Wu and Jiang [16], and so on. Some recent papers had new results about complete
convergence and complete moment convergence. For instance, Wang et al. [17] gained
general results of complete convergence and complete moment convergence for weighted
sums of some class of random variables, and Wang et al. [18] researched complete con-
vergence and complete moment convergence for a class of random variables, and so on.
In addition, the theorems of this paper are the extensions of the literature [14] under sub-
linear expectation space. And we prove the theorems in this paper with the condition of
Cy[IXIP1(1X|1")] < oo, further E(XPI(X[V)) < Cy[IXIPI(X|Y*)] < 00, 1< p <2 (I(x) > 0
is a slow varying function).

In the next section, we generally introduce some basic notations and concepts, related
properties under sub-linear expectations and preliminary lemmas that are useful to prove
the main theorems. In Section 3, the complete convergence and complete moment con-
vergence under sub-linear expectation space are established. The proofs of these theorems
are stated in the last section.

2 Basic settings

The study of this paper uses the framework and notations which are established by Peng
[1-5]. So, we omit the definitions of sub-linear expectation (E), capacity (V,v), countably
sub-additive and Choquet integrals/expectations (Cy, C,) and so on.

Definition 2.1 (Peng [1, 2], Zhang [8])
(i) (Identical distribution) Assume that a space X; and a space X, are two
n-dimensional random vectors defined severally in the sub-linear expectation space
(21, H1, El) and (22, H, Eg). They are named identically distributed if

Eife(X)] = Ea[0(X2)], Yo € Cuip(Ry),
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whenever the sub-expectations are finite. A sequence {X,,, n > 1} of random
variables is named to be identically distributed if, for each i > 1, X; and Xj are
identically distributed.

(i) (Extended negatively dependent) A sequence of random variables {X,, n > 1} is
named to be upper (resp. lower) extended negatively dependent if there is some
dominating constant K > 1 such that

E(Hgi(Xi)) < I<l_[]1::(gi(xi)); Vn > 2.
i=1 i=1

Whenever the nonnegative functions g;(X;) € Cp1ip(R), i =1,2,..., areall
nondecreasing (resp. all nonincreasing). They are named extended negatively
dependent if they are both upper extended negatively dependent and lower
extended negatively dependent.

It is distinct that if {X},,n > 1} is a sequence of extended independent random variables
and fi(x), (), ... € CiLip(R), then {f,(X,,), n > 1} is also a sequence of extended dependent
random variables with K =1; if {X,,,n > 1} is a sequence of upper extended negatively de-
pendent random variables and f;(x),f2(x),... € Cj1ip(R) are all nondecreasing (resp. all
nonincreasing) functions, then {f,(X,);n > 1} is also a sequence of upper (resp. lower)
extended negatively dependent random variables. It shall be noted that the extended neg-
ative dependence of {X,,, # > 1} under K does not imply the extended negative dependence
under &.

In the following, let {X,,,n > 1} be a sequence of random variables in (SZ,H,IAE) and
> "1 X; = S,. The symbol C is on behalf of a generic positive constant which may differ
from one place to another. Let a4, < b, denote that there exists a constant C > 0 such
that a,, < Cb,, for sufficiently large n, I(-) denotes an indicator function, a, ~ b, denotes
lim,_, Z—z =1. Also, let a,, =~ b,, denote that there exist constants ¢; > 0 and ¢y > 0 such
that c;a, < b, < cpa, for sufficiently large n.

The following three lemmas are needed in the proofs of our theorems.

Lemma 2.1 ([19]) I(x) is a slow varying function if and only if

I(x) = c(x) exp{/x'¥ du}, x>0, (2.1)
1

where c(x) > 0, lim,_, o c(x) = ¢ > 0, and lim,_, o f (x) = 0.

Lemma 2.2 Suppose X € H,p >0, « > 0, and l(x) is a slow varying function.
(i) Then, for¥c>0,

Co[IXPI(XI"*)] <00 & Y n M m)V(IX] > en*) < 0. (2.2)

n=1

(ii) If Cy[IXIPU(1X|Y%)] < oo, then for any 6 > 1 and ¢ > 0,

> 0%PI(O%)V(1X] > c0*) < oo, (2.3)
k=1
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Proof (i) By Lemma 2.1, we can express [(x) as equality (2.1), and f(x) — 0 as u — oo,
c(x) = c as x — o0. Let Z(x) = |x[P(]x|V/%), Z~(x) be the inverse function of Z(x), [(x) is a

slow varying function and for any ¢ > 0, we have

Co[IXPL(1X1M)] = foo (IX1P1(1X1") > x) dae

oo

V|X|>Z )—cy“)dx

c— — S

[e¢]

V |X| > cy® (capyo’p‘ll(cy) + y“p_ll(cy)cf(y)) dy

2

/ V(IX] > ey )apy™ " i(y) dy.
0

So,

o0
Cy[IXPL(IX]")] <00 & Zn“”’ll(n)VOXl > cn®) < o0.
n=1

(ii) By the proof of (i), we can imply that for any 6 > 1

00 > Zn"“’_ll(n)V(|X| > Cn“)

n=1

>CZ > o Ni(eh)v (x| > cot)

k=1 gk- ]§n<0k

~ Y 0RrI(eF)V(1X] > Co*).
k=1

O

Lemma 2.3 (Zhang [9] (Rosenthal’s inequalities)) Let {X,,n > 1} be a sequence of upper
extended negatively dependent random variables in (Q,H,IAE). And IAE[X/(] <0,k=1,...,n
Then

(S, > %) < ( 1+Ke)2k1 Xi)? . Vx>0. (2.4)

3 Main results
Theorem 3.1 Let0<p<2,a>0,ap>1,and {X,,n > 1} be a sequence of END and iden-
tically distributed random variables under sub-linear expectations. Let [(x) > 0 be a slow

varying and monotone nondecreasing function. And {a,;,1 <i <n,n > 1} isan array of real
numbers such that

> ak=0(n). (3.1)
i=1

/i

Cy[1X1P1(1X1"*)] < o0, (3.2)
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further, for1<p <2,
E(IXPI(X M) < Co[IX1P1(1X17)]. (3.3)

Then, for any € > 0,

Zn""’ 2l(n (Zam (X;=b;)>¢n ) (3.4)

where b; = 0 if p <1, and b; = BX; if p > 1;

Zn"‘p 2l(n (Zam (X; = b;) < —¢n ) <00, (3.5)

i=1

where b;=0ifp <1,and b; = £X; ifp > 1.

In particular, if I@lXi = ¢X;, then

i n"p_2l(ﬂ)V< Xn: an(X; — b;)

n=1 i=1

> 871") < 00, (3.6)

wherebl':Oifpfl,andbiszXizéXiifp>1.

Theorem 3.2 Suppose that the conditions of Theorem 3.1 hold, and ]]:]X,» =&X; = b;,
1<p<2,then, forany ¢ >0,

oo n
Z ”ap_z_al(”l)cv|: Z ani(Xi — by)
n=1 i=1

Theorem 3.3 Suppose that 1/2 < o <1 and other conditions of Theorem 3.1 hold. Let
I(x) > 0 be a monotone nondecreasing function. Assume further that {a,;,1 <i<n,n>1}
is an array of real numbers such that (3.1) holds and IAEXi =&X;=b;. If

- sn"‘i| < 00. (3.7)

E(IX171(0X1V)) < Cy[IX[M1(1X]7)] < oo, (3.8)

then, for Ve > 0,

f:(— (Zam(X b)) >sn> (3.9)

n=1

4 Proof

Proof of Theorem 3.1 Without loss of generality, we can assume that KX; = 0, when p > 1.
We just need to prove (3.5). Because of considering {—X,,; # > 1} instead of {X,;n > 1} in
(3.5), we can obtain (3.6). Noting that a,; > 0, without loss of generality, we can assume
that

n

Zail <Cn, (4.1)

i=1
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and a,; > 0 for all 1 <i <nand n > 1. It follows by (3.2) and Holder’s inequality that

" . 1/2
Z“'”' < <n Zail) < Cn. (4.2)
i=1 i=1
For fixed n > 1, denote for 1 < i < n that

X" = —n®1(X; < —n) + XL (1X] < n®) + n*I(X; > n®),

14

k
TW = @ Z a,,i(Xi(") - IAEX.(”)).
i=1

It is easily checked that for Ve > 0,

n n n
<Z aniXi > en"‘) C U(|X,-| >n*)U <Z anin-(") > sn"‘),
i1 i-1 i-1

which can imply that
Z P2 |(n)V <Z aniX; > 81/1"‘)
n=1 i=1
[o¢] n
< Zno‘p’zl(n) ZV(|Xi| > n"‘)
n=1 i=1

n
i3 an X

i=1

)

For 0 < pt < 1, let g(x) be a decreasing function and g(x) € C;1ip(R), 0 < g(x) <1 for all x
and g(x) = 1if || < u, g(x) = 0 if |x| > 1. Then

+ Z n“”‘zl(n)V<T(”) >e—
n=1

= 11 + 12.

I(jxl < ) <gl) <I(lxl <1),  I(lxl =1) <1-g(x) <I(|x] = ). (4.3)

In order to prove (3.5), it suffices to show [; < 0o and I; < co. By Lemma 2.2(i) and identi-
cally distributed random variables, we can get that

L < CZn“p_zl(n) ZE(I —g(%))
n=1 i=1
< CZnap_ll(n)fE<1 —g(%))
n=1

< CZnap_ll(n)V(|X| > ,un“) < 00,

n=1

In the following, we prove that I, < oo. First, we prove that

— 0 asn— oo. (4.4)

n
n Z am»IAEXf”)
i1
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Casel: 0<p <1
For any r > 0, by the C, inequality and (4.4),

X" < IXII(1X] < 1*) + n™I(1X] > n*) < |X|’g(’;—f) +n (1 —g<£>>,

nC{
|y () |7 T r puX roT X
EXx"|" < El 1 XI"g( = | [ +nE|1-g( =
n“ n“

51@[|X|’g(’2—f)] + 1 V(|X| > un®). (4.5)

So, by (4.3) we can imply that

n n
n Zam@){f") < n’“E|X(”){ Z Qi
-1 i-1

< nl—aE’X(n)‘

<cn (E|X|g<l;—i(> +n*V(1X] > ,un“))
1-a G I’LX o

<Cn E|X|g(n—a> +CnV(IX] > pun®)

i= Iy + CnV (1X| > un®). (4.6)

By (2.3), we can imply that

o0 > Zno‘p_ll(n)V(IXl > cn") > ZV(IXI > cn"‘),
n=1 n=1

and V(| X| > un*) |, so we get nV(|X| > un®) — 0 as n — oo. Next, we estimate I5;. Let
g(x) € Curip(R), j > 1 such that 0 < gi(x) <1 for all x and g;(;57) = 1 if 20D ¢ || < 2,
g(5e) =0if |x| < 20D or |x| > (1 + w)2/*. Then

k

X , 4 X X
g,<ﬁ) < I(u2V < |X| < @+ )2, X’g(zW) <1+ ZX’g,(ﬁ). (4.7)

j-1

For every n, there exists k such that 2k-1 <y <« 2K thus by (4.7), g(x) |, and n 1 | 0, from

a>}721,weget

< 2D P ojey (1] > 207D,
j=1
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Noting that by (2.4), ap > 1,

o0 21‘0[ .
Z QJ(a_nV('X' >2070) =
j=1 j=1

M2

2V(1X|>272%)

~.
I

M2

=

2PV (X >27927) < 0.

~.
I
—

It follows that
Ih—0 asn— o©

from the Kronecker lemma and 2@V 4 cc.
Case2:1<p<2.

By (3.4), we can get that

E|XJ? < co. (4.8)

By (4.9) and ap > 1,1 < p < 2, one can get that

n n
n ZameXf") <n“ de‘ |EXi - EXEH)|
i=1

i=1

n
<n“ ZﬂniE|Xi - Xi(n) |
i=1

L EIXIIXP X
== ey 178 e
< Cnl_‘“’fElXW —0 asun— oo.

It follows that for all # large enough,

n
ne Z am»IAEX}")

i=1

<el2,

which implies that

o0
L=CY n2UmV(T" > e/2).

n=1

By Definition 2.1(ii), we can know that fixed # > 1, {am'(Xl.(”) - IAEXi(”)), 1<i<n) are still
END random variables. Hence, we have by Lemma 2.3 (taking x = ¢n®) that

U () v (1)\\2
V(T(ﬂ) N 8/2) < CZi:l E(anz’(Xi —EXi )
- £2p2e

n
< o Y B
i=1
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By (4.6), we have

L < CZn“P 20-2(37) ZamE|X(”)|

= i=1

o aptaet o] 2, (B
§CE n P (m)E| X g —
nC(

n=1

+C2n"‘p Y(n |X|>/u'1)
=13 + 1.
By Lemma 2.2(i), we can get I, < 0o. Noting that by (4.8)
oo Yt

L=CY Y n*? ll(n)E|:X2 ( )

j=0 n=2/

)
< CZZ‘“" 2aigj (V)R [ <2a0+1 )}

j=1

<C22a(p 2i(2)) |:1+ZX2gk<25X ﬂ

j
<c22‘*@211 (2) +CZZ”‘(1’2’Z @)Y & [ (ka)(l)]

j=1 j=1 k=1

= 131 + ]32.

By p < 2, we get I31 < 0co. Next we estimate I3;. By (2.4), we can imply that

) |
uX
=320 e) Y (5 ) |
j=1 k

]
=1

0
apk k H’X
<> 215 (i ) |
k=1

=

274124V (1x| > 2°)

e 1

8

Hence, it follows that

I3 < 00.

By I35 < 00 and I, < 0o, we can get I, < oo.
This finishes the proof of Theorem 3.1.

Page 9 of 14
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Proof of Theorem 3.2 Without loss of generality, we can assume that EX; =0 when p > 1,

and assume that a,; > 0. For Ve > 0, we have by Theorem 3.1 that

%) n +
Z P~ (n)Cy (Z an(X; - b;) - an"‘)
n=1 i=1
00 00 n
= Zn“”‘z‘“l(m)/ V(Z anX;—en® > t) dt
n=1 0 i=1
= Z n“”_2_"‘l(n)/ V(Z a,iX; —en® > t) dt
n=1 0 i=1
00 00 n
+ Zn“"’z’“l(m)/ V(Z auX; —en® > L‘) det
n=1 n i=1
< Zn‘”’ 2l(n (Z a,iX; > en )
00 00 n
+ Z n“p_Z_"‘l(n)/ V(Z ayX; —en® > t) de
n=1 n i=1
00 00 n
< CZ n"”’z’“l(n)/ V(Z Ay X; > t) dt.
n=1 n* i=1

Hence, it suffices to show that

H:= Z n*P~ 2’O‘l(n)/ (Z a; X; > t) dt < co.
For ¢ > n*, denote

Zi=-t(X; <-0) + XI(1X;| <t) +tl(X; > 1), i=12,...
and

Uy =t(X; <=0+ XA (1Xi] > t) —d(X; > 1), i=12,....

Since X; = Uy; + Z;;, it follows that
H< ino‘p_z_“l(n)/ooV(Xn:amXi > t) de
n=1 n i=1
< Z‘ e () f ( ZamLIn > t/2> dt
+ i nP~2% (1) /00 V(t‘l iam-(Zﬁ — ]EZﬁ) >1/2 ¢t
n=1 '

i=1

i=1

= H1 + H2.

i a®Z;

(4.9)

(4.10)
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Note that by Lemma 2.2(i)

S )
Hy <CY n71(n) / VEL<i<n|Xi|>¢t)de

n=1

0 0o M
<CY nrin) / D V(x| > £)de
n=1 ni

00 % %
<CY wrtay) E<1 - g(—>> dr
= Ci nP1= () i /(WHD I@(l —g(é)) de
n=1 m=n Y M*
<3 ) S [+ 1 - ma]fa<1 —g(%))

n=1 n

< CZma_lV(IX| > ,um"‘) Z P 1% (n)

m=1 n=1

< Z m""”_ll(m)V(|X| > ,um"‘) < 00.

m=1

In the following, we prove that H; < oo. First, we show that

n
E au;EZ;| — 0 asn— oo.

i=1

sup t!

t>n%

Casel: 0<p <1
Note (4.10) and (4.4), which imply that

nX; X;
| Zal < IXGH(1Xi| < 8) +d(1X] > 8) < |Xi|g<7) + t(l —g<7)>,

Bzl < E[leg(%)} + ﬂ@[l‘g(%(ﬂ

< I@[|X|g(%)i| + tV(IX] > ut).

So, for t > n*, we get

n
sup ¢ Zam'IAEZﬁ < sup t‘lnEIZtiI
t>n% i-1 t>n%
A X
< sup t1n<E|X|g<'uT> + tV(|X| > ,ut))
t>n%

. X
< nl‘”E|X|g<M—> +nV (X > pn)
na

:= Hy + nV(|X| > ;ma).

Page 11 of 14

(4.11)

(4.12)

(4.13)
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We get nV(|X| > un*) — 0asn — oo in the proof of (4.7). Next, we estimate Hy; . For every

n, there exists k such that 25~! < n < 2, thus by (4.8), (4.13), g(x) |, t > n® and n~**! |, 0,
from o > 1, we get

. X
Hyy < Cnl‘“E|X|g(l;—a)

uX
(k-1)(1-«
<2 E|X|g<2,m)

k

9 k=1)(
1)(1-a 2 <2ka>
k
< 2(/(71)(170{) Z 2}0{V(|X| > 2071){){)‘
j=1

Noting that by (2.4), ap > 1,

Mg

(o] 2]0(
ZQJW D |X|>2(l De “) =

YV(1X|>272%)
j=1 =1

~.
I

Mg

21“1’1(21) (1X] >27*2/*) < o0.

~.
Il
—

It follows that
Hyy —> 0 asn— o0

from the Kronecker lemma and 2~V 4 co.
Case2:1<p<2.

By EX; =0 and ap >1,t>n*, we can get that

sup £~

t>n*

Z amEZtt

i=1

<supt IZam|EX &z,

o
tzn i=1

n
< n“ Zﬂm'E|Xi —Xl(n)|

i=1
L EIX|IX P X
1-a
=G — ey 178 e
1-ap Ty X
=Cn PE|XFP1-g[—=))—>0 asu— oo.
n(}(

It follows that for all # large enough,

n
t ZﬂniEZit

i=1

<1/4,
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which implies that

H, < CZn"‘p 2)(n) / <t-1 Zam(zn EZ,;) > 1/4) de.

For fixed ¢ > n* and n > 1, it is easily seen that {a,;(Z,; — ]]:]Z”r),i > 1} are still END ran-
dom variables. Hence, we have by Markov’s inequality, Lemma 2.3, (4.3), (4.12), (4.13),
Lemma 2.2(i) that

H, < CZn"‘p 2-2(y7) / 2 ZamEZZ de
<C oap-l-ag / 2R X de
Z n () gl
o9 o X
+CZn°‘"_l’°‘l(n)/ E(l—g(—))dt
o e t
(m+1)% R X
<CY perle / 2Ex2g( 22 ) e
Z n () Z 2~
<C i nap—l—al(n) i ma—l—ZaEX2g< nX ) dt
I — (m +1)
-C a—l—ZQE 2 ap-l-a]
; m <(m e ) Z n (n)
< CZm"‘ -2y X2 X-g nX m“P~%[(m)
(m+1)*

m=1

= ap-1-2a i nX
:CZ}’Z p-1-2 Z(I’I)EX2g<m)

n=1

< CZn"‘P_ll(n)V(|X| > ;m"‘) <00

n=1

Hence, this finishes the proof of Theorem 3.2. g

Proof of Theorem 3.3 We use the same notations as those in Theorem 3.1. The proof is
similar to that of Theorem 3.1. We only need to show that

n* as 1 — o0.

n
Z Eﬂm‘Xi(n)
i=1

Because /(x) > 0 is a monotone nondecreasing function, we have

XV = IXYOI(1X] < 1) + XYM 1(1X]>1)

11X M)

1
<1+ |XM0(1X)M) — TR
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which together with (3.8) yields that Cy|X|Y* < Cy[|X|"%/(]X|"*)] < co. Noting that 1 <
l/a <2 and EX; = 0, we have

n n
|3 BaX?| < 3 a8 - BXY|
i=1 i=1

n
<n Zam’fE‘Xi —X;n)|
i=1

A X
< Cn'™E|X]| (1 —g(—))
na
I@X Xl/ot—l X
_ GBIt (X
nl—a no

<L Cy(IXIY*I(1X] > un®)) > 0 asn — oc. O
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