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1 Introduction

The viscous primitive equations are a fundamental mathematical model of geophysics that
describes the large-scale ocean and atmosphere dynamics, see, for instance, the mono-
graphs [1-3]. The model reads as follows:

Qs —vAu+Qes x u+(u-V)u+Vp=ghes inR3 x (0,00),
3,0 — WA + (u- V)0 = —N?u;3 in R? x (0, 00), (1.1)
divu=0 in R? x (0, 00),

where the unknown functions u = (uy, 42, u3), p, and 6 denote the fluid velocity, pressure,
and thermal disturbance, respectively, and v, i, and g are the positive constants of vis-
cosity, thermal diffusivity, and gravity, respectively. Moreover, Q2 is the so-called Coriolis
parameter, a real constant which is twice the angular velocity of the rotation around the
vertical unit vector e3 = (0,0,1), and NV is the stratification parameter, a nonnegative con-

stant representing the Brunt-Viisdld wave frequency. The ratio P := ﬁ is known as the

Prandtl number, and B := % is essentially the “Burger” number of geophysics. We refer
the reader to [1, 3, 4] for derivation of this model and more detailed discussions on its
physical background.

If =0, N =0, and Q = 0, then (1.1) reduces to the classical incompressible Navier-

Stokes equations

du—vAu+u-V)u=-Vp inR? x (0,00), (NS)

divu=0 in R? x (0, 00),
which have drawn great attention during the past fifty more years. It has been proved
that the Cauchy problem of (NS) is globally well posed for small initial data in a family of
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function spaces including particularly the following ones:
143
3 (R?) > L3(R?) <> By (R?) (3 < p < 00) = BMO™L(R?);

see Fujita and Kato [5], Kato [6], Cannone [7], and Koch and Tataru [8]. These spaces are
called critical because their norms are invariant with respect to the following scaling:

(ux (&%), pa(t, x)) = (Au(kzt, Ax), Ap ()»2 t, Ax)),

which is related to the Navier-Stokes equations themselves. More precisely, if (i, p) is a
solution of (NS), so is (¢, p;). Note that the literatures listed here are far from being com-
plete; we refer the reader to [9] and [10] for exposition and more references. If only 6 =0
and N = 0 but  # 0, then (1.1) reduces to the incompressible rotating Navier-Stokes equa-
tions

:Btu—vAu+Qeg xu+w-Vu=-Vp inR3 x (0,00), (RNS)

divu=0 in R3 x (0, 0c0).

The topic of well-posedness for the Cauchy problem of (RNS) has also been widely studied
in various function spaces. We refer the interested reader to [11-21] and the references
therein.

In this paper we study the global well-posedness of the Cauchy problem of the viscous
primitive equations (1.1), that is, the problem

O —vAu+Qes x u+(u-V)u+Vp=ghes inR3 x (0,00),
3,0 — A8 + (u-V)0 = -N2u3 in R® x (0, 00),
divu=0 in R? x (0, 00),

U-0 = Uo, 0)t=0 = 6o in R3.

1.2)

Before going further, let us first make a short review on the study of the well-posedness
topic of this problem. By taking full advantage of the absence of resonances between the
fast rotation and the nonlinear advection, Babin, Mahalov, and Nicolaenko [4] obtained
the global well-posedness of problem (1.2) in H*(T3) with s > 3/4 for small initial data
when the stratification parameter N is sufficiently large. By constructing the solution of
a quasi-geostrophic system related to equations (1.1) and using some Strichartz-type esti-
mates, Charve [22] verified global well-posedness of problem (1.2) in H (R3)NHY(R?) for
arbitrary (i.e., not necessarily small) initial data under the assumptions that both € and A/
are sufficiently large (depending on the scale of the initial data). Charve [23] further con-
sidered the well-posedness of (1.2) in less regular initial value spaces. We also mention the
interesting work of Charve and Ngo [24] on the well-posedness of the problem (1.2) with
anisotropic viscosities. Recently, Koba, Mahalov, and Yoneda [25] proved the global well-
posedness of problem (1.2) for any given (uo,6y) € FI5(R3) N EY(R3) with doup — hud =0
in the special case where the Prandtl number P = 1, provided that one of the following
conditions holds: (a) |B| < ,/g, and V is sufficiently large (depending on the scale of the
initial data); (b) |B| > \/g, and both © and  are sufficiently large (depending on the scale
of initial data). They also proved the following global result for uniformly small data with
respect to 2 and \V in 2 (R3).
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Theorem 1.1 ([25]) Let P =1, that is, v = u. Then there exists a positive constant c = c(v)
such that if (ug, 6p) € [ (R3)]* satisfies div ug = 0 and

||(u0¢90)||H% =c

then problem (1.2) has a unique mild solution (u,0) € [C([0, 00); F[Z (R®))]* N [L2(0, o0;
H3 R

For other related studies on the viscous primitive equations (1.1), we refer the interested
reader to [26-31].

For problem (1.2), the situation is obviously more complicated than (NS) and (RNS) on
account of the coupling effect between the velocity u(t,x) and the thermal disturbance
0(t,x). Moreover, due to the influence of the oscillations caused by the rotation (i.e., the
term Qes x u) and the stratification (i.e., the terms gfe; and N2u3), a big portion of the
integral estimates, such as L” estimate for p # 2, for the Stokes semigroup {eF*},-( (which
relates to the Navier-Stokes equations) do not work for the Stokes-Coriolis-Stratification
semigroup { Ton(£)}:>0 (see Section 2 for the definition) related to the primitive equations.
Consequently, the usual function spaces used in the study of the Navier-Stokes equations
such as the homogeneous and inhomogeneous Besov spaces B;]r(R3) and BISN(R3) with

p #2 and the space BMO™!(R?) are not suitable for the primitive equations. In this work,
13

inspired by [13, 32, 33], we introduce a customized hybrid-Besov space Bzz,;,p , seeing Def-
inition 2.2, in which we shall obtain the regularizing effects of {Tqn(¢)}:>0 similar to the
Stokes semigroup and gain the global solvability for (1.2). Our main result is stated as fol-

lows.

Theorem 1.2 Let P =1, that is, v = |, and let p € [2,4]. There exists a positive constant c
P
independent of 2 and N such that if (ug,6p) € [Bzz,p r (R3)]* satisfies divug = 0 and

| (0, /8O/N) | 14,3 <o, (1.3)
B2 P

2,p

then problem (1.2) possesses a unique mild solution (u,0) in

1 5,3 - .3 43 g
[C(10,00):B2, 7 (8%))]* N [L 7% (0,002, "7 (&2))]*

g‘HX 3+0t

TR

[T (0,00:8;,
where o € (% - %, 1] is an arbitrary fixed number.

Remark 1.3 Obviously, Theorem 1.2 is an improvement of Theorem 1.1 due to H LREN
13

.13
Bzz,pp for p > 2. It is also worth mentioning that 6y can be large in (1.3), provided that N’
is large enough.

The rest part of thlS paper is organized as follows. In Section 2 we introduce the hybrid-

Besov space B, | op ™ and Stokes-Coriolis-Stratification semigroup {Ton(£)}:>0 and inves-
tigate the regularizing effects of {Tgn(£)};>0. In Section 3, we use the Littlewood-Paley
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analysis technique to derive some linear estimates and a useful product law. Finally, we
present the proof of our main result.

Throughout this paper, we use C and c to denote universal constants whose values may
change from line to line. Both Fg and g stand for the Fourier transform of g with respect to
space variable, whereas ! stands for the inverse Fourier transform. For any 1 < p < oo,
we denote L?(0, T) and L4(R®) by L/ and LY, respectively.

2 Function spaces and Stokes-Coriolis-Stratification semigroup

Let 8(R3) be the Schwartz class, and let 4’(R?) be the space of tempered distributions.
First, we recall the homogeneous Littlewood-Paley decomposition. Choose two radial
functions ¢,y € 8(R3) such that their Fourier transforms ¢ and v satisfy the following
properties:

4
suppp C B:= {SeRsrlélsg},

<&l =

W
w| e

suppy C C:= {S eR3:

and, furthermore,

Y Y(278) =1 forallg e R?\ {0).

JEZ

Let ¢;(x) := 29p(2x) and ;(x) := 2¥ (V) for all j € Z. We define by A; and S; the follow-
ing operators in §'(R3):

Af =vyjxf and Sf:=¢;xf forjeZandf e (R%).

Define 4, (R?) := 8'(R?)/P[R?], where P[R?] denotes the linear space of polynomials on
R3 (see [34, 35]). It is known that there hold the following decompositions:

f:ZAIf and S = Z Ayf in 8, (R%).

JE€Z j<j-1
With our choice of ¢ and v, it is easy to verify that

AjAf =0 if[j—k|>2 and

A(Siaf M) =0 i -k = 5.

Here, we recall the definition of general homogeneous Besov spaces B;,r and intro-

duce the hybrid-Besov space B;’f and the Chemin-Lerner-type spaces L3-(0, oo;Bg,’If (R3)),
which are made to measure problem (1.2).

Definition 2.1 ([35]) Lets € R,1<p,r <00, and u € 4§} (R?). We set

lall g, = [{2" 11 Ajullr }

rezllerzy



Sun and Yang Boundary Value Problems (2016) 2016:21 Page 5 of 16

« Fors< % (ors= 3 if r = 1), we define B;,r(Rg) = f{u e 8,(R3): lotll s, < 00;
. IfkeNand}%+k§s<§+k+1 (ors:%+k+lifr=1),thenB;,r(]R3) is defined as
the subset of distributions u € 4§} (R?) such that 3°u € B;T,k (R3) whenever |§] = k.

Definition 2.2 Let N := J\/’f, 0,8 € R, and 1 < p < oo. Then the hybrid-Besov space
Bg}f is defined by

B (R) = {u € 8,(R%) s lull g < o0},
where

llyos = sup  27NAfl2+  sup  2PIAS .
2P o <max{|Q.N} 2 >max{|Q,N}

Definition 2.3 Let N := NJE Foro,f e Rand1 <p,§ < oo, we set

lullzs gosy = sup 2°UAfls o+ sup  2P[AFNs
LT(B2p) : T ; T
k 2 <max{|Q2|,N} 2 >max{|2|,N}

We then define the space L%(0, T; B;"'}f‘ (R3)) as the set of temperate distributions u over
(0, T) x R? such that lim;_, _« Sjue = 0 in 8'((0, T) x R?) and ||ul|;, (o) < 00
T\ 2.p

In the sequel, we will constantly use the following Bernstein inequality.

Lemma 2.4 ([34, 35]) Let B be a ball, and C a ring centered at origin in R3. There exists
a constant C such that for any positive real number ), any nonnegative integer k, and any
couple of real numbers (a,b) with b > a > 1, we have:
A « 11
o Suppit C M8 = supig g 18wl s < CK A0 |lu) o
« Suppit C AC=> C™ M ul e < supy 1 18%ullza < C K|l ga

Now, we introduce the Stokes-Coriolis-Stratification semigroup {Tqx(f)}:>0 and study
its regularizing effects.

By setting N := N /g, v := (W', v2, 03 v = (b, u, 13, JGOIN), vo := (v, Vg, vy, vg) =
(uh, ul, u3, /g0o/N), and V := (91, 0, 05,0) problem (1.2) can be rewritten as the follow-
ing problem:

v+ Av+ Bv+Vp=—(v-V)v inRR3 x (0,00),

V.v=0 in R3 x (0, 0), (2.1)
Vlt=0 = Vo in R3,
where
VA 0 0 0 0 -Q 0 0
0 —vA 0 0 Q 0 0 0
A= Y ., B (2.2)
0 0 —vA 0 0 0 0 -N
0 0 0 -—pA 0 0 N 0

Lemma 3.3 in [25], together with the fact e(A+B) = eALeBt for v = u, gives an explicit ex-
pression of the Stokes-Coriolis-Stratification semigroup { T n(£)}s>0 corresponding to the
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linear problem of (2.1) via the Fourier transform

Ton({t)f = F7 [cos(ﬂt> e“"s‘thl(?g)f + sin(%t) e‘”'é‘%Mg(é)f

1€

o]

where

61:= /&7 + &5 + &3,

61 5= 8l 1= |/ N282 + N2 + 23

for s = (él! EZ! 53) € RB) and

Q22 0 _N%ig QN&Es
He He €172
0 P _Noy _oNgg
Mo(E) = IET B e
=1 ey ey v 0
He He &
QNEE QNEE 0 N2(g2+£2)
6172 6172 617
0o - esn  Nag
ETET TElEr HI
&32/ 0 _SEf Néats
T ElEr TellEr
MZ(E) = ’
_9h5 Qa5 0 GR3)
EllEr Teller € TET
_Nag  _Nbg  NEED 0
EllEr TEllEr IR
and
N2 NMg ) _NOgg
672 5 6172
_Ngn N Neng
/. /. !
Ms(E):=| q g
0 0 0
_NObE  Nokg g 98
€12 e He
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(2.3)

(2.4)

(2.5)

(2.7)

Note that, denoting by M;k(f) (j,k=1,2,3,4,1=1,2,3) the (j, k)th component of the matrix
M;(&), it is obvious that nonvanishing M}k(é ) satisfies

M (€)| <2 for& eR®,jk=1,2,3,4,1=1,2,3.

Hence, from (2.3) and Plancherel’s theorem it is easy to see that { T n(£)}:>0 is @ bounded
Co-semigroup on L2(R3). By Mikhlin’s theorem we may extend the semigroup { Ton(t)}s=0

to a Cy-semigroup on L?(R3) for 1 < p < co. Moreover, we have

| Tan(@)f |, < Cmax{IQLNY 21, 2 1f € 17(R?)

for some constant C,. However, it is noteworthy that Ty is not uniformly bounded in
LP(R3) for p # 2, which is the primary reason for the invalidation of Cannone’s proof [7]

in B;],(Rs) with p #2 for our case, and similarly for B, (R®) and BMO™(R?).
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Ll / . ' . .
Thanks to the Euler formula e™ F° = cos(% t)+i sm(%t), we can rewrite the semigroup
{Tan(t)} =0 as

Ton(®)f = %ei%tevm(Ml + Mo)f + %e“i%te”m(/\/ll CMf @M, (28)

where % is the Fourier multiplier with symbol given by %, and M; (i = 1,2,3) with
symbols given by M;(§) (i = 1,2,3) are the matrices of singular integral operators. The

;101
operators e D" represent the oscillation parts of {Tg x(£)}=0-

By considering low and high frequencies differently, we can establish the following
smoothing effect of the Stokes-Coriolis-Stratification semigroup {Tqn(¢)}:>0.
Lemma 2.5 Let C be a annulus centered at 0 in R3. Then there exist positive constants c
and C depending only on v such that if supp it C LC, then we have
(i) forany » >0,
2
[ TQ,N(t)M”Lz <e M ul|2; (2.9)
(ii) for any » 2 max{|Q|,N} and1 < p < oo,
2
| Ton@ul,, < e lullw. (2.10)
Proof (i) By Plancherel’s theorem, combining the support property of #, it is obvious that

(2.9) is obtained directly from expression (2.3).
(ii) Decomposing T (t) into Ton(t) := T, 5 (¢) + T (), where

1 ;ior 1 o
Ton @) = Eel DI e A ( My + My)f + 3¢ FDTE A (M = My)f
and
T3 (0)f = "2 Msf.
For T4 y(¢), since each nonvanishing component of M3(§) is homogeneous with degree
0, Fourier multiplier theory implies that M3 is bounded in L? (1 < p < 0o) when localized
in dyadic annulus in the Fourier space. Applying Lemma 2.4 in [34] yields

| 72 (O, < € ullzo.

Now, we focus our attention on T%Z,N(t)' We will adopt the spirit of the proof for the heat
operator as in [34]. Let ¢ € D(R3\{0}) be equal to 1 near the annulus C. Set

T(t,x):= F [ (A'8) Th(6,8)](6%) = (27) /R i ™S p(A1E) TN (8, 6) dE.
Thus, to prove (2.10), it suffices to show that

|7, < Ce ™. (2.11)
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Thanks to the boundedness properties of M;(¢) and M, (&), we have

/ . |T(t,x)|dx < C ; |(A1E) || Thn (8, &)| dE dx < Ce, (2.12)

| <a-1

Let L:= % It is easy to check that L(e™¢) = ¢™*. By integration by parts we obtain

T(t,%) = (2m)™ A; L7 ) (A7) Th (8, 8) dE
— @ [ ) 667 Thate 6)
where 7 € N is chosen later. We verify by applying the Leibnitz formula that
o7 (¢=5)| < Cle (max {12, N}e +1)
and
]ay(e—“'f‘zf)\ < Cle|re sl
Thus, we have

()" (@ (:78) Th (2, 9)]
<Clx|™ Z 3, ~(m=lerl) | (Vm—|a|¢) ()L_l";‘)aal (eii%t)

oy [+lora | +|ag |=le|
loe|<m

x 992 (e V) 5% (My (&) + M (8)) |
< Clrx|™ Z ,\\al|(vm—la\¢) (};15)||é§|—\a1|—\a2\—|a3|e—%\élzt

[ +lea | +laz|=|a|
lee|<m

x (max{|Q|, N}t +1)"".
Taking 1 = 4 for 2 2 {I21,N} in
()" (& (1 ) Th (8, 6)) | < Clax| e T1E1
leads to

f | T(t,%)| dx < Ce’c’\zt)»gf x|t dx < Ce™,
AES

1
S

which, together with (2.12), gives (2.11). Inequality (2.10) is proved. O
3 Linear estimates and bilinear estimates

We establish some basic estimates that will play a crucial role in the proof of Theorem1.2.

We first consider linear estimates for the semigroup {Ton(£)}s>0-
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Lemma 3.1 Let T >0, a € [0,1], 0,8 € R, and p € [1,00]. Then, for u € Bg,f(RB), there

exists a constant C > 0 such that

< Cllull i (3.1)

a+1j:o( ﬂ+lia —

Proof For j such that 2/ > max{|2|, N}, by Lemma 2.5 we have

—_2¥ _ i
<Cle®Aulp| 2 <C2FAu|p.  (3.2)

118/ Tantul, 2 .

LT 0,7)

Similarly, for j such that 2 < max{|2|, N}, we have

[ Tan@ul 2], 2, ) = €275 A (3.3)

Combining (3.2) with (3.3) yields (3.1). O

Lemma 3.2 Let T >0, « € [0,1], 0,8 € R, and p € [1,00]. There exists a constant C > 0
such that

t

Ton(t—-1)f(r)dT
0

= Clfll 0,750 (3.4)
LTEa (0,T;B LOTE))

-2 'a+1io(,ﬂ+1ia)
2p

for any f € L'(0, T; B;,f(Rg))‘

Proof For j such that 2 > max{|Q|, N}, applying Lemma 2.5 and Young’s inequality yields

t t ,
H A / Ton(Et-0)f()dz| < cH / e | Af @), de|
0 LTEa (0,T5L7) 0 LTEe
< C2 NN AL 10,00 (35)
Similarly, for j such that 2/ < max{|$2|, N}, we obtain
t .
H A; / Ton(t-T)f()de| < C2E V| Al 0,702 (3.6)
0 LT1Ea (0,T;L2)
Inequality (3.5), together with (3.6), yields (3.4). |

We now turn to establish the following product law, which is indispensable for gaining

the bilinear estimate in the proof of our main result.

Lemma3.3 LetT >0,p€[2,4],anda € (% - [%, 1]. There exists a constant C > 0 such that

Ilfgll_ 33 < c(fn. 5 Sra W el » 3.3
L OTB2 ‘7 LT+a (0, TBZP LT=a (0,T;8;, L)

+ ”g”-i . —+u +(x ”.f” 2 ,%—u,é—a ) (3’7)
L1+a(O,T;sz 1_(0T32p L

forallf,g € L3 (0, TB o “(R3)).
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Proof Applying Bony’s decomposition [36], we rewrite Aj(fg) as

Alfg) = Y ASiafdeg + Y ASiafAig) + Y Y AAifArg)

|k—j|<4 [k—jl<4 k>j-2 |k=k'|<1

= [+ I + 1II,.

First, we consider I;. Set Kj := {(k’,k); |k — j| < 4,k" < k - 2}. On the one hand, for S
max{|Q2|, N}, we have

Wl e < D80 Akf A 11 1
K

(Z > Z) YENTINT

Kin K

IA

=1

i1+ 1ip + 13,

where

K= | (K, k) € Kj;2F < max{|2|,N},2¢ < max{|QI,N}},
K= { (K, k) € Kj;2¥ < max{|2|,N},2¥ > max{|Q|,N}},
Ky = | (K, k) € K28 > max{||, N}, 2 > max||Q|,N}}.

Applying Lemma 2.4 and Holder’s inequality, we see that

Lis ) |aAfa],

(k' k) €Ky

3¢ k(3-3)
< Y 2 ||Akf|| 2D Al P
(k K)eK; t
3_ ! _ _ik
= > 2¥G B
(K" k)eK; 1 t
& —k _ﬁk
SCIN 2 gugeallel 2 gz, Do 2707027
L B3, L7" By, K KKy

< C2 P]”f” . —u——a”g” 2+oc3+a’
B @B

T 2,p T 2,p

where we have used the fact that

Z Zoz(k/-k)z—gkS Z a(k'=k) Z - k<C2 p,

(K k)€K k' <k-2 [k—jl=4

Similarly, we have

La< )0 1Al 2 lAkgl 2
K KK bk Lr
<C ) 22k||Akf|| ol

(K k)eK; i,
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13 3 B
=C Z 2k(§—a)||Ak/f” 2 sz(p+a)||Akg|| o 2a(k/—k)2 3k
Lyl L rp

(k' k) GKN;,

<cy P’Ilfll R { R
ap? B ’

T 2,p T 2,p

and
Is< Y 1Sl 2 llAkgl 2
(K KV, bt br
<c Y ok |Akf|| sl 2
e L
3 3
-c Y 26 |Akf|| (ﬁ*“)nAkgn 2 20k
(K K)eK; L Lp
<C2” p’w bogalEl 2 fiufa
B T BZp

T 2,p
On the other hand, for j such that 2 < max{|2|, N}, we have

Wil < D 1 AHAkf M) 12
Kj

305305 )| YZIT

Kin K Kjpn

IA

= Ij'4, + Iiy5 + 1}',6'
Applying Lemma 2.4 and Holder’s inequality gives

fia < Z HAJ'(Ak’fAkg)HLlTH

(K K)eK;
3K
<
< ) 2 ||Akf|| LAl o
(K k)eK;
3 / 3
Z 2K G- ||Akf|| 2 e Ag] o 200k
+a
Cw KK L™l

(K'-k
SCIFI 2 gasalgl 2 3z D 209 N273
l—oszp r L%»f 2

T BZp (K K)eKyy

< C2 2]”f|| -7’“'p’a||g” %_%+D{,p+0{,
BZp T BZp

andduetopZZanda+§—%>0,weseethat

Iis < E Afll 2 2 [Axgll 2
Ll—a LP’Z Ll+otLp
(K k)€K ip T T
<C E 27k |Akf|| |Akg||

(K K)ek;
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otk k) 5-Fk

k(3
=C Yy MG L

2
LIragp
(K, k)EK Ih T

=C2 2’I[fll 2 dadallgl 2 53,0
T-a p2 e p2™p
T 2.p T 2,p

3 3
andduetop§4anda+1;—§>0,weget

. < /
Le< Y. [ENGA RN TV

o

2
LI'HXIP
(k/,k)EKj’hh T T

-3+8K
=C 2720 JApfll 2 (1Al 2
Z f Lo ¢ LEe

(k" k) EI(j,hh

(3 _ 5 s . ,
=C Z K "‘)IIAkffII % W)IIAkgII % g+ 5K~k o-3k
(K KKy Ly »

SCOVIfI 2y plel 2 g
Ly By, " L' By,

Summing the estimates obtained, [;; ~ I; yields that

3 3.
sup 27l sup 2V flp
2 >max{|Q|,N} 2 <max{|Q|,N}

<O, ool g g (38)
B B

2,p T 2p

By the same argument we have
§1' 3.
sup 27|z + sup 22]||H/'”Z1TL2
2/ >max{|Q|,N} T 2 <max{|Q|,N}

=Cligl 2 303l 2 303 (3.9)
L% By, Li* By,

Now, we consider ;. Setting f(, ={(K, k) k>j—-2,1k-K| <1}, we get

11 = <Z >+ Z >A(Akak/g)

K

=: I]Ij’l + I]ijz + 1111‘3 + 1]]1"4,

K= {(K, k) € Kj;2¢ < max{||, N}, 2 < max{
[(K,k) € Kj;2¥ < max{|2],N}, 2 > max{|2|,N
Ky = { (K, k) € K525 > max{|2|, N}, 2" < max]
{ {

Ko := {(K, k) € K;; 2K > max{||, N}, 2% > max{|Q|, N

N}
}
21N}
-
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By Lemma 2.4 and Hoélder’s inequality we have
MLl 1

3j(1-1
=27 N A vl
(K K)eK;

-1 3 3 / 3 3 ’
<200 3 2Tk A 2 20K Apgl o 2(amekg(arek
; L2 LEe 2

(k/,k)EKj,ll

3j(1
<2 )ufn R L mZz Dk N7 gk
2,p

k>j-3 |k—k'|<1

<C2 ”’Ilfll 3-a3-0 IIgII 3ia34a
ap? ap? P

T 2,p T 2,p

and

3; -5
Ml g2 < C27 > I AKf Awgllpy < C2 2’Ilfll 3, _mllgll S
~ B p
K ok 2p Bap

Similarly, we have

”II];’,Z + I]Ijlg ”LlTLp

5 ,
<y Y o+ ) ||Akakg||L1TL2%

(K ek, (K K)eK;

3.
§C22’{ > ||Akf||L%_%LP||Ak/g||L%L2+ > |Akf|| el LP}

(k’,k)ekj'[h T (k’,k)ei(j,hl

<CIfI o gugealiel 2 gude
B Ly

T 2,p T 2,p

% Z Z —(——a)k G+l | 9-Gradky= f—a>k’)

k>j-3 |k-k'|<1

=C2 ”I|lf|| $-ad-a ||g|| -
By ” Bz,p

and

é«
MLy + Ml < €27 3" 1 Akf Awgllpy
(k' k) e

< C2‘7’|lf|| 3, ﬁallgll Jrwdrar
32 ., 32 .,
Finally, noticing that 4 > p > 2, we obtain

P

3.
5
<C2r E ) IIAkak/gIILlTLg
(K k)€K oy
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3.
<2 IAN 2 Argl 2
Z o Loy ¢ L¥

(K k)€K

<C2p/|[f|| B,,a,,allgl IL E N Z Z (5K

T 2.p 2p k>j-3 |k-k'|<1

=C2 P’Ilfll 3wl a IIgII Sradva
B2p B 2,p

and

(2-1
Mo+ sl < €702 30 A Begll,
(k’,k)Ek,',hh

. §+a,17+ot'
2.p

=C2” 2’Ilfll 2 3.43.,l€ll
T ap?

2
LLIra
2,p T

Summing up the estimates of Iil;; ~ IIl;4, we arrive at

3 3
sup 21”||IH,»||L1TL,7 +  sup 27’||IIIjIIL1TL2

2/ >max{|Q|,N} 2 <max{|Q|,N}
<C|lf|| 3adalgl i g
BZp T BZp

Then, combining (3.8)—(3.10) yields (3.7).

4 The proof of Theorem 1.2

+a)k’

Page 14 of 16

(3.10)

The proof of Theorem 1.2 follows from the following standard Banach fixed point lemma

combined with applications of the estimates established in the previous section.

Lemma 4.1 (Cannone [9]) Let (X, | - ||x) be a Banach space, and B: X x X — X a
bounded bilinear form satisfying ||B(x1,%2)|| x < nllx1 |l x %2l x for all x1,x, € X and some

constant 1 > 0. Then, if 0 < ¢ < ﬁ and if y € X such that |y||x < ¢, then the equation

x =y + B(x,x) has a solution in X such that ||x||x < 2¢. This solution is the only one in

the ball B(0,2¢). Moreover, the solution depends continuously on y in the following sense: if

Wllx <&, x=y+Bxx) and ||X|| x <2, then

lx—%llx <

S ane ly=ylx.

Let R; (j = 1,2,3) be the Riesz transforms on R3 and set P = (I[N”i,»)4x4 with

5 . )%+ RiR, 1<ij<3,

ij . .
8 otherwise,

where §;; is the Kronecker’s delta notation. By using the Duhamel principle we easily obtain

that problem (2.1) is equivalent to the following integral equation:

v(t) = Tan()vo — B(v, v)(2),

(4.1)
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where
t ~ o~
B(v,v)(¢t) := f Ton(t—1T)PV - [v(r) ® V('C)] dr. (4.2)
0
Proof of Theorem 1.2 Let a € (3 — %,1] be given and fixed, and let X* be a Banach space
endowed with the norm
Ivilxe := (v 3 o34 VI 303 1 -
LPa oo, P Lra ool P

Applying Lemma 3.1 with o = % and B =-1+ % leads to

| Ten@vo |y < Collvo lle%,,;_H%

L1143
for some constant Cy > 0 and vy € B;,p 7 (R3).
Lemma 3.2 with o = % and S =-1+ % gives, for v, w € X* and some constant C; >0,

||B(v, W)Hxa = H/o TQ,N(t—T)ﬁ$ . [V(‘L') ®w(r)] dr

XU
<G ||§ . [V(‘L’) ® w(r)] || 1.3

~ L5l
Ll(o,oo;pr 7y

< GilIvlixe Wl xe,

where we have used Lemma 3.3 for getting the last inequality.
1 3

T S
Then, by Lemma 4.1, for any given v, € B;’p ?(R3) satisfying

€ 1
voll 1 4.3 <— withO<e<—,
Ivoll 303 =2 4C,

2p
we immediately see that there exists a unique solution v of equation (4.1) in the ball with

center 0 and radius 2¢ in the space X*. Moreover, applying Lemmas 3.1-3.3 with « =1,
o= %, and B=-1+ % implies that

3 +Cllvev| 3

% 1 .3 <Cllvoll 1
My <ol g —

L00(0,00;B5

Siw

)

P ) 2,p P

P

2
< Clvoll 1 4,3 + ClIvlxe <00,
By,

- 113
which ensures v € [L*°(0, oo;Bzzlp r (R3))]*. Moreover, by using a standard density argu-
1 143
27 p

2y | (R*)]*. This proves the global well-
posedness assertion in Theorem 1.2. O

ment we can further infer that v € [C([0, o0), B
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