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ABSTRACT. The spectral function fi(t) = Z;"Zl exp( ﬂ'tu}/ 2), where {u j};°:1 are the eigen-
values of the two-dimensional negative Laplacian, is studied for small |t| for a variety of
domains, where —co < t < o0 and i = +/—1. The dependencies of fi(t) on the connectivity
of a domain and the Robin boundary conditions are analyzed. Particular attention is given
to an arbitrary multiply-connected drum in R? together with Robin boundary conditions
on its boundaries.
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1. Introduction. The underlying inverse problem is to deduce some geometric
quantities associated with a bounded domain from complete knowledge of the eigen-
values {1} 5., for the negative Laplace operator —A = — >2_,(8/0x™)? inthe (x!,x2)-
plane.

Let Q < R? be a simply connected bounded domain with a smooth boundary 0.
Consider the Robin problem

(A+m)u=0 inQ, (%+y>u:0 on 0Q, (1.1)
where 0/0n denotes the differentiation along the inward pointing normal to 0Q, y is a
positive constant (impedance), and u € C2(Q) N C(Q). Denote its eigenvalues, counted
according to multiplicity, by

O<mp<spp<p3<---<pj<---— o0 asj— oo, (1.2)

The basic problem is to determine some geometrical properties of Q from the
knowledge of its eigenvalues (1.2).

At the beginning of this century the principal problem was that of investigating the
asymptotic behavior of the eigenvalues (1.2). It is well known (see [1]) that if N(u) is
the number of these eigenvalues less than u, then

N(u) ~ @u as gy — oo (Weyl, 1912),
o T (1.3)
N = EquO(u”Zlogu) as 4 — o (Courant, 1920),

where |Q] is the area of the domain Q.
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In order to obtain further information about the geometry of Q, one studies certain
functions of the spectrum. The most useful to date comes from the heat equation
or the wave equation. Accordingly, let e~!* denote the heat operator, then we can
construct the trace function

e tHj (1.4)

M

O(t) =tr(e ®) =

.
I
—

which converges for all positive t.
Let e~4"% e the wave operator, then an alternative to (1.4) is to study the trace
function

[

f(t) =tr (e ") Z itw! (1.5)

which represents a tempered distribution for —o <t < © and i = /1.

In the present paper, we shall concentrate our efforts on a study of the tempered
distribution fi1(t) for small |£]|.

Zayed et al. [22] have recently discussed problem (1.1) for small/large impedance
y, by using the wave equation approach and have determined some geometrical prop-
erties of Q) from the asymptotic expansion of fi1(t) as |[t| — 0

Zayed [14] has shown that if y = 0 (Neumann problem), then

19] [0Q]

at) = —H(|t|)+751gnt+ao\t\+0( signt) as [t| — O, (1.6)

while, if y — oo (Dirichlet problem), then

IQI

act) = H(|t]) - 1G]

signt +aglt| + O (t*signt) as |t| — O, (1.7)

where H(|t|) is the Heaviside’s unit function, and

1, t>0,
signt =40, t=0, (1.8)
-1, t<O.

An examination of the results (1.6), (1.7) shows that the first term of [i(t) determines
the area |Q] of Q, and the second term determines the total length |0Q| of 0Q while
the sign + of the second term of fi(t) determines whether we have the Neumann or the
Dirichlet problem. The coefficient ay has geometric significance, for example, if Q is
smooth and convex, then ay = 1/6, and if Q) is permitted to have a finite number “h” of
smooth convex holes, then ay = (1 —h)/6. Further, the order term O (t%signt) in (1.6)
and (1.7) is yet undetermined. So, in the present paper, we discuss what geometric
quantities are contained in this order term.

Let Q be an arbitrary multiply-connected drum in R? which is bounded internally
by simply connected holes Q; with smooth boundaries 0Q; (J = 1,...,m — 1) and
externally by a smooth boundary 0Q,,. Suppose that the eigenvalues (1.2) are given
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for the Robin problem

A+up)u=0 inQ, (1.9)

d
<8n +y1)u 0 onoQ; (J=1,...,m), (1.10)

where 0/0n; denote differentiations along the inward normal to 0Qy, and y; are pos-
itive constants. The basic problem is that of determining some geometric quantities
associated with the general multiply connected drum Q in R?, using the asymptotic
expansions of the spectral function fi(t) for small |t].

Note that Zayed et al. [22, 24] have discussed problem (1.9), (1.10) when J =1 (i.e.,
Q is a simply connected bounded domain) while Zayed et al. [21] and Zayed [15] have
discussed this problem when J = 1,2 (i.e., Q is a general annular drum and also Q is
a circular annulus (7,0) such that a < v < b, 0 < 0 < 2m). Therefore, problem (1.9),
(1.10) can be considered as a more general one of that obtained in [15, 21, 22, 24],
which does not seem to have been investigated elsewhere.

2. Statement of the results. Suppose that the boundaries 0Q; (J = 1,...,m) of
the region Q are given locally by the equations x" = y"(0y) (n = 1,2) in which oy
(J =1,...,m) are the arc-lengths of the counterclock-wise oriented boundaries 0Q;
and y"(oy) € C*(0Qy). Let Ly and K;(0oy) be the lengths and the curvatures of the
boundaries 0Q; (J = 1,...,m), respectively. Then, the results of the main problem
(1.9), (1.10) can be summarized in the following cases.

CASE21(0O<y;<x1(J=1,...,k)and y; > 1 (J=k+1,...,m)).

X 12 1] & ’” 1l
[ = pn tH It]) + *3 SLy— > [Ly+2my;t] tsignt
J=1 J=k+1

¢ k el
+1(2- m)+(ZYJLJ_ > YJLJ) 6

J=t+1
k
1 64 (TTy; 2.1
sl 73| | Ko - S (- v8) | do
512{ j; mj[ j(oy) 7L, Yy J
2T 3 -1 2 .
+ Z (— y;'|doy pt?signt
J=k+1 LJ

+0(t3signt) as |[t|] — 0.

REMARK 2.2. Onsettingy; =0(J =1,...,k)andy; — o (J =k+1,...,m) in(2.1), we
obtain the results of Neumann boundary conditions on 0Q; (J = 1,...,k) and Dirichlet
boundary conditions on 0Q; (J = k+1,...,m).

CASE23 (yy>»1(J=1,...,k)and O < y; <1 (J =k+1,...,m)). In this case, the
asymptotic expansion of [i(t) as |t| — 0 has the same form (2.1) with the interchanges
0Q; (J=1,...,k) «0Q; (J=k+1,....m)and y; (J=1,....,k) «y; J=k+1,...,m).
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CASE24 (y;>»1(J=1,...,m)).

| | 1| < It]
a(t) = H(|t]) -3 Z LJ+21TyJ signt + (2 — m)—

LIS 2 2m\? 2 o (2.2)
+5R1]Z;J391 |:KJ(0—J)_(LJ) Yy |doytesignt

+0(t3signt) as [t| — 0.

REMARK 2.5. On setting y; — o (J = 1,...,m) in (2.2), we obtain the results of
Dirichlet boundary conditions on 0Q; (J =1,...,m).

CASE26 O<y; <1 (J=1,...,m)).

Alt) = Q'H(tné(zLJ) signt

Tt s
{ m ‘tl
+ (ZM)+(Z}’1LJ > YJLJ) 5
J=1 J=t+1 (2.3)

+0(t3signt) as |t|] — 0.

REMARK 2.7. On setting y; = 0 in (2.3), we obtain the results of Neumann boundary
conditions on 0Q; (J =1,...,m).

With reference to formulae (1.6) and (1.7) and to [15, 22], the asymptotic expansions
(2.1), (2.2), and (2.3) may be interpreted as follows:

(i) Qis an arbitrary multiply connected drum in R? and we have the Robin bound-
ary conditions (1.10) with small/large impedances y; (J = 1,...,m) as indicated in the
specifications of the four respective cases.

(i) For the first four terms, Q is an arbitrary multiply connected drum in R? of
area |Q].

In Case 2.1,ithash = {(m—1)—(3/m) (Zf:1 yiL; —le:gﬂ y;L)} holes, the bound-
aries 0Qy (J = 1,...,k) are of the lengths zljzl Ly and of curvatures [Kf (oy) —
(64/7)(Tty; /Ly — y})]l/2 (J = 1,...,k) together with the Neumann boundary condi-
tions, while the boundaries 0Q; (J =k+1,...,m) are of lengths Z}” k1 (Ly+ 21Tyj )]
and of curvatures [Kj (o) — (271/Ly)3 yjl]”z together with the Dirichlet boundary
conditions, provided h is a positive integer.

In Case 2.4, it has h = (m — 1) holes, the boundaries 0Q; (J = 1,...,m) are of the
lengths 374, (Ly + 21y ") and of curvatures [K? (o) — (211/Ly)3y; 1112 together with
the Dirichlet boundary conditions.

In Case 2.6, ithas h = {(m—1) — (3/1'r)(2f:1 ysLy— > L1 ¥sLy)} holes, and the
boundaries 0Q; (J = 1,...,m) are of the lengths 23":1 Lj and of curvatures [KJZ(O'J) -
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(64/7)(ty;/Ly— y})]” 2 together with the Neumann boundary conditions, provided
h is a positive integer.

We close this section with the following interesting question: what is the interpre-
tation of Q if “h” is not integer? The answer of this question is still open, which has
been left for the interested readers.

3. Formulation of the mathematical problem. Withreferenceto[14, 15,21, 22, 24],
it can be easily seen that the spectral function fi(t) is given by

() = HQG()NC,)Nc;t)d)Nc, 3.1

where G(x1,x2;t) is the Green’s function for the wave equation

02 .
(A—E)G(:@,@;t):o in QOx{—o0 <t < oo}, (3.2)

subject to the Robin boundary conditions (1.10) and the initial conditions

0G (x1,xzit)
lthSG<x~1=X~2;t) =0, ltgr&T :5<X~1—X~2), (3.3)
where 6(x; —x~2) is the Dirac delta function located at the source point x; = X. The
points x| = (x1,x2) and X2 = (x1,x3) belong to the arbitrary multiply-connected
drum Q. Write
G()g1,9gz;t) =Go(9g1,>gz;t)+n(>g1,>gz;t), (3.4)

where
H(1t1 = |1 -x2)

2
2 Jt2= |31 = x|

is the “fundamental solution” of the wave equation (3.2) while x(x1,x2;t) is the “reg-
ular solution” chosen in such a way that G(x,x»;t) satisfies the Robin boundary
conditions (1.10). C

From (3.1), (3.4), and (3.5), we find that

Go({l,{z;t = (3.5)

~opy - 121
act) = 27TtH(\t|)+I<<t), (3.6)

where

K(t) =J]Q%(Jf,)f;t> dx. (3.7)

In what follows, we will use Fourier transforms with respect to —o <t < o0 and use
—o00 < 1 < oo as the Fourier transform parameter.
Thus, we define
+oo

GA()CN1,XN2;I7> = J e’z"i”tG(le,xNZ;t> dt. (3.8)

—00
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An application of the Fourier transform to the wave equation (3.2) shows that
G(x1,x2;n) satisfies the reduced wave equation

(A+47T2Y72)G<9{1,9{2;’7) =_5(XJ_X3) in Q, (3.9)

together with the Robin boundary conditions (1.10).
The asymptotic expansion of K (t), for small ||, may then be deduced directly from
the asymptotic expansion of K (n), for large |n|, where

K(n) =JJQQ(>5,95;n> dx. (3.10)

4. Derivation of our results. It is well known (see [15, 22]) that (3.9) has the fun-
damental solution

Go(x1,x231) = _%Y0<2T”77/x~1x~2>s (4.1)

where Txixp = le X2| is the distance between the points X1 and X2 of the region Q,
while Yy is the Bessel function of the second kind and of zero order. The existence of
(4.1) enables us to construct integral equations for G(x1,x2;1m) satisfying the Robin

boundary conditions (1.10) for small/large impedances y; (J = 1,...,m). Therefore, if
we consider the main problem (1.9), (1.10) with the case 0 < y; <1 (J =1,...,k) and
y;>1(J=k+1,...,m), then Green’s theorem gives the following integral equation:

GA(XNIyXNZ”I) = —1Y0(27T’77’X1xz)

TR [ e

LS O Glxrys L3
_2J%1Ja91 BnJZG(xJ’Jf'n) [(1“‘3’] %) Y0(21Tm’3:x~2)} dy.

4.2)

On applying the iteration method (see [17, 22]) to the integral equation (4.2), we
obtain the Green’s function G(){l,x}; n), which has the following regular part:

k
#(x1,2x2;m) = ‘11121 LQJ Yo(2mn7 ) [(anajy - y;) YO(ZWUTX{z)] dy

1 & 2 3
+4J_%11LQJ onyy Y"(Z"m’{lz)[(hrw n y)Yo(Znan{z)}de

k
—%;L sformnr ) (2 )| v

QjyJoQy

- 4, - kHLQJ JaQJ onyy YO(ZWWTXW)LJ():,J:')
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a ’
X { (1 +y;! anj> Yo (21‘(}71@;,12)} dydy
¥ yex

53 R pma (o)ar|

’

— a 4
(1 +yjla1’ljy> YO(Z'ITI’]TX/XNZ)}d_'):

m

J
a 4
(Wm) Yo(zmrxr@)}d;i, (4.3)

where for J = 1,...,k, we find that

[

My(y,') = S DK (7).

u=0
® X (0)
M; (3,7') =U§0<—1>”K§ (v.2).
’ 1 5 (4.4)
K (ro) = 3| (52w o) |
« , 1 0? 0
Ky, (Ji '33) - 2[(3«”]%5”&, R anjx,)y‘)(Z"WZX')]’
while for J = k+1,...,m, we find that
Ly(.y) = % DR (),
o % (V)
Ly (3:,3:’) = Z(—l)”KyUf' 3",)’)»
o=
4.5)

0
, oy 1| @ L
) (57 s lemnra) |

k() - ;{(1 it ) YO(zmw)}.

On using argument similar to that obtained in [10, 20, 21, 22, 24], we deduce,
after some mathematical analysis, that the asymptotic expansion of %(x1,x2;n) for

small/large impedances y; (J = 1,...,m) has the form

27 (x1,x23m), 4.6)

Mz

%(x1,2231) =
1

J
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where
(a) if x; and x belong to sufficiently small domains By) (J=1,...,k) then

-1

5 1

2y (x1,x2im) = 4 11 y;(é) }Yo(2ﬂnmz)+O{n‘1exp(—Ammz)}, 4.7)
1

(b) if x1,x> belong to sufficiently small domains D) (J=k+1,...,m), then

X 1
"‘J(X~1=X~2;rl>—4‘|1 Yy <a§1>}Y°(2"”p” +0{n"'exp(-Amp12)}, (4.8

where A; are positive constants, while p;, is the distance between the points
E (&1,€2) and E (£}, -£2) of the upper half plane £2 > 0 (see [22]).

From [20 22], it can be seen that for € > h; > 0 (J = 1,...,m) the functions %;
(x,x; n) are of order O{exp(—-2nA hjy)} (J = 1,...,m), and the integral of the function
#(x,x;n) over the multiply connected drum € can be approximated in the following
way (see (3.10)):

K(n) = ZJ J J(x.xin){1-K; (8) 8%} dE' dE?

J=k+1

—ZJ o mlvsn) ek € eagt ag @9)

+ ZO{exp(—ZnAJhJ)} as |n| — oo,
J=1

where L; and K; (J =1,...,m) are, respectively, the total lengths and the curvatures
of the boundaries 0Q; (J =1,...,m) of the multiply connected drum Q.

If the e*-expansions of 2y(x,x;n), (cf. [22]) are introduced into (4.9), one obtains
an asymptotic series of the form

14
K=Y ann"+0(n"") asinl — oo, (4.10)

where the coefficients a,, in (4.10) are calculated from the e*-expansions with the help
of the formula (11.3) in [22, Section 11].

On inverting Fourier transforms to both sides of (4.10) and using (3.6), we arrive at
the result (2.1). Similarly, we can prove the other results (2.2) and (2.3).

5. Discussions and conclusions. The problem of determining some geometric
quantities of the multiply connected bounded drum Q in R? from a complete knowl-
edge of its eigenvalues, has been discussed in the present paper by using the wave
equation approach. It is well known that the wave equation methods have given very
strong results; the definitive one is that of Hormander [6]. He has studied the
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distribution tr(e~?) near t = 0 for an elliptic positive semidefinite pseudodifferential
operator P in R™ of order m. Recently, the wave equation methods in solving particu-
lar problems have been discussed by Zayed [14, 15] and Zayed et al. [21, 22, 24] who
have studied the spectral distribution fi(t) for small |¢| for some bounded domains
with certain boundary conditions. On the other hand, the applications of the heat ker-
nel ©(t) for small positive t to problem (1.1) and to more general ones can be found
in Kac [8], Pleijel [10], Stewartson and Waechter [13], Sleeman and Zayed [11], Gottlieb
[2, 3, 4], Hsu [7], McKean and Singer [9], Smith [12], Greiner [5], Zayed and Younis
[23], and Zayed [16, 17, 18, 19, 20]. In these references, one can ask a question, is it
possible just by listening with a perfect ear to hear the shape of Q? This question has
been put nicely by Kac [8], who simply asked, can one hear the shape of a drum? From
these references, one can see the differences between the two different methods in
solving the inverse problems. Of course, the asymptotic expansions of [i(t) for small
|t] are different from the asymptotic expansions of @(t) for small positive £, but they
both give the same information about the geometry of the domain Q. In particular,
the present paper provides a useful technique to inverse problem methods via the
spectral distribution of the Laplacian.
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