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parameter in the boundary conditions. By using fixed point index theory we give the
critical curve of eigenvalue A and disturbance parameter u that divides the range of
A and u for the existence of at least two, one, and no positive solutions for the
eigenvalue problem. Furthermore, by using fixed point theorem for a sum operator
with a parameter we establish the maximum eigenvalue interval for the existence of
the unique positive solution for the eigenvalue problem and show that such a
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we give estimates for the critical value of parameters. Two examples are given to
illustrate our main results.
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1 Introduction and preliminaries

Fractional differential equations have been extensively investigated in recent years, due to
a wide range of applications in various fields of sciences and engineering such as control,
porous media, electromagnetic, and so forth; see [1-18] and the references therein. Since
the integral boundary value problems can better describe the actual phenomenon, the ex-
istence of positive solutions for fractional integral boundary value problems has attracted
considerable attention, and fruits from research into it emerge continuously. For a small
sample of such a work, we refer the reader to [19-27] and the references therein.

On the other hand, the eigenvalue problems are one of the most active fields in differ-
ential equation theories, and the eigenvalue problems of nonlinear fractional differential
equations have been concerned by some authors; see [28—31]. Recently, [32] and [33] stud-
ied the fractional eigenvalue problems with integral boundary conditions and obtain some
interesting results. By the Guo-Krasnoselskii fixed point theorem Wang et al. [33] inves-
tigated the eigenvalue interval for the existence and nonexistence of at least one positive

© 2016 Wang and Guo. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://core.ac.uk/display/193686944?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1186/s13661-016-0548-0
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-016-0548-0&domain=pdf
mailto:wwxgg@126.com

Wang and Guo Boundary Value Problems (2016) 2016:42 Page 2 of 23

solution for the following eigenvalue problem:

CD%C,x(t) +Af(t,x(8)=0, O<t<lm<a<n+l,n>2,neN,
x(0) =x"(0) =x”(0) = - - - =& (0) = 0,
x(1) = £ [ x(s)ds,

where 0 < £ <2 andf € C([0,1] X R, R,). At the same time, when we apply the methods of
the differential equations to solve actual problems, it is inevitable that there always exists
disturbance that has great influence on the existence of solutions. Jia and Liu [34] studied
the following boundary value problem:

—CD‘(’)’+x(t) =f(t,x(), 0<t<l,
mi1x(0) — mx'(0) = 0,
myx(1) + mox' (1) = [, k(s)x(s) ds + a,

wherel <o <2,f € C([0,1] X R,,R,), mj,n; > 0,m? +n? >0,i=1,2,k € C(R,,R,),a € R,.
They discussed the impact of disturbance parameters a on the existence of positive so-
lutions by the method of upper and lower solutions, fixed point index theory, and the
Schauder fixed point theorem. Given the above, it is worthwhile to study the eigenvalue
problem of nonlinear fractional differential equations with nonlinear integral and distur-
bance parameter in the boundary conditions. To the best of authors’ knowledge, there are
few papers reported on this topic.

In this paper, we will study the following eigenvalue problem of a fractional differential
equation (FEP):

D2 x(t) + M (t,x(t)) =0, 0<t<l,
ax(0) — bx'(0) = 0, (1)
x(1) = [y k(s)g(x(s)) ds + i,

where CDg‘+ is the Caputo fractional derivative of order «, 1 < @ <2, A, > 0. Throughout
this paper, we assume that f € C([0,1] x R,,R,), g € C(R,,R,), k € C([0,1],R,), k # 0,
R, =[0,+00),a,beR,,a+b>0,and -5 <a - 1.

The FEP (1) seems to be studied for the first time. The purpose of this paper is to find
the critical curve of parameters A and p dividing the range of A and p for the existence
of at least two, one, and no positive solutions and to establish the maximum eigenvalue
interval for the existence of the unique positive solution for the eigenvalue problem. The
main tools used in this paper are fixed point index theory, the fixed point theorem of a
sum operator with a parameter, and a sufficient and necessary condition for the existence
of a fixed point for a concave operator. In particular, the positivity of a solution x(¢) of FEP
(1) means that x(¢) > 0 for ¢ € [0,1] and x(¢) > O for £ € (0,1).

The paper is organized as follows. In Section 2, we establish an operator equation that is
equivalent to FEP (1) and present properties of solutions of FEP (1). In Section 3, we obtain
the critical curve of A and p and establish an eigenvalue interval for the existence of at least
two, one, and no positive solutions for FEP (1) according to the range of the disturbance
parameter . These results show that the impact of the parameter p on the eigenvalue

interval for the existence of positive solutions and on their number. In Section 4, under
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some mild assumption, we establish the maximum eigenvalue interval for the existence of
the unique positive solution for FEP (1) and show that such a positive solution depends
continuously on the parameter A. In particular, we give estimates for the critical values of
parameters. Finally, two examples are given to illustrate our main results.

For convenience of the readers, we first present some basic notation and results that will
be used in the proofs of our theorems. We refer to [1-4] for details.

Definition 1.1 Let x: (0, +00) — R be a function, and « > 0. The Riemann-Liouville frac-

tional integral of order « of x is defined by

Igox(t) = ﬁ /0 (t - 5)*Lx(s) ds,

provided that the integral exists. The Caputo fractional derivative of order « of x is defined
by

C na _ 1 ! _ n—a-1,(n)
D0+x(t)-7r(n_a)/0 (t-s) x\(s) ds,

provided that the right side is pointwise defined on (0, +00), where n = [a¢] +1, n—1 < & < n,
and I' denotes the gamma function. If & = n, then CD%Qx(t) =2 (g).

Lemma 1.2 Ifx € AC"[0,1], then the Caputo fractional derivative CD‘éﬁx(t) exists almost
everywhere on [0,1], where AC"[0,1] = {x € C""'[0,1] | x”"~V is absolutely continuous}, and
n is the smallest integer greater than or equal to «.

Lemma 1.3 Ifx € C"[0,1], then
Ig. CD‘(’,Zx(t) =x(@t)+Co+ Cit + Cit? + -+ Cpyt™,
where n is the smallest integer greater than or equal to o.

In the rest of this section, we present some notation and some known results on cone
theory. We refer to [35, 36], and [37] for details.

Let E be a real Banach space partially ordered by a cone P C E, thatis,x < yiffy—x € P.If
x < yand x # y, then we write x < y or y > x. By 0 we denote the zero element of E. A cone
P is said to be normal if there exists a positive number N, called the normal constant
of P, such that & < x <y implies ||x|| < N||y||. For u,v € E, u < v, denote [u,v] = {x € E |
u<x<vj

Given e >0 (i.e., e € Pand e #0), set

P, = {x € E | there exist [; = [1(x) > 0,1, = [r(x) > 0 such that jle <x < lze},
P = {x € E | there exists [ = [(x) > 0 such that 0 <x < le},
then P, C P; C P.

Let D C E. Anoperator T : D — E issaid to be increasingifforx,y € D,x <y = Tx < Ty.
An element x* € D is called a fixed point of T if Tx* = x*.
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Lemma 1.4 ([35, 36]) Let P be a cone of E, and Q2 be a bounded open subset in E with
0 € Q. Assume that T : PN Q — P is a completely continuous operator.

(i) If Tx # px forx e PNOQ and p > 1, then i(T,PNQ,P) =1.

(i) If Tx #x and | Tx|| > |lx|| for x € PN 02, then i(T,P N, P) = 0.

Lemma 1.5 ([37]) Let P be a normal cone of E, A, T : P — P be increasing and satisfy

(Gl) A(P.) C P} and A(rx) > rAx for x € P, and r € (0,1);

(G2) T(P,) C P, and there exists T € (0,1) such that T(rx) > r* Tx for x € P, r € (0,1).
Then there exists \* > 0 such that AMA + T has a unique fixed point x; € P, for A € [0,1*)
and has no fixed point in P, for A > \*. Moreover, such a fixed point x, has the following
properties:

(i) the recurrent sequence u, = MAu,_1 + Tu,1 (n=1,2,...) for any ug € P, converges
to xy, that is, lim,_, , ||#t, — %] = 0;
(ii) x; is increasing in A for A € [0, A%);
(iii) x, is continuous with respect to A for A € [0, 1*).

Lemma 1.6 ([37]) Let P be a normal cone in E, and T : P — P be an increasing operator.
Suppose that T(P,) C P, and for any r € (0,1) and [y, z] C P,, there exists n(r,y,z) > 0 such
that

T(rx) > r(1+n(r,9,2)Tx, Vx€[y,z],r€(0,1).

Then T has a unique fixed point x* in P, if and only if there exist u,v € P, such that u <
Tu < Tv < v. Moreover, for any initial value uy € P, and the recurrent sequence u, = Tu, 1
(n=1,2,...), we have lim,,_, , || ut,, —x*|| = 0.

2 Properties of positive solutions and equivalent operator equation
In this section, we will apply Lemma 1.3 to present the existence and uniqueness results
for a solution of a linear fractional boundary value problem; moreover, we present the
operator equation equivalent to FEP (1). This is important for our research.

We set E = C[0, 1], the Banach space of all continuous functions on [0, 1] with the norm
x|l = max{|x(¢)| | £ € [0,1]}. Let P = {x € C[0,1] | x(¢) > 0,¢ € [0,1]}. It is clear that P is a
normal cone with normal constant 1.

For y,z € C[0,1], consider the linear fractional boundary value problem (BVP)

D2.x(t) +y()=0, 0<t<l,
ax(0) — bx'(0) = 0, ()
x(1) = fol k(s)z(s) ds + .

Lemma 2.1 BVP (2) has a unique solution

1 t+b 1 t+b
x(t) = / Gt 9)y(s)ds + — f k)zl)ds + 1, ®
o a+b Jy a+b
where
1 [l gel g<g<p<1,
G- h (t-s) =s=t= (4)
(@) @ﬂﬁfLﬂ 0<t=<s=<l
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Proof From Lemma 1.3 we have
1 t
x(t) = ——— / (t - s)“’ly(s) ds + ¢y + cit,
['(a) Jo

1 t
x'(t) = TaoD /0 (t—5)"2y(s)ds + cy.

By the boundary conditions in BVP (2) we get

1 1 1
acy +bcy =0, ——— | A-9)"y(s)ds+co+c1 = / k(s)z(s)ds + 1.
() Jo 0

Hence,

1 1

a

1 1 1
=— [m /0 (1 -5)*y(s) ds + /o k(s)z(s) ds + u].

This means that

(&4}

at+b
pH

at+b !
Y /0 k(s)z(s) ds +

1
x(t):/ G(t,s)y(s)ds +
0

a+ a+

The proof is complete. O

Lemma 2.2 The function G(t,s) defined by (4) satisfies

(at + b)A —s)*7!
OSG(t,S)S W, t,SG[O,I],

and maxejo1) G(t,s) = G(s,s), s € [0,1].
Proof From (4) we easily see that

- (at + b)(1 —s)*!

Gbs) = = T @)

, t,se0,1].

For 0 <s<t <1, by (4) we have

0G(t,s) _ 1 <6l(1—S)”“1 o-1 )<(1_s)°“1( a

at () B M) \a+b

a+b (t- 8)2"" —(a— 1)) <0, (5)

which implies that

G(s,s) > G(t,s) >G(1,8) =0, 0<s<t<l. (6)
So, the continuity of G(¢,s) leads to

0 <G(ts) <G(s,s), 0<s<t<l

It is clear by (4) that also 0 < G(t,s) < G(s,s) for 0 <t <s <1. This ends the proof. [
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Lemma 2.3 Let y,z € C([0,1],R,). Then, for arbitrary given 0 < o < 1, the unique solution
x(t) of BVP (2) satisfies

x(t) > ye®)lxll, tel0,0],

where

b t+b
O<y= a0 T —0%r<1 and e(t)= &,
a+b a+b

t€[0,1].
Proof By Lemmas 2.1 and 2.2 we have
1 1

x(t) < e(t)[ﬁ ‘/0 (1 -9 y(s)ds + /0 k(s)z(s) ds + u], t€[0,1].

Moreover,
1 ! a-1 !
[lx]l < m/() (1-5)*"y(s)ds +/(; k(s)z(s)ds + 4. (7)
For 0 <s <t <o, (5) implies that
G(t,s) > G(o,s) = L (M(l —8)* (o - s)“l). (8)

M)\ a+b

This, together with

9G(0o,s) -1 o o
— = g (=97 =1-9"7) >0,
gives
1 (ac+b y
G(t,S)ZG(C’,S)zG(O’,O)ZTa)(m—ﬂ' >=m>0 (9)

and 0 < ¥ <1. From (3), (7), and (9) we have

t 1 1
x(t) > %/0 y(s)ds + e(t)(ﬁ/ﬁ 1 —s)*y(s)ds +/0 k(s)z(s)ds + u)

1 1
> ye(t) <% / (1 -9 y(s)ds + / k(s)z(s) ds + u)
a) Jo 0
>ye®)lxl, tel0,0].
This ends the proof. O

Lemma 2.4 A function x(t) is a solution of FEP (1) if and only if x(t) is a solution of the
integral equation

at

1 b 1
x(t) = A/O G(t,s)f(s,x(s)) ds + P :b (./o k(s)g(x(s)) ds + ,u). (10)
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Proof According to Lemma 2.1, it is evident that the solution of FEP (1) is the solution of
the integral equation (10).
On the other hand, if x € C[0,1] is the solution of (10), then

/ _ A ! o2 ar ! a-1
X (t) = Te-D /0 (t—9)**f (s, x(s)) ds + @ hr@ /0 1 -9)*"f(s,x(s)) ds

1
7 i’ 5 ( fo k(s)g (x(s)) ds + u).

It is easy to see that x’ € AC[0,1] and x € AC?[0,1]. From Lemma 1.2 we obtain that CD‘(’)‘+x

exists almost everywhere on [0, 1]. Noting that

+

Z d A ! = d a—
x UF_E(MA (t-s) 2f(s,x(s)) ds) =—)»%IO+1 (t,x(t)),

we can conclude that CD‘(’)‘+x(t) = —Af(t,x(¢)) and « is the solution of FEP (1). The proof is
complete. d

By Lemmas 2.3 and 2.4 we can get the following result.

Lemma 2.5 [fx € P\{0} is a solution of FEP (1), then x(t) > 0 for t € [0,1] and x(t) > O for
t € (0,1), that is, x(¢) is a positive solution of FEP (1).

For given 0 < 01 <03 <1, let

K = |{xeP|x(t) = yoe(®) 2. £ € [01, 051},

where y, = %242 _ o371, and e(t) is defined as in Lemma 2.3. It is easy to show that K C P

a+b

is also a cone in E.
Define the operators A, T},, C, ) : P — E by

1

(Ax)(2) = / G(t,9)f (s,x(5)) ds,

0
1
(Tux)(2) = (/ k(s)g(x(s)) ds + ,u>e(t),
0

(Cowx)(£) = 1(Ax)(2) + (T,x)(2).
It is clear by Lemma 2.4 that x is a solution of FEP (1) if and only if Cj;, ;% = .
Lemma 2.6 The operator Cy, ) : P — K is completely continuous.

Proof According to Lemma 2.3, it is easy to verify that C, ,,)(P) C K.
Let D C P be a bounded set. Then there exists a constant M > 0 such that ||x|| < M for

x € D. Since f and g are continuous, there exists a constant M; > 0 such that

max tk) <M, max g(k) < Mj.
te[o,l],Ke[o,M]f( ) <M KE[O,M]g( ) <M,
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Hence, from Lemma 2.2 we have

M 1 1
(Ax)(t) < I / (1-s)*tds, (T,x)(t) < M1/ k(s)ds+u, xe€D,
() Jo 0
that is, A(D) and T},(D) are uniformly bounded.
It is clear that G(t, s) is uniformly continuous on [0,1] x [0,1], which implies that for any

€ > 0, there exists §; > 0 such that
|Glt1,5) - Glt,5)] < —
,8) — ,8)| < ——
! 2 2M,

for t1,t, € [0,1] with |£; — £5] < 6; and s € [0,1]. Therefore,

1
[(Ax)(t1) — (Ax) ()] < / |G(t1,5) = G(t2,9)|f (5,%(5)) ds <€, x€D,
0

which means that A(D) is equicontinuous. Noting that

1
’(Tux)(tl)—(Tux)(tg)‘ < (M1/0 /<(S)d5+ﬂ)|t1—t2|, xeD,

we can show that B(D) are equicontinuous. Applying the Arzela-Ascoli theorem, we obtain
that A and T, are completely continuous. Moreover, C;, ,,) is completely continuous. This
completes the proof. O

3 Existence and nonexistence results
In this section, we apply Lemma 1.4 to establish the eigenvalue intervals for the existence
of at least two, one, and no positive solutions for FEP (1) according to the range of the
disturbance parameter p. We assume the following conditions:

(H1) f(¢ x) is nondecreasing in x € [0, +oo) for fixed ¢ € [0,1];

(H2) g(x) is nondecreasing in x € [0, +00);

(H3) there exists ro > 0 such that g(ro) fol k(s)ds < ro;

— 1 1 (%) b o .
(H4‘) 8o = hmmfxﬁwo ‘% > WW and f012 k(S) ds > 0;
(H5) foo :=limsup,_, , o MiNse(o;,0,] @ = +00.

In this section, we assume that f(£,0) #£ 0, ¢ € [0,1].

Lemma 3.1 Suppose that (H1) and (H2) hold. If x* € P is a fixed point of C; ) and A + . #
0, then x* # 0; moreover, x* is a positive solution of FEP (1).

Proof From (H1) and (H2) it is clear that

1
x*(t) = (C(A,M)x*)(t) > A/O G(t,5)f(s,0) ds + ue(t),

together with A + ; # 0 leads to x* # 6. It follows from Lemma 2.5 that x* is a positive
solution of FEP (1). This completes the proof. d

From Lemma 2.6 we have Cy, ,,)(P) C K. If (H1) and (H2) hold and X + p # 0, then by
Lemma 3.1, x* € K is not a fixed point of C, ), which implies that x* is not a positive
solution of FEP (1).
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Lemma 3.2 Suppose that (H1) and (H2) hold.
(i) If there exist Lo, o > O such that C,..) has a fixed point xo € K, then C, ) has a
fixed point x € K forany 0 <A <xo,0<pu <po, A+u#0.
(ii) If there exist Ay, jug > O such that Couuly) has no fixed points in K, then C, ) has no
fixed points in K for A > Ay, 1L > 1.

Proof From (H1) and (H2) it is easy to show that C, ;) : K — K is an increasing operator.
Forany 0 <X <Aipand 0 < pu < uo with A + u # 0, we have

(Cowx0)(t) < (Copupy¥0) () = xo(t), te[0,1].

Set wo = %0, W, = CoyWn-1, =1,2,..., then

1
wo(t) =wi(t) > - = wu(t) > > )»/ G(t,s)f (s,0) ds + pe(r).
0

By Lemma 2.6, {w,,} converges to a fixed point x of C( ;) in K.

It is evident that conclusion (i) implies conclusion (ii). This completes the proof. d
Denote f,,(x) = max;e[o,1).f (£, x) for x > 0. If (H1) holds, then f,,(x) > 0 for x > 0.

Theorem 3.3 Suppose that (H1), (H2), and (H3) hold. Then there exist Lo, o > 0 such
that C, ) has at least one fixed point x € K for 0 <A < Ao and 0 < p < o with A+ #O0.

Proof Setting

(ro — g(ro) [y k(s) ds)T (@ + 1) 0" g(ro) [y k(s)ds
= 0= )

*o 2in(r0) : 2

and wy(t) = roe(t), we have

)‘0 ! a-1 !
(C(x,u)wo)(t)ie(t)(m fo (1= " f (s, ro) ds + g(ro) /0 k(S)dS+uo>

)‘-Qfm(ro)
= e(t)<r(a 1)

1
+g(r0)/0 k(s)ds + /L()) =wo(t), te]0,1].

Let wy, = Ciuo)Wn-1, 1 = 1,2,.... Similarly to the proof of Lemma 3.2, we obtain that {w,}
converges to a fixed point x¢ of Cy, ;) in K. Applying Lemma 3.2, the proof can be com-
pleted. d

Theorem 3.4 Suppose that (H1), (H3), and (H4) hold. If g(x) is strictly increasing in x €
[0, +00), then there exist u* > 0 and A* : [0, u*] — [0, +00) satisfying

A(u)>0 as0=<p<pu’ (u)=0 asp=p", (11)

such that
(i) FEP (1) has at least two positive solutions for 0 < p < u* and 0 <k < A*();
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(ii) FEP (1) has at least one positive solution for 0 < pu < u*, A = A*(u) or u = u*,
0<A=sA* (U or0<u<u*A=0;
(iii) FEP (1) has no positive solutions for 0 < u < p*, A > A*(u) or u > p*, 1 > 0.

Proof We prove all statements by five steps.

Step 1. Set
A={u>0]3r>0,x, € Ks.t,Cpxn =%} (12)
and
u* =supA. @13)

By Theorem 3.3 we obtain that A is nonempty and 0 < u* < +o0. If u* = +00, then there
exists an increasing sequence {u,};°° C A such that lim,,_, .o tt, = +00. By (12) there exist
An >0 and %, € K such that C;,, ,,,)%» = %,. There are two cases to be considered.

Case 1. {x,,}* is bounded, that is, there exists a constant M > 0 such that ||x, | <M for

n=12,.... Then we have
M= ||x,| = ”C()»n,p.n)xn” > Up —> +00,

which is a contradiction.
Case 2. {x,}7* is unbounded, that is, there exists a subsequence of {x,};*, still denoted
by {x,,}7°°, such that lim,,_, ;o [|%,]| = +00.

Choose € > 0 such that g, — € > Wfi?k(s)ds' By (H4) there exists N7 > 1 such that

g(%) > (goo — €)x for x > Nj. Choose n; such that ||x,, || > yo({:z+f+b)Nl' Then
. Yo(aoi + b)
min %, (£) > ————— |l || > Ni.
telo1,02] a+b

Moreover,

o2 o2

k(s)g(xm (s)) ds > (g0 — €) / k() (s) ds

o]

Wl = 1C0o oo [ > /

51

Yolaoy +b) [
> ||y [1(goo = E)W . k(s) ds > [l II,
which is a contradiction. Consequently, 0 < i* < +00; moreover,
[0,u*) C A. (14)

Step 2. When u = iu*, we prove that there exist A > 0 and X € K such that Ci punx =%

By (13) there exists an increasing sequence {j,};* C A such that lim,,_, ;o0 (s, = #*. By
(12) there exist A, > 0 and x,, € K such that C,, ,.,,)%x = %,. Arguing similarly to Case 2, we
can show that {x,};*° is bounded, that is, there exists a constant M > 0 such that ||x, | <M,
n=1,2,.... Arguing similarly to Case 1, we obtain that {1,};* is bounded and denote
A =sup{r, |n=1,2,...}.
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On the other hand, from

1
(1) — (82)] < X f |G(t1,5) — Glta,5)|f (s, M) di
0

1
,aaznl (g(M) / k(s)ds + M)
0

a+b

it follows that {x,};*° is equicontinuous. By the Arzela-Ascoli theorem we conclude that
{x,}]> is relatively compact. Hence, there exist subsequences {1,,} C {X,} converging to
X >0and {%4,} C {x,} converging to x € K. Since

1 1
Xy (£) = Ay, / G(t, 9)f (8,%n,()) ds + e(2) (/ k(s)g(xn,(s)) ds + //,ni),
0 0

by taking the limit we have

o 1
x(t) = A/ G(t,9)f (5,%(s)) ds + e(t) </ k(s)g(x(s)) ds + /L*),
0 0
that is,
C(X,#*)J_C =x and xeK. (15)

Step 3. Let us define a function A* : [0, u*] — [0, +00) satisfying (11). For any given u €

[0, u*), set

Y, ={A>0]3x, € Ks.t, Cp %, = x5} (16)
and

() =sup Y. (17)

By a similar argument as for (14) we can obtain that 0 < A*(u) < +00 .

Next, we show that A*(u) € Y. By (17) there exists an increasing sequence {A,}7*° C
Y, such that lim,_, ;oo A, = A*(1). By (16) there exist x,, € K such that Cg,, %5, = %5,
Similarly, we can obtain that there exists a subsequence {x;,, } C {x3,} convergingtox* € K
and

x*(8) = (Corguwx”) (©).
From (16) we have 1*(i) € Y,,. Lemma 3.2 implies
(0, ()] =T 0=<p<p* (18)
When pu = u*, set

Tﬂ* ={A>0]|3x, eKs.t, C(,\,,L*)x,\ =%} (19)
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AF (u*) =sup Y». (20)
Then, we can show that 0 < A*(u*) < +00 and A*(u*) € Y%, that is,
[0, 2% (1*)] = Ty (21)
By the preceding discussion we obtain that ©* > 0 and that the function A* : [0, u*] —
[0, +00) defined by (17) and (20) satisfies (11).
Step 4. It is evident by (14), (15), (18), (21), and the discussion of Step 2, together with
Lemma 3.2. that conclusions (ii) and (iii) hold.
Step 5. We prove conclusion (i), that is, that FEP (1) has at least two positive solutions

for0 <pu<pu*and 0 <A < A*(u).
Given u € [0, u*) and A € (0,A*(w)), let x* € K be a fixed point of Cx(,,),.). Then

1 1
(C(A,M)a'c*)(t) < A*(,u)/o G(t,s)f(s,o'c*(s)) ds + (/0 k(s)g(a'c*(s)) ds + M) e(t) = x*(¢t).

Similarly to the proof of Theorem 3.3, we obtain that C; ,) has at least one fixed point
xf € K and x5 (t) <x*(¢) for £ € [0,1]. Let

Q1 = {x e K | x(t) <x*(¢), ¢ € [0,1]}.
Then €2; is a nonempty open bounded set in K. Let us prove that

Indeed, noting that ¥} € K and &} (¢) < x*(¢) for ¢ € [0, 1], we only need to prove that x}(£) <
x*(¢) for t € [0,1]. If x5 (¢) = x*(¢) for ¢ € [0,1], then

1 1
0= (A*(,u) - A) /o G(t, s)f(s,xi‘(s)) ds > (A*(M) - A) /o G(t,s)f(s,0))ds > 0,

which is a contradiction. So x{ # x*. There are two cases to be considered.
Case 1. There exists £y € [0,1) such that %] (fy) = x*(ty). This means that

1
/0 G(to,s)()»*(u)f(s, 5c*(s)) - kf(s, xi‘(s))) ds
1
= e(to)/0 k(s)(g(xf(s)) —g(a’c*(s))) ds. (23)

It is easy to check that
the left side of (23) > (A*(u) — A) fol G(2o,s)f (s,x*(s))ds > 0, and
the right side of (23) = e(zy) fol k(s)(g(xy(s)) — g(x*(s))) ds <0,
which is a contradiction.
Case 2. If x{(¢) < x*(¢) for t € [0,1) and x7 (1) = x*(1), then

1
/0 k) (g(x1()) - g( () ds = 0,
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which implies that g(x](t)) = g(x*(¢)) for ¢ € [0,1). This contradicts the fact that g(x) is
strictly increasing in x. So (22) holds.
Now, we find the second positive solution of FEP (1). Set

F(t x(t)) — f(t,ﬁ_C*(t))7 x(t) >x*(t)7
’ f&x(),  0<x(t) <x*(t),

G(x(0) - |EF D) 0 >0,
g(x(t))’ 0< x(t) < x*(t)

Consider the following fractional boundary value problem:

D%, x(t) + AF(£,%(£)) =0, 0<t<l,
ax(0) — bx'(0) = 0, (24)
x(1) = [, k(s)G(x(s)) ds + pu.

Lemmas 2.4 and 2.5 imply that x is a positive solution of FEP (24) if and only if x is a
positive fixed point of the operator C(; ) defined by

(E(A,ll)x)(t) =A /01 G(t,s)F(s,x(s)) ds + (/ol k(s)G(x(s)) ds + u)e(t), xeK. (25)
Since F and G are bounded, there exists R > ||x*|| such that

IIa,\,M)xH <R, xek. (26)
Set

Kg={x e K| |Ixll <R}.

Then Q; C Ki. Similarly to the proof of Lemma 2.6, we can show that E(A,m :Kp— Kisa
completely continuous operator. By (26) and Lemma 1.4 we have

i(Cipyy Kpy K) = 1.

We assert that 6()»,;1) has no fixed points in Kz\;. Indeed, if y*(t) € K is a fixed point of
C3,)» then by the definition of F and G we obtain

1 1
y(@t) = A/ G(, 9)F(s,5"(s)) ds + (/ k(s)G(y*(s)) ds + u)e(t)
0 0
1 1
< )‘*(IL)/ G(t, s)f(s,;c*(s)) ds + </ k(s)g(;c*(s)) ds + u) e(t) = x*(8),
0 0

which implies that y* € ©;. Note that C( ,)x = C, % for x € @, and from the proof of
(22) we have y* € Q;. Hence, by the excision property of the fixed point index we have

i(C(A,/,L)r S.2171() = i(E(A,u)! th() = i(E(A,u))I(R! I() =1L (27)
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Choose € > 0 such that g, — € > m. By (H4) there exists R’ > R such that

g(x) > (goo —€)x forx > R'. Let

a+b
Q, = K - R}
) {xe (||x||<yo(ml+b) }

Noting that R< R’ < mRZ we have Q; C Q.

For x € 092, noting that min,c[s,,5y] ¥(t) > yoe(o1) %]l > R, we have

(Cop)(0) = e(t) / " k(s)g(x(s)) ds > (g0 — €)el?) / " k(s)(s) ds

_ (@01 + b)yo(geo — Delt)Ix]] [

k(s) ds,
a+b o (s)ds

which means that

(ao1 + b)(geo — E)vollxll [
a+b o

ICoxll = k(s)ds > ||x]|.

By Lemma 1.4 we have
i(Co, ), 22,K) = 0.

According to the additivity of the fixed point index, we get
i(Cou» Q\Q1,K) = i(Co s Q2,K) = i(Cpp > 21,K) = -1,

which implies that C,,) has at least one fixed point x in ©,\;. Therefore, FEP (1) has
another positive solution x5. The proof is complete. O

Remark 3.5 We can give an estimate for the critical value ©* in Theorem 3.4. In fact,
letting wy = rge, from the proof of Theorem 3.3 we have C,,,ywo(£) < wy(¢), provided that

)"fm(r'O)
Ta+1)

1
g(ro)/ k(s) ds + . < ro.

0
Hence, for 0 < pu < rog — g(ro) fol k(s) ds, there exist

_ (o —glo) Jy K9y ds - )T+ 1)
) B

A

and x, € K such that C;; ,)x; =x; and A +p > 0. Thatis, [0, 9 —g(ro) fol k(s) ds) C A, which
means that

1
W g [ kO ds
0
In particular, if 0 < u < ry — g(ro) fol k(s)ds, then

(ro —g(ro) fy k(s)ds — j)I'(cr +1)

M) = )
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Similarly to the proof of Theorem 3.4, we obtain the following result.

Theorem 3.6 Suppose that (H1), (H2), (H3) and (H5) hold. Then, there exist \* > 0 and
w*:(0,A*] — [0, +00) satisfying

w*(A)>0 for0<ai<r¥, wA)y=0 forr=»xr",

such that:
(i) FEP (1) has at least two positive solutions for 0 < A < A* and 0 < p < u*(1);
(ii) FEP (1) has at least one positive solution for 0 <k < A*, = u*(X), or A = A*,
O0<pu=<p*(1),or0<A<A*u=0;
(i) FEP (1) has no positive solutions for 0 < A < A*, > pu*(A) or A > 1%, u > 0.

Remark 3.7 Fengand Zhang [38] studied the existence of solutions for the operator equa-

tion
Tx=x, x€DPy,,

where X, is the positive cone of an ordered Banach space X, and
Py ={xe X, |x= |xlluo}, uo€X,,lluoll <1

is a subcone of X,, and obtained some meaningful conclusions, which can be applied to an
abundance of concrete problems. Note that the cone K used in this paper is not a particular
case of the cone P,; our results in this paper differ from the applications of the abstract
results in [38].

4 Uniqueness and dependence on parameter
In this section, we apply Lemmas 1.5 and 1.6 and the cone theory to further study the
maximum eigenvalue interval for the existence of the unique positive solution for FEP (1)
and the dependence of such a positive solution on the parameter A for given u > 0. We
need the following hypotheses:

(H6) forany r € (0,1) and x € [0, +00), f (¢, rx) > rf(t,x) for ¢ € [0,1];

(H?7) for any r € (0,1) and x € [0, +00), g(rx) > rg(x);

(H8) lim,_, ;00 g(x) < +00;

(H9) there exists a constant k € (0,1) such that

ft,rx) = rf(t,x), Vtel0,1],r€(0,1),x € [0,00).

Let e(t) = ‘;t:;’ . Define P, and P} as in Section 1 and the operators A and 7, as in Sec-

tion 2.

Lemma 4.1 Assume that (H1) and (H2) hold. Then

(i) A:P— Pisan increasing operator, and A(P) C Pj;

(ii) T, :P — P isan increasing operator, and T,,(P) C P, for u > 0;
moreover, Cg, ) : P — P, is increasing for A > 0 and u > 0.
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Proof From Lemma 2.2 we have

(—)al

0 < (Ax)(t) < e(t) / ———f(s,%(s)) ds, VxeP,

pe(t) < (T,x)(t) < e(t)(/o k(s)g(x(s)) ds + u), VxeP,u>0.

This, together with (H1) and (H2), completes the proof.
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O

Lemma 4.2 Assume that (H7) and (H8) hold. Then for given i > 0, there exists t € (0,1)

such that

T,(rx)>r"Tyx, x€P,re(0,1).

Proof ltis easy to show from (H8) that the function g is bounded, that is, there exists M > 0

such that
gx) <M, xel0,+00).

Lett = Mf"i ;then 0 < 7 < 1. Set
w Mf()k(

T

1_
Wr)=—" re(0,1),
rt—r

By straightforward calculations we get that dh ’)

1
1-77 1-77 k(s)g(x(s)) ds
o tim L T S KORBds o ep,
Fo—r rol-pT—p 1-71 w
that is,

1 1
o+ r/ k(s)g(x(s)) ds > r" (M + / k(s)g(x(s)) ds), re(0,1),x €P,.
0 0

From (H7) we have

1
T, (rx)(t) > e(2) (u + rf k(s)g(x(s)) ds) > r (Tx)(¢), re(0,1),x€P,.
0

This completes the proof.

<0 for r € (0,1). This means that

(28)

O

Lemma 4.3 Assume that (H1), (H2), (H6), (H7), and (H8) hold. Then for any r € (0,1) and

x € P,, there exists n(r,x) > 0 such that
Cop(rx) = r(l + n(r,x))C@,M)x

for x>0 and > 0.
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Proof Take

(r -1
Af()l (l’s)a)flf(s, llxl) ds +Mf01 k(s)ds +

I'(a

, re(0,1),xeP, (29)

n(r,x) =

where M is given by (28); then n(r,x) > 0. Then, from (H1), (H2), (H6), and Lemma 4.2 we
have

Cou) (rx)(2) = raAx(t) + r* Tyx(t) = rCp, x() + (r’ - r),ue(t)

> r(l +n(r, x))C(A,H)x(t), re(0,1),x € P,.
This completes the proof. d

Remark 4.4 By Lemma 4.1 we have C ,)(P) C P.. This means that if x is not a fixed
point of C,,, in P, then x is not a fixed point of Cy , in P. So, in this section, we study
the existence and nonexistence of the unique fixed point of C; ) in P,.

Theorem 4.5 Assume that (H1), (H2), (H6), (H7), and (H8) hold. Then for any given 11 > 0,
there exists A*(w) > 0 such that FEP (1) has a unique positive solution x;_for A € [0, A* (1))
and has no positive solution for . > L\*(u). Furthermore, such a solution x;, satisfies the

following properties:
(i) for any uy € P, setting u,(t) = A fol G(2,8)f (s, u,-1(s)) ds + e(z,‘)(fo1 k(s)g(u,1(s)) ds +
w),n=12,..., we have lim,_, o ||u, — x| = 0;

(ii) = is increasing in A for A € [0,1*(1));
(ili) x5 is continuous with respect to A for 1 € [0, A*(u)).

Proof Given p >0, Lemma 4.1 and (H6) imply that A satisfies condition (G1). It is easy to
see by Lemmas 4.1 and 4.2 that T}, satisfies condition (G2). Consequently, Theorem 4.5
follows from Lemma 1.5. The proof is complete. d

Now, for given p > 0, we estimate the critical value A*(x) in Theorem 4.5. If (H1) and
(H6) hold, then

f(t,%)
T <ft1 < tlél[aa’)f]f(t,l), x>1,t€[0,1].

ftx)

€ [0, +00).

Moreover, Fy, :=limsup,._, , . MaXsc[o,1]

Theorem 4.6 Assume that (H1), (H2), (H6), (H7), and (H8) hold. Then for any u > 0,

(a+1) 0<F 00
W)= PR TSR ST (30)
= +00, Fy =0.

Proof Given p > 0, Lemma 4.3, together with (29), implies that all the conditions in
Lemma 1.6 are satisfied. For A > 0, according to Lemma 1.6, C3,,,) has a unique fixed point
in P, if and only if there exist u;, v, € P, such that

u) < Cowitn, < Coyva < Vs
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Take u; = Cp, )0, where 0(£) = 0; then u;, € P,. If there exists v, € P, such that C v, <

vy, by the increasing property of C, .,y and 6 < v, we have
Coumb =up < Copwmn < Copvi < Vi

Therefore, C; ;) has a unique fixed point in P, if and only if there exists v, € P, such that

C()»,;/.)V)» <v,. Set
A ={X > 0] there exists v, € P, such that C v, <v,}.

Then C,, has a unique fixed point in P, if and only if A € A. Moreover, by Theorem 4.5

it is easy to see that
Af(u)=supA and A*(u) ¢ A.

On the other hand, for any € > 0, by Lemma 4.2 and the definition of Fy there exists
ro € (0,1) such that

1 1 1
r(l)"eg Tye< ——e and f(t,—) < —(Fx +€), r<rytel0,1].
2ry " r r

Set w(t) = %e(t). Then

e(t) (! ol 1 e(t)(Foo +€) (Fx +€)
(Aw)(t) < @ /0 (IL-s) f(s, %) ds < T+ D) < T+l w(t),

1 1 1
(T,w)(t) < %(T/Le)(t) = We(t) = Sw(?).

2
Taking A, = 21(;::2), we have
(Foo + €)A 1
(Coeyw)(t) = Le(Aw)(8) + (T, w)(F) < F(TJrl)ew(t) + Swlt) =wle).

Therefore, from the definition of A we obtain that A, = 2{;2‘:2) € A, thatis, A*(u) > 21;;;":2) ,

which implies that (30) holds. This completes the proof. d

Corollary 4.7 Assume that (H1), (H2), (H7), (H8), and (H9) hold. Then for given u > 0,
FEP (1) has a unique positive solution x, for A € [0, +00). Furthermore, such a solution x;
satisfies the following properties:
(i) for any uy € P, setting u, = Mu,_y + Tyu,y (n=1,2,...), we have
limy, o0 |26, — 5. || = 0;

(ii) x; is nondecreasing in X for A € [0, +00);

(ili) «x; is continuous with respect to A for A € [0, +00);

(iv) iff(¢,1) $#£0, then lim; o4 [|%) — x|l = 0 and lim; o ||, || = +00, where x,, is the

unique fixed point of T,, in P,.
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Proof 1t is clear that (H9) implies (H6) and

F = lim sup max ACL) =0
x— 100 tEl01] X
Applying Theorem 4.5 and Theorem 4.6, we complete the proofs of the all conclusions
except (iv).
Next, we prove (iv). It is obvious from conclusion (iii) that lim,_, o, [lx, —x, || = 0. Noting
that x; (t) = (Cp, %) () > we(t), from (H1) and (H9) we have

1 1
x5 (£) > )L/ G(t, s)f(s, ,ue(s)) ds > Amin{,u,l}/ G(t,s)e(s)f (s,1) ds.
0 0

Hence,

1
Jal = hmin(, 1) max |Gt e (s, D,
te[0,1] 0

which means that lim; _, , ||%; || = +00. This ends the proof. 0

When g(x) is a constant function ¢ (> 0), it is evident that g satisfies (H2), (H7), and
(H8). For given > 0, T, x(t) = (¢ fol k(s)ds + we(t) := x,,(t). We can obtain the following
results.

Corollary 4.8 Assume that (H1) and (H6) hold. If F, > 0, then, for given p > 0:
(i) there exists \M*(u) > %;1) such that FEP (1) with g = ¢ has a unique positive
solution x; for A € [0,A* (1)) and has no solution for & > A*(i). Moreover, for any
uy € P, setting u, = %, + Mu,_1 (n=1,2,...), we have lim,_, ||t — %, || = 0;
(ii) x, is nondecreasing in A for A € [0, 1*(w));
(i) w, is continuous with respect to A for A € [0, 1*(w)); moreover, lim, _, o, [|%; — %, || = 0.

Corollary 4.9 Assume that (H1) and (H6) hold. If F, = 0, then, for given 11 > 0:
(i) FEP (1) with g = ¢ has a unique positive solution x, _for any A € [0, +00); moreover,
for any ug € P, setting u, = x,, + Mu,1 (n=1,2,...), we have lim,,_,  ||u,, — %, ]| = 0;
(i) x; is nondecreasing in X for A € [0, +00);
(iif) x, is continuous with respect to A for A € [0, +00);
(iv) limy_ o llxx — %, || = 0 and limy _, o |2, || = +00.

Corollary 4.10 Assume that (H1) and (H9) hold. Then conclusions (i), (ii), (iii), and (iv) in
Corollary 4.9 hold.

Remark 4.11 In the particular case of o = 2, FEP (1) can be regarded as the following
second-order boundary value problem:

x"'(t) + Af(5,x(t) =0, 0<t<l,
ax(0) — bx'(0) = 0,
x(1) = [, k(s)g(x(s)) ds + p,

and all the results in this paper still hold. However, our research does not contain the case
of FEP (1) with « = 1. Zhang and Cheng [39] studied the existence and nonexistence of
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positive periodic solutions for the first-order coupled functional differential system de-
pending on two parameters

¥ (t) = —ar (£)x(t) + Ak (s)fi (x(£ = 7 (8)), y(£ = 01(2))),

31
y'(£) = —ax ()y(t) + ks (s)fa(x(t — 72(2)), y( = 02(2))), Gy

where a;, k;, T;, 0; are continuous w(> 0)-periodic functions, f;, k; are positive continuous
functions, and fow a;(t)dt > 0, i = 1,2, and obtain some interesting results. In compari-
son with [39], we are concerned with the eigenvalue problem of fractional o (1 < o <2)
order differential equations (1) with a disturbance parameter in the boundary conditions,
which is different from the first-order differential system (31) in [39]. In addition, we study
not only the existence and nonexistence of positive solutions, but also the existence and
uniqueness of positive solutions for FEP (1).

5 Examples

In the section, we give two concrete examples to illustrate our main results.
Example 5.1 Consider the FEP

Dizx(t) + A (t,x(t)) =0, 0<t<l,
%(0) — 4x'(0) = 0, (32)
x(1) = fol 105 (sx(s))* ds + pu,

where
t3(x+l)% 0<x<1
) x 2
fex)=1 Ve
[SE: x>1,

thatis, @ =1.5,a =1, b = 4, g(x) = x%, and k(t) = 55 ¢*. Evidently, -%4; <o -1, f € C([0,1] x
R,,R,), f(t,0) # 0, g € C(R,,R,), k € C([0,1],R,), and k # 0. It is easy check that (H1)

holds and g(x) is strictly increasing in x € [0, +00). Note that

lim sup@ = +00, lim ‘@ =
x—>+00 X r—>0 r

0. (33)

Therefore, (H3) and (H4) are satisfied. From Theorem 3.4 we obtain that there exist u* > 0
and 1*: (0, u*] — [0, +00) satisfying

A(u)>0, 0<p<pus, A(u) =0, r=p%

such that:
(i) FEP (32) has at least two positive solutions for 0 < p < u* and 0 < A < A*(u);
(ii) FEP (32) has at least one positive solution for 0 < u < u* and A = A*(u);
(iii) FEP (32) has no positive solutions for 0 < pu < u*, A > A*(u) or u > p*, 1 > 0.
Next, we estimate the critical values u* > 0 and A*(u) for u € [0, u*]. It is clear that

1 1
O<r —g(r)/ k(s)ds <150 —g(150)/ k(s)ds=75, 0<r<300,
0 0
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and

fn(r) = max f(t,r) = 6

te[0,1] r
\/; r>1.

Take ry = 150; then ro — g(ro) fol k(s)ds = 75. From Remark 3.5 we have u* > 75 and, for
0=<u=<75

(75— W)/3I'(2.5) _3v/2m(75 - 1)
V150 B 40

Example 5.2 Consider the FEP

A () =

CD%C,x(t) + kf(t,x) =0, O0<t<l],

lx(O) - lx’(O) (34)
M ds + i

where 1.1 <@ <2 and

Lx, 0<x<1,
fltx) =13
e+ Vx), x>1,

that is, a = %, b=1,¢(x) = 1>, and k(¢) = t. Evidently, %> <a -1, f € C([0,1] x Ry, R,),
g€ C(R,,R,), ke C([0,1],R,), and k £ 0. It is easy check that (H1) and (H2) hold. For any
re(0,1),

for 0 <x <1, we have f(¢,rx) = %x =rf(t, x);

ifx>1and 0 <rx <1, then we have f(t,rx) = Sx > Z(3x+ 1/x) > Z(x + /x) =

rf (t,%);

if x >1and rx > 1, then we have f(¢,7x) = £(rx + /rx) > x+f\/— > rf(t,x),
that is, f(¢t,rx) > rf(t,x) for x € [0,+00) and ¢ € [0,1]. Hence f satisfies (H6). It is easy to
check that g satisfies (H7) and (H8). By Theorem 4.5 we obtain that for given u > 0, there
exists A*(u) > 0 such that FEP (34) has a unique positive solution x; for A € [0, A*(1)) and
has no positive solution for A > 1*(u). Moreover, such a solution «; satisfies the following

properties:
(i) for any ug € P, setting u,(t) = )‘fo (t, sf(s, Uy 1( )) ds + e(t) fo k(s)g(u,-1(s)) ds +
w),n=12,...,wehave lim,_, o ||u, — x| =

(ii) &, is increasing in A for A € [0, 1*(1));
(iii) «; is continuous with respect to A for A € [0, A*(u)).
Next, we apply Theorem 4.6 to estimate the critical values A*(u) for 1« > 0. Note that

t, 1
F =limsup max AULY =—.
x—+o00 t€[01] X 6

Then A*(u) > ‘“U =30 (a +1) forall u>0.
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