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Background
Orthogonal frequency division multiplexing (OFDM) is considered as the best candi-
date for cognitive radio systems (CRS) due to its capability of dividing the existing wide-
band channel into several narrow band orthogonal channels/subcarriers and to transmit 
those subcarriers in parallel. Some features of OFDM include spectral efficiency, mul-
tipath delay spread, robustness to channel fading, etc. On the other hand, due to the 
large sidelobes of the OFDM subcarriers, CR based on OFDM experiences high out-of-
band radiation (OOBR) (Goldsmith 2005; Proakis 2008) that may result in considerable 
interference with the adjacent bands used by either LUs or CRUs.

To overcome this issue, a number of methods have been proposed recently that can be 
divided into two categories. Methods belonging to the first category are called the time 
domain methods, including filtering (Noguet et al. 2011), windowing (El-Saadany et al. 
2009; Sahin and Arslan 2011), etc., where the OOBR reduction process is carried out 
after the inverse fast Fourier transformation (IFFT). Methods belonging to the second 
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category are called the frequency domain methods, including subcarrier weightings 
(SW) (Cosovic et  al. 2006), advanced subcarrier weightings (ASW) (Selim and Doyle 
2013), cancellation carriers (CC) (Brandes et al. 2005; Pagadarai et al. 2008b), advanced 
cancellation carriers (ACC) (Selim et al. 2013; Rady et al. 2015), CC using (genetic algo-
rithm) GA and (differential evolution) DE (Elahi et al. 2016), active and null cancellation 
carriers (ANCC) (Lopes and Panaro 2013), constellation expansion (CE) (Pagadarai et al. 
2008a; Li et  al. 2009; Selim et  al. 2012), CE using GA (Khan and Yoo 2015) and gen-
eralized sidelobe canceller (GSC) (Elahi et al. 2015), etc. where the OOBR elimination 
process is carried out before the IFFT. Since the available methods suffer from several 
drawbacks, a suitable combination of two or more than two methods might improve the 
overall OOBR reduction and alleviate their drawbacks.

In this paper, a non-contiguous orthogonal frequency division multiplexing 
(NCOFDM) framework is presented that has the ability of representing any OOBR 
reduction scheme, regardless of whether individual or multiple schemes are applied. 
Then, according to the place where different schemes are applied, they are catego-
rized into three groups, namely, symbol mapping, precoding and times domain tech-
niques. Based on that framework, four new different schemes are introduced that can 
be viewed as two-level suppression schemes. In the first level, the OOBR is reduced 
using CC (Brandes et al. 2005), CC (Pagadarai et al. 2008b), ACC (Selim et al. 2013) and 
ANCC (Lopes and Panaro 2013), while in the second level, further reduction of OOBR is 
achieved using GSC. The performance of the proposed schemes is shown with the help 
of simulations, which show a better reduction of OOBR as compared to the results of the 
existing methods.

The rest of the paper is organized as follows: the first section describes the “System 
model”, followed by a description of the “Proposed techniques”. “Simulations results” 
provides the simulation results of the proposed schemes, while the paper ends with the 
“Conclusion”.
Notation: (.)H, (.)T, ()* and (.)−1 represent the Hermitian, Transpose, conjugate and 

inverse, while E [.] represents the expectation.
The lowercase bold letter represents a vector, the uppercase bold letter the matrix, I 

the identity matrix and O the null matrix.

System model
The block diagram of a non-contiguous orthogonal frequency division multiplexing 
(NCOFDM) framework is given in Fig. 1.

Consider “M” cognitive radio users (CRUs) also called as unlicensed users that 
employ the available spectrum opportunistically with the help of spectrum sensing. 
The employed spectrum may be interrupted or uninterrupted, divided into a group of 
subcarriers β = [n0, n1, . . . , nN - 1]. Here the kth CRU, 0 ≤ k ≤ K − 1, employs the sub-
group of subcarriers βk ∈ β, where βk =

[

nk0, n
k
1, . . . , n

k
Nk− 1

]

 consists of Nk subcarriers in 
total. Suppose gn represents the transmitted symbol over the nth subcarrier. The base-
band signal over the nth subcarrier with one symbol duration is given as:

(1)x(t) =

N−1
∑

n=0

gne
j2π n

Ts
t
w(t),
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where Ts is the duration of a symbol, while w(t) is the windowing function that can be 
written as:

where Tg the length of the cyclic prefix is inserted to eliminate the influence of intersym-
bol interference (ISI).

After taking the Fourier transformation of Eq.  (1), the NCOFDM signal in the fre-
quency domain is given as:

where

Here, T is defined as the symbol duration; with the help of Eqs. (3) and (4) we can get the 
power spectral density (PSD) of the NCOFDM signal as:

Here, s(f ) =
[

sn0(f ), sn1(f ), . . . , snN−1
(f )

]T and g = [gn0 , gn1 , . . . , gnN−1
]T .

Now to protect the LUs which are present in the neighboring frequency bands of the 
CRUs, the PSD of the NCOFDM signal should be minimized where the LUs are present.

Proposed techniques
In this section, we present four schemes, each having two levels to minimize the OOBR 
to protect the LUs from the interference of the CRUs. In the first level, the OOBR is 
minimized using methods which are represented by precoding matrices; these include 

(2)w(t) =

{

1 − Tg ≤ t ≤ Ts

0 otherwise
,

(3)X
(

f
)

=

N− 1
∑

n=0

gnsn
(

f
)

,

(4)sn
(

f
)

= Te
− jπ(Ts− Tg)

(
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Ts
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sin c

(

T

(

f −
n

Ts

))

.

(5)P(f ) =
1

T
E
{

∣

∣X(f )
∣

∣

2
}

,

(6)P(f ) =
1

T
sT (f )E(ggH )s∗(f ).

Fig. 1  Framework of non-contiguous OFDM transmitter
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CC (Brandes method) (Brandes et  al. 2005), CC (Pagadarai method) (Pagadarai et  al. 
2008b), ACC (Selim et al. 2013) and ANCC (Lopes and Panaro 2013), while in the sec-
ond level further minimization of OOBR is achieved using GSC (Elahi et al. 2015).

First‑level minimization

As shown in Fig. 1, the input bit stream is first modulated with phase shift keying (PSK) 
or quadrature amplitude modulation (QAM) and then passed through the serial to par-
allel (S/P) block. Consider bk = [bk(0), bk(1), . . . , bk(Nk − 1)]T that represents the data 
symbols for the kth CRU, where bk(j) represents the jth symbol of the kth CRU. Assum-
ing that the information symbols are independently and identically distributed (iid):

where I represents the identity matrix with dimension Nk × Nk. After S/P, the data sym-
bol vector is then taken to the frequency domain approach block, the output of which is 
given by:

where dk = [dk(0), dk(1), . . . , dk(Nd − 1)]T represents the precoded symbol vector for 
the kth CRU (note that the dimension of dk is greater than bk), Mk = (Nd−Nk) is the total 
number of CCs and

can be viewed as a precoding matrix with dimension Nd  ×  Nk representing the CC 
(Brandes method), CC (Pagadarai method), ANCC and ACC which deactivate the sub-
carriers on the edges and calculate the amplitudes of these subcarriers within defined 
threshold power that reduces the OOBR in the specific frequency range where LUs are 
operating. The identity matrix I in Eq.  (9) represents the weighting coefficients of the 
data subcarriers, while the two matrices A and B in Eq. (9) represent the optimized val-
ues of the left- and right-sided CCs. The resulting signal for the kth CRU after first-level 
minimization in the frequency domain will be then given by:

The PSD of the signal of the kth CRU after first-level minimization is given by:

Second‑level minimization

In the second-level minimization, further reduction of OOBR is done by first taking the 
W samples of the signal given in Eq. (10) and are collected in vector zk having dimension 

(7)E
[

bkb
H
k

]
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,
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W × 1 and passed through the GSC (Elahi et al. 2015). A frequency domain approach is 
shown in Fig. 2.

GSC is the simplest version of linearly constraint minimum variance (LCMV), where 
the constraint minimization problem is converted into an unconstraint minimization 
problem and has two branches. The vector uq in the upper branch, also called the quies-
cent weight vector ua, is not adaptive but preserves the coming signal, whereas the lower 
branch has a blocking matrix B followed by an adaptive weight vector. The purpose of 
blocking matrix B is to block the chosen part of the signal and maintain the rest of the 
part. The output of the GSC is given by:

The adaptive weight vector ua is used to minimize the sidelobes, which result in OOBR. 
It adjusts the amplitudes of sidelobes, such that when the signals from the upper and 
lower branch add with each other, a signal with minimum OOBR results. The expres-
sions for uq, ua and B are available in Elahi et al. (2015) and are given by:

The optimized adaptive weight vector ua(opt) is the one that minimizes the cost 
function

i.e., min
ua

(

uq − Bua
)H

Rz

(

uq − Bua
)

 and on solving gives:

Finally,

(12)Yk(f ) = uHq zk − uHa Bzk ,

(13)Yk(f ) = (uHq − uHa B)zk .

(14)uq = C
(

CHC
)−1

g,

(15)B = null
(

CH
)

.

(16)J (ua) =
(

uq − Bua
)H

Rz

(

uq − Bua
)

,

(17)ua(opt) =
(

BHRzB
)−1

BHRzuq .

(18)uGSC = uq − Bua(opt).

Fig. 2  Block diagram of GSC
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Simulation results
This section is divided into two portions. In the first portion, the simulation results dem-
onstrated the performance of the proposed schemes for single CRU operating in the 
vacant space. The number of subcarriers utilized by a single CRU is 16, in which, e.g., 
a 64-point FFT is applied for OFDM modulation. Every subcarrier is modulated with 
a BPSK symbol whose power is normalized to 1. For the first-level suppression in all 
four proposed schemes, two CCs are reserved on both sides of the data subcarriers. Ten 
sidelobes are taken on both sides of the spectrum with one frequency sample taken in 
the middle of every sidelobe in the optimization range, resulting in Kl = Kr = 10. For the 
second-level suppression, 301 samples are taken. In Figs. 3, 4, 5 and 6, the PSD curves 
representing the NCOFDM signals of single CRU utilizing the subband are shown.

In the second portion, we present the simulation results to represent different CRUs 
operating in a non-contiguous band. In Figs. 7, 8, 9 and 10, the PSD curves of four CRUs 
signal in a non-contiguous band have subcarriers {88,…, 120, 200,…, 232, 320,…, 352, 
437,…, 469}, and 128-point FFT can be applied for NCOFDM modulation. Each sub-
carriers is modulated with BPSK symbol whose power is normalized to 1. The spacing 
between each CRU is considered as equal. In the first-level suppression, two CCs are 

Fig. 3  PSD curve of single CRU with the proposed scheme I

Fig. 4  PSD curve of single CRU with the proposed scheme II
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considered on either side of the subcarriers used by the CRUs, and ten sidelobes on 
either side of the used spectrum in the optimization range is considered in all four pro-
posed schemes. In the second-level suppression, 766 samples are considered.   

Fig. 5  PSD curve of single CRU with the proposed scheme III

Fig. 6  PSD curve of single CRU with the proposed scheme IV

Fig. 7  PSD curve of different CRUs having equal spacing with the proposed scheme I
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In Figs. 11, 12, 13 and 14, the PSD curves of four portions of CRUs signal in a non-
contiguous band consisting of subcarriers {61,…, 93, 197,…, 229, 320,…, 352, 470,…, 502} 
are shown. The spacing between them is considered as unequal, and 128-point FFT is 

Fig. 8  PSD curve of different CRUs having equal spacing with the proposed scheme II

Fig. 9  PSD curve of different CRUs having equal spacing with the proposed scheme III

Fig. 10  PSD curve of different CRUs having equal spacing with the proposed scheme IV
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applied for NCOFDM modulation and each subcarrier is modulated with BPSK with 
normalized power equal to 1. In all the proposed schemes in first-level suppression, 
two CCs are taken on either side of the used subcarriers and ten sidelobes are taken 

Fig. 11  PSD curves of four CRUs signals having unequal spacing with the proposed scheme I

Fig. 12  PSD curves of four CRUs signals having unequal spacing with the proposed scheme II

Fig. 13  PSD curves of four CRUs signals having unequal spacing with the proposed scheme III
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as samples in the optimization range. In the second-level suppression, 707 samples are 
taken.

It can be shown from Figs. 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13 and 14 that the resulting PSD 
curves of the proposed schemes are well below the PSD curves of the existing methods, 
and sufficient OOBR reduction is achieved in a single user as well as in a multi-CRU 
environment.

Conclusion
In this paper, we have proposed four different two-level suppression schemes for the 
reduction of OOBR in NCOFDM-based single as well as multi-CRU environments. For 
this purpose, we present the NCOFDM framework that has the capability of describing 
any OOBR suppression schemes, no matter whether we are applying a single or multi-
ple schemes. In this framework, according to the location where the OOBR suppression 
schemes are employed, these are divided into three groups, which are symbol mapping, 
precoding and time domain methods. Based on this NCOFDM framework, four, two-
level OOBR suppression schemes are proposed, which are the combinations of GSC 
with the other four methods represented by precoding matrices, namely CC (Brandes 
et  al. 2005), CC (Pagadarai et  al. 2008b), ACC (Selim et  al. 2013) and ANCC (Lopes 
and Panaro 2013). Numerical results show that all the proposed schemes get significant 
reduction of OOBR in a spectrum-sharing environment.
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