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Hangzhou, 310036, China Mj.(a,b) < Saala,b) < My(a,b) hold for all g,b > 0 with a # b if and only if
koot | <log2/l +log2-VZlog + VI = 15517..., B> 573

A <4log2/l4+2log2-m]=1.2351...and u > 4/3, where

Soa(a, b) = A(a, b)eQ@b/Mab-t and s, (a, b) = Q(a, b)e@P/T@b)1 gre the Sandor-type
means, A(a,b) = (a+ b)/2, Qla, b) = +/(a? + b2)/2,

T(a,b) = (a - b)/[2 arctan((@ - b)/(a + b))], and M(a, b) = (a - b)/[2 sinh™ ((a - b)/(a + b))]
are, respectively, the arithmetic, quadratic, second Seiffert, and Neuman-Sandor
means.
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1 Introduction

For p € R and a,b > 0 with a # b, the pth power mean M, (a, b) and Schwab-Borchardt
mean SB(a, b) [1, 2] of a and b are, respectively, given by

(ap;bp)l/ , P 7{0,

M,(a,b) =
g \/E’ [):0

(1.1)

and

/b2 —g2

s—1 (a/b)’
SB ﬂ,b _ ) cos (al
@b =\ "oy
cosh™L (a/b)’

a<b,

a>b,

where cos™!(x) and cosh™ (x) = log(x + V/x2 = 1) are the inverse cosine and inverse hyper-
bolic cosine functions, respectively.

It is well known that the power mean M,(a,b) is continuous and strictly increas-
ing with respect to p € R for fixed a,b > 0 with a # b, the Schwab-Borchardt mean
SB(a, b) is strictly increasing in both 4 and b, nonsymmetric and homogeneous of de-
gree 1 with respect to a and b. Many symmetric bivariate means are special cases of
the Schwab-Borchardt mean. For example, P(a,b) = (a — b)/[2 arcsin((a — b)/(a + b))] =
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SB[G(a, b), A(a, b)] is the first Seiffert mean, T'(a, b) = (a — b)/[2 arctan((a — b)/(a + b))] =
SB[A(a, b), Q(a, b)] is the second Seiffert mean, M(a, b) = (a—b)/[2sinh ((a-b)/(a+b))] =
SB[Q(a, b),A(a,b)] is the Neuman-Sandor mean, L(a,b) = (a — b)/[2tanh™((a@ — b)/(a +
b))] = SB[A(a, b), G(a, b)] is the logarithmic mean, where sinh~!(x) = log(x + V1+x2) is
the inverse hyperbolic sine function, tanh~!(x) = log[(1 + x)/(1 — x)]/2 is the inverse hyper-
bolic tangent function, and G(a, b) = Vab, A(a,b) = (a + b)/2, and Q(a,b) = \/m
are the geometric, arithmetic, and quadratic means of 2 and b, respectively.

The Sandor mean X(a,b) = A(a,b)eC@hVP@h-1 3] can be rewritten as X(a,b) =
Al(a, b)e®@P)SBIG@h.A@b]-1 yang [4] proved that S(a, b) = be” SB@P)-1 is a mean of a and
b, and introduced two Sandor-type means Sq4(a, b) and Saq(a, b) as follows:

Soala,b) £ S[Q(a, b), A(a, b)]
- A(a, b) £Q@b)/ SBIQ@b).A(b)]-1 _ Ala, b) eQ(u,b)/M(a,b)—l’ 1.2)

Sagla,b) = S[A(a, b), Q(a, b)]
— Q(d, b)eA(a,b)/SB[A(a,b),Q(a,b)]—l _ Q(ﬂ, b)eA(a,b)/T(a,b)—l. (13)

Recently, the bounds involving the power mean for certain bivariate means and Gaussian
hypergeometric function have attracted the attention of many researchers [5-21].
Radé [22] (see also [23-25]) proved that the double inequalities

My(a,b) < L(a, b) < My(a, b), M, (a,b) < I(a,b) < M,(a,b)

hold for all 4,5 > 0 with a #b ifand only if p <0, g > 1/3, . <2/3, and > log2, where
I(a,b) = (b?1a®)V¥=9) Je is the identric mean of & and b.
In [26-29], the authors proved that the double inequality

My(a,b) < T*(a, b) < My(a, b)

holds for all 4, b > 0 with a # b if and only if p < 3/2 and g > log2/(log 7w — log 2), where
T*(a,b) = % f(;m Va2 cos? 0 + b2 sin® 0 do is the Toader mean of a and b.

Jagers [30], Hasto [31, 32], Costin and Toader [33], and Li et al. [34] proved that p; =
log2/logm, q1 =2/3, p» =log2/(logm —log2), and g, = 5/3 are the best possible parame-

ters such that the double inequalities
My, (a,b) < P(a,b) < My (a, b), My, (a,b) < T(a,b) < Mgy, (a,b)

hold for all a4, b > 0 with a # b.
In [35-38], the authors proved that the double inequalities
M, (a,b) < M(a,b) < My, (a, b),
M}Q (61, b) < L[(a, b) < M/tz (ﬂ, b);
M;,(a,b) < X(a,b) < M,,(a,b)
hold for all a,b > 0 with a # b if and only if A; <log2/log[2log(1 + V2, = 4/3, Ay <

2log2/(2logm —1og2), uo > 4/3, A3 <1/3, and u3 > log2/(1 + log 2), where U(a, b) = (a —

b)/[v/2 arctan( %)] is the Yang mean of a and b.
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The main purpose of this paper is to present the best possible parameters «, 8, A, and
1 such that the double inequalities

My(a,b) < Sqala,b) < Mg(a,b),  M;(a,b) < Saqla,b) < M, (a,b)
hold for all ¢, b > 0 with a # b.

2 Lemmas

In order to prove our main results we need two lemmas, which we present in this section.

Lemma 2.1 Letp € R and
f@) = (-1 —3xF + 322+ (1—p)aP ™2 + 3622 4 43 —x - 3. (2.1)

Then the following statements are true:

(1) f(x) >0 forallx € (1,00) if p=5/3;

(2) there exists o € (1,00) such that f(x) < 0 forx € (1,0) and f(x) > 0 for x € (o,00) if
p=log2/[1+log2—~/2log(l++/2)] =1.5517....

Proof For part (1), if p = 5/3, then (2.1) leads to

2 1
3 1) (x3 —1)2
flx) = (x)#(zxg +ax5 + 82 +325 +9x% + 3w+ 865 +4ad +2).  (22)
3x3
Therefore, part (1) follows from (2.2).
For part (2), let p = log2/[1 + log2 — v/2log(1 + +/2)] = 1.5517....., fi(x) = f'(x), fa(x) =
x°7Pf(x) and f3(x) = f; (x). Then simple computations lead to

Jf=o, im f(x) = +00, (2.3)
fi)=12 (p - g) <0, xErPooﬁ(x) = 400, (2.4)
3 5 .

f(1) =24 (p - 5) (p - §> <0, xErPoofg(x) = 400, (2.5)
fax) =6(p* —1)(2p - 3)a” + 2p(p — 2)(2p — 3)x”"

+4p(p* - 1)° — 9p(p — )a® + 3(p — 2)(p - 3). (2.6)

Note that

20(p-2)2p-3)x""' > 2p(p - 2)(2p - 3)47, “9p(p-1)x*>-9p(p -1, (2.7)
pp-1)(4p-5)%> > p(p - 1)(4p - 5) (2.8)

forx>1, and

16p° — 32p% +18 > 16 x 1.55% — 32 x 1.552% + 18 = 0.503472 > 0, (2.9)

4p® —6p® —10p +18>4 x 1.5> =6 x 1.6 =10 x 1.6 + 18 = 0.14 > 0. (2.10)
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It follows from (2.6)-(2.10) that

£x) > 6(p* —1)(2p - 3)” + 2p(p — 2)(2p - 3)x”
+4p(p* - 1)x° - 9p(p— D> +3(p - 2)(p - 3)
= (16p° = 32p* +18)x” + p(p —1)(4p - 5)x° + 3(p - 2)(p - 3)
> (16p” - 32p* +18)a” + p(p —1)(4p - 5) + 3(p - 2)(p - 3)

= (16p” - 32p +18)a% + (4p® — 6p* —10p +18) > 0 (2.11)

for x > 1.

Inequality (2.11) implies that f,(x) is strictly increasing on (1,00). Then from (2.5) we
know that there exists o7 > 1 such that fi(x) is strictly decreasing on (1,01] and strictly
increasing on [0, 00).

It follows from (2.4) and the piecewise monotonicity of f; (x) that there exists o, > 1 such
that f(x) is strictly decreasing on (1, 05] and strictly increasing on [o3, 00).

Therefore, part (2) follows from (2.3) and the piecewise monotonicity of f(x). |

Lemma 2.2 Letp € R, and
X)) =p-D T —(p+ D + (p+ DX+ (L—p)P 2 + a4 a2 —x -1, (212)

Then the following statements are true:

(1) gx) >0 forall x € (1,00) if p = 4/3;

(2) there exists T € (1,00) such that g(x) <0 for x € (1, 7) and g(x) > 0 for x € (7,00) if
p=4log2/[4+2log2-m]=1.2351....

Proof For part (1), if p = 4/3, then (2.12) becomes

(xI/B _ 1)3

3x2/3

gx) =

(x% +3x°% + 9x*3 + 12x + 9x*% + 341 + 1). (2.13)

Therefore, part (1) follows from (2.13).
For part (2), let p = 4log2/[4+2log2-m] =1.2351...,g1(x) = g (x), @2(x) = x*Pg| (x)/(p -
1), and g3(x) = g5 (x). Then simple computations lead to

g)=0, lim g(x) = +oo, (2.14)
x—>+00
4 .
al)= 6<p - —) <0, lim g (x) = +o0, (2.15)
3 X— +00
4 .
o) =12 <p - §> <0, lim gy (x) = +o0, (2.16)

&) =2(p+1)2p - Da? + 2p(2p — 3)xP

+3p(p+1)x* —2p(p+ Dx+ (p +1)(p - 2). (2.17)
Note that

2p(2p - 3)x™ > 2p(2p — 3)4?,
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2p(p + D)x < 2p(p + 1)4?, (2.18)
P+Dp-2)>@+1p-2)%°

for x> 1.
It follows from (2.17) and (2.18) that

&) >2p+1)2p-1)x” + 2p(2p — 3)a% + 3p(p + 1)x?
—2p(p+1)x* + (p+ 1)(p - 2)a°

= 2(4]02 —2p-1)a" + 2(p2 - l)x2 >0 (2.19)

for x > 1.

Inequality (2.19) implies that g»(x) is strictly increasing on (1,00). Then from (2.16) we
know that there exists 7; € (1, 00) such that g (x) is strictly decreasing on (1, 7] and strictly
increasing on [1;, 00).

It follows from (2.15) and the piecewise monotonicity of g1 (x) that there exists 7, € (1, 00)
such that g(x) is strictly decreasing on (1, 7] and strictly increasing on [, 00).

Therefore, part (2) follows from (2.14) and the piecewise monotonicity of g(x). a

3 Main results
Theorem 3.1 The double inequality

My (a,b) < Sqala, b) < Mg(a, b)

holds for all a,b > 0 with a # b ifand only if & <1og2/[1 + log2 —log(1 + +/2)] = 1.5517....
and B > 5/3.

Proof Since both Sqa(a, b) and M,(a, b) are symmetric and homogeneous of degree one,
we assume that a > b. Let x =a/b >1 and p > 0. Then (1.1) and (1.2) lead to
log[SQA (a, b)] - log[Mp(a, b)]

1\ V202 +1)sinh™(22) 1 P41
log<x;r )+ ( ) Gar) log<x * )—1. (3.1)

x—-1 p 2
Let
1\ V202 +1)sinh () 1 741
F(x) = log ). ( ) Gar) - ~log ) (3.2)
2 x—1 p 2
Then elaborated computations lead to
F(1*) =0, (3.3)
1
lim F(x) = v2log(1 ++/2) - (1 + log2) + — log?2, (3.4)
X—>+00 p
, 2(x+1
Py -——tD gy, 5)

(x—1)2/2(x%2 +1)
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where
Fi(x) = V262 + D(x - 1D +1) ~ sinh~! (x;l),
2(x +1)(x? +1) x+1
. V2
EM)=0,  lim A= 5 - log(1++/2) = -0.1742...<0, (3.6)
F(x) = X 1) (37)

e Dk s e )

where f(x) is defined by (2.1).

We divide the proof into four cases.

Case1.1. p = log2/[1 + log2 — log(1 + +/2)]. Then it follows from Lemma 2.1(2) and (3.7)
that there exists o € (1,00) such that Fj(x) is strictly increasing on (1,0] and strictly de-
creasing on [0, 00).

Equations (3.5) and (3.6) together with the piecewise monotonicity of Fi(x) lead to the
conclusion that there exists o € (1,00) such that F(x) is strictly increasing on (1, 00] and

strictly decreasing on [og, 00).

Note that (3.4) becomes
lim F(x)=0. (3.8)
X—>+00
Therefore,

SQA (d, b) > Mlog 2/[1+log 2-log(1++/2)] (61, b)

for all a,b > 0 with a # b follows from (3.1)-(3.3) and (3.8) together with the piecewise
monotonicity of F(x).

Case 1.2. p = 5/3. Then it follows from Lemma 2.1(1) and (3.7) that Fi(x) is strictly de-
creasing on (1, 00).

Therefore,
Soala, b) < Ms3(a, b)

for all a, b > 0 with a # b follows from (3.1)-(3.3), (3.5), (3.6), and the monotonicity of F(x).
Case1.3. p >log2/[1 +log2 —log(1 + v/2)]. Then (3.4) leads to

lim F(x) <O0. (3.9)

X—>+00

Equations (3.1) and (3.2) together with inequality (3.9) imply that there exists large
enough Cp > 1 such that

SQA(“: b) < Mp(a’ b)

for all a,b > 0 with a/b € (Cy, 00).



Zhao et al. Journal of Inequalities and Applications (2016) 2016:64 Page 7 of 10

Case 1.4.1<p <5/3. Let x > 0, x — 0, then making use of (1.1) and (1.2) together with

the Taylor expansion we get
SoaL,1+x) — M,y(1,1 +x)

1/p
= (1 + f)ngsinhl[x/(Zm)]/x—l _ [M]
2 2

5-3p
=T o), (3.10)

Equation (3.10) implies that there exists small enough &y > 0 such that
Soa(L,1+x) > M, (1,1 +x)
for x € (0, 8p).
Therefore, Theorem 3.1 follows easily from Cases 1.1-1.4 and the monotonicity of the
function p — M,(a, b). O
Theorem 3.2 The double inequality

M, (a,b) < Saqla, b) < M, (a,b)

holds for all a,b > 0 with a # b if and only if A < 4log2/[4 +2log2 — ] =1.2351... and
B >4/3.

Proof Since both S,q(a, b) and M, (a, b) are symmetric and homogeneous of degree one,
we assume that a > b. Let x = a/b >1 and p > 0. Then (1.1) and (1.3) lead to

log[Saq(a, b)| - log[M,(a, b)]

1 2 +1\ x+1 x—1 1 x +1
=—log + —— arctan[ —— | — —log -1 (3.11)
2 2 x—1 x+1 p 2
Let
1 2+1\ x+1 x-1 1 x +1
G(x) = = log + arctan - —log -1 (3.12)
2 2 x—1 x+1 p 2

Then elaborated computations lead to

G(1*) =0, (3.13)
1 1
lim G(x) = T_- log2 -1+ —log2, (3.14)
X—>+00 4 2 p
W= Gix) (3.15)
x) = ——=G1(%), .
(-2
where

-1
Gi(x) = % - arctan(%),
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G()=0,  lim Gix)= % _ % <0, (3.16)
Py x-1
G (%) = TR T 1)? 1)Qg(x), (3.17)

where g(x) is defined by (2.12).

We divide the proof into four cases.

Case2.1. p =41log2/[4 +2log2 — ). Then it follows from Lemma 2.2(2) and (3.17) that
there exists t € (1, 00) such that G; () is strictly increasing on (1, t] and strictly decreasing
on [t,00).

Equations (3.15) and (3.16) together with the piecewise monotonicity of G;(x) lead to
the conclusion that there exists 7 € (1,00) such that G(x) is strictly increasing on (1, o]
and strictly decreasing on [tp, 00).

Note that (3.14) becomes

lim G(x) = 0. (3.18)

X—> +00

Therefore,
Sa0(a, b) > Maiog2/[a+21092-71(a, b)

follows from (3.11)-(3.13) and (3.18) together with the piecewise monotonicity of G(x).
Case 2.2. p = 4/3. Then Lemma 2.2(2) and (3.17) imply that G;(x) is strictly decreasing
on (1,00).
Therefore,

Saqla, b) < Mys3(a, b)

follows easily from (3.11)-(3.13), (3.15), (3.16), and the monotonicity of G; (x).
Case2.3. p >4log2/[4 +21log2 — 7). Then (3.14) leads to

lim G(x)<O0. (3.19)

X—>+00

Equations (3.11) and (3.12) and inequality (3.19) imply that there exists large enough
C; > 1 such that

Saola, b) < My(a,b)

for all 4, b > 0 with a/b € (C;, 00).
Case 2.4.0 < p <4/3. Let x > 0 and x — 0. Then making use of (1.1) and (1.3) together
with the Taylor expansion we get

SAQ(I, 1+ ?C) —Mp(l,l + x)

1/
1+ (1 + x)2 e(2+x) arctan[x/(2+x)]/x-1 _ |:1 + (1 + x)p:| i
2 2

= & +o(x?). (3.20)
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Equation (3.20) implies that there exists small enough 8; > 0 such that
Sao,1+x) > M,(1,1+x)

for x € (0,87).
Therefore, Theorem 3.2 follows easily from Cases 2.1-2.4 and the monotonicity of the

function p — M, (a, b). O
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