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1 Introduction

Many authors have studied the blow-up solutions, global existence, and exponential de-
cay estimates of nonlinear parabolic problems (see, for instance, [1-14]). In this paper, we
investigate the following second order parabolic problems with Dirichlet boundary con-
ditions:

k() =V - @w)Vu) +f(u), (x,t) €D x(0,T),
u=0, (x,8) € 0D x (0, T), (1.1)
u(x,0) = h(x), xeD,

where D C RN (N > 2) is a bounded convex domain with smooth boundary aD € C?*,
T is the maximal existence time of u, and D is the closure of D. Set R* := (0, +00). We
assume, throughout the paper, that f(s) is a nonnegative C'(R*) function, f(0) = 0, g(s) is
a positive C2(R*) function, g'(s) < 0 for any s € R*, k(s) is a C*>(R*) function, k'(s) > 0 for
any s € R+, and /(x) is a nonnegative C?(D) function, /(x) 0 for any x € D. Under these
assumptions, it follows from the maximum principle [15] that u(x, ¢) is nonnegative.

Some special cases of the problem (1.1) have been discussed already. Payne et al. in [16]
dealt with the following problem:

ur=Au+f(u), (xt)eDx(0,T),
u=0, (x,£) € 0D x (0, T),
u(x,0) = h(x), xeD.
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They established conditions on data sufficient to preclude blow-up and to ensure that the
solution and its spatial gradient decay exponentially for all £ > 0. In [17], Enache researched
the following problem:

uy =V - (gu)Vu) +f(u), (xt)eDx(0,T),
u=0, (x,£) € 0D x (0, T),
u(x, 0) = h(x), x€D.

His purpose was to establish conditions on the data sufficient to guarantee blow-up of
solution at some finite time, conditions to ensure that the solution remains bounded as
well as conditions to derive some explicit exponential decay bounds for the solution and its
derivatives. Some authors also discussed blow-up phenomena for parabolic problems with
Dirichlet boundary conditions and obtained a lot of interesting results (see, for instance,
[18-24]).

In the process of heat conduction and mass diffusion, many problems can be summa-
rized as the problem (1.1). Therefore, in this paper, we study the problem (1.1). By con-
structing auxiliary functions and using maximum principles, the sufficient conditions for
the existence of the blow-up solution, the sufficient conditions for the global existence of
the solution, an upper bound for the ‘blow-up time, and some explicit exponential decay
bounds for the solution and its derivatives are specified. Our results extend and supple-
ment those obtained in [16, 17].

We proceed as follows. In Section 2 we study the blow-up solution of (1.1). Section 3
is devoted to the global solution of (1.1) and the explicit exponential decay bounds for
the solution. The explicit exponential decay bounds for the derivatives of the solution are
given in Section 4. A few examples are presented in Section 5 to illustrate the applications
of the abstract results.

2 Blow-up solution
In order to get the sufficient conditions for the existence of the blow-up solution, we define

the following functions:
F(u) ::/0 f(s)g(s)ds, G(u) ::2/0 sg(s)k'(s) ds,
A(t):= /D G(u(x,t))dx,  B(t):= /D <F(u)—%g2(u)|Vu|2) dx.

The following theorem is the main result for the blow-up solution.

Theorem 2.1 Let u be a classical solution of the problem (1.1). Suppose we have the follow-
ing.
(i)
(g(s)k/(s)), <0, sf(s)g(s) > %(4 +a)F(s), seR", (2.1)

where « is a positive constant.
(i)
lim s%g(s) = 0. (2.2)

s—>0*
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(iii)
B(0) = / (F(h) - %gz(h)|Vh|2) dx > 0.
D

Then u(x,t) must blow up at some finite time t* < T and

— 4 -1
Tim oy AOBT(0) < oo

Proof Making use of the differential equation (1.1), of the divergence theorem, of the fact
that ¢’ <0 and of the assumption (2.1), we have

At) = 2/gk/uutdx:2/fgudx+2/gu(gAu +¢|Vul*) dx
D D D
= Z/fgudx—2/gg’u|Vu|2dx—2/g2|Vu|2dx
D D D
22/fgudx—2/g2|Vu|2dx
D D

> (4+a)/D<F(u)—%g2(u)|Vu|2) dr + %fl)gz(u)Wulzdx

> (4 + a)B(t). (2.3)
It follows from the divergence theorem that
B(t) = /l;(fgut - g¢'|VulPu, - gVu - Vu,) dx
= /D(fgut - g¢/|VulPu;) dx + Z/Dgg/IVuFutdx— /z; V(g*u;) - Vudx
= /fgut de + / 24 |Vul*u, dx + f gru Audx
D D D
= /Dgut(f +¢|Vul® + gAu) dx
= /I;)gk/(ut)2 dx > 0. (2.4)
Consequently, B(¢) is a nondecreasing function in ¢ and
B(t) = B(0) = 0.

By the Schwarz inequality, (2.3), and (2.4), we have
o , A/z , 2 / 2 /2
1+—JAB< — = gluudx ) < | gk'(u)”dx | gk'u”dx
4 4 D D D
= B/(t)/gk’u2 dx.
D

It follows from (2.1) and (2.2) that
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A(t) = / G(u)dx = 2/ (/usg(s)k’(s) ds> dux
D p\Jo

= f (g(u)k/(u)uz— / u(g(s)k/(s))/s2 ds) dx
D 0

> / gk'u® dx.
D

Thus,
o / /
(1 + —)A B<AB,
4
which implies

d -1-7) >
E(BA )=0. (2.5)

With (2.3) and (2.5), we get

4
_oe(a +4)

(A7%) = alﬂA’A‘l‘% >BA T > M= B(O)[A(O)]_l_%. (2.6)

Integrate (2.6) over [0,£] to get

[A@]f <A f - et

Mt,
which cannot hold for

4
t>T

o -1
=T= s 4)A(O)B (0).

Hence, u(x, t) must blow up at some finite time ¢* < T. The proof is complete. d
3 Global solution

In order to get the sufficient conditions for the existence of the global solution and the

explicit exponential decay bounds for the solution, we suppose the following:

S(FOEE) + 29 = fOgls), seR’, G1)
£6) L (KO _ _
K =P k,(s)(g(s)) =4l s 52

where p(s) and ¢(s) are nondecreasing functions of s. Since the solution of problem (1.1)
might blow up in a finite time ¢*, the solution exists in an internal (0, y) with y < ¢*. Further
we define

Uy = max u(x,t) (< +00).
Dx(0,y)

Next, we give two lemmas from which the main results of this section are derived.
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Lemma 3.1 Let u be a classical solution of the problem (1.1). Suppose that (3.2) holds and

[V (gW)Vh) +f(h)] <0, xeD, (3.3)
where c is a positive constant. Then

—c<gu; <0, (x,t)eDx(0,y). (3.4)
Proof Construct an auxiliary function

z(x, t) := g(u)uy, (3.5)
from which we have

Vz =g Vuu, +gVu,

Az=g"|Vul*u, +2¢'Vu, - Vu + g Auu, + gAuy, (3.6)
and
2 = g (u)* + guy = g (ur)? +g(£ Au + g,|Vu|2 + L)
KT R ),
=g (u)* + (‘%/ - g:j)Auut + %Aut + (g% - gi’,/;") |Vl o, + 2%Vut -Vu
+ (J% _fi];/>ut, (3.7)

It follows from (3.5), (3.6), (3.7), and the first equation of (1.1) that

g f/ 1 (K , 2 0 3.8
AZ Z Z Z - . .
/(, t /(, k’(g) ( )

The comparison principle [15], (3.2), (3.3), and (3.8) imply (3.4) holds. The proof is com-
plete. O

In the following, we use the first Dirichlet eigenvalue A; of the Laplacian and the corre-

sponding eigenfunction ®; for a region D D D:

{Adh(x) + 2 P1(x) =0, xe D, (3.9)

d(x) =0, x € dD.

Further since ®;(x) is determined up to an arbitrary multiplicative constant, we can nor-

malize ®;(x) by

max ®;(x) =1. (3.10)
b
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Lemma 3.2 Let u be a classical solution of the problem (1.1). Suppose that assumptions
(3.1), (3.2), and (3.3) hold and

K(s)\ +
(g(s)) =0 seR

(3.11)
Then u(x, t) satisfies the following inequality:
0 <u(x,t) <Tiexp _g(um) A — () t|, (xt)eDx(0,y), (3.12)
k' (m) UG (th)
where
h
I:= max ch(ZZ) < +00. (3.13)

Proof Construct the following auxiliary function:

v(x, £) == u(x, ) exp <— %t) .

Here, (3.1) and the fact that ¢’ < 0 imply

(&) >0, seR". (3.14)
sg(s)

It follows from Lemma 3.1, (3.11), and (3.14) that

K (1) Fum) N\ Kl fl)
(AV"gwm>”>exp(umk«umf)"A”"gum»”f+umgum)”

RO )

> Au U = |Vu|2 > 0.
gw) " gw)  g(u)
Thus, we have
Av— 1;((::))% >0, (¥t eDx(0,y),
v(x,t) =0, (x,t) € 9D x (0, y), (3.15)
v(x,0) = h(x), xeD.
Let
A
w(x, t) := TPy (x) exp| — 18(04) t). (3.16)
K ()
With (3.9), (3.13), and (3.16), we have
Aw — Z((:Z)) wy =0, (x,t) e D x (0,y),
w(x,t) >0, (x,t) € 3D x (0,y), (3.17)
w(x,0) = T1®P;(x) > h(x), xeD.
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It follows from (3.15), (3.17), and the comparison principle that

v(x, ) < w(x, ),

which implies

u(x, t) <1 P1(x) exp|:— g,(MM) (Al - J(n) )t] (3.18)
With (3.10) and (3.18), we derive (3.12). The proof is complete. a

Next, we can get Theorem 3.1 from Lemmas 3.1-3.2.

Theorem 3.1 Let u be a classical solution of the problem (1.1). Suppose that (3.1), (3.2),
(3.3), and (3.11) hold and

f(1)
I'g(Ty)

<A (3.19)

Then we have
=00

and

Sulx, 1))

B e gy v L1000 (3.20)

Proof We assume that (3.20) cannot hold. There exists a first time < co for which L{g((”u))

reaches the value A;. Thus, we have

f(u(x, 7))

D ule, g, D) (3.21)

The fact that {;—(SS)) is a nondecreasing functions in s, (3.19), and Lemma 3.2 imply
u(x,t) <Ty, (xt)eD x[0,7]

and

fun) _ fT)

Wl g D) = Tog(ry < @D D0,

Hence, we have

f(u(x, 7))

aX —————=— 1
D u(x, t)g(u(x,t))

which contradicts with the inequality (3.21). So we conclude that Z = 0o and (3.20) holds.
The proof is complete. d
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4 Exponential decay estimate
In this section, we will use a comma to denote partial differentiation and adopt the sum-
mation convection, i.e., if an index is repeated, summation from 1 to N is understood, for

example,

N oou ou 0u

dx; dxy 9%x; Oxx

Uu il ik =
i,k=1

Hence, the differentiated form of the first equation of (1.1) is

K (wyu, = (@) ; +f (w). (4.1)
In order to get the exponential decay bounds for the derivatives of the solution, we con-
sider
W(x, t) = (gZ(u)Wul2 + 2/ fls)g(s)ds + Za/ sg(s) ds)ewt, (4.2)
0 0

where 2 > 1 and 0 < 8 <1 are some positive constants to be determined. Our main result
is Theorem 4.1.

Theorem 4.1 Let u be the classical solution of the problem (1.1). Suppose the following.
(i) The inequalities (3.1), (3.2), (3.3), and (3.11) hold and

0<K(s)<b<1l, seRY, (4.3)

where b is a positive constant.

(i)

lir(r)l+ sg(s) =0. (4.4)
(iif) X

a T ST

b =M+ B < Mg(l"l) - TV (4.5)

where d is the in-radius of D and

M := ¢ max {L<@)/}
T seor | k() \ g(s)

with ¢ given in Lemma 3.2. Thus, V (x, t) takes its maximum value at t = 0, i.e.,
u u
2 w)|Vul* + 2/ f(s)g(s)ds + Za/ sg(s)ds < H*e™?P!,  (x,t) € D x (0,00),
0 0
with

h h
H?:= mgx{gz(h)|vh|2+2/(; f(s)g(s)ds+2a/0 sg(s)ds}.
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Proof The theorem will be proved in three steps.
Step 1. Differentiating (4.2), we get

W =2(gg |Vl + g um + fau i + augug)e*”, (4.6)
@V = [2(8 | VulPui + Eu i + fg uy + augzu,k)ew‘]]k
= 2(32““(2g(g/)2|Vu|4 + 2% |Vu|* + 4g%¢ uu i
+ 8¢ |\ Vul* Au + g (gu i) kit
+ Sugug + ' Vul* + 2feg |Vul? + fg* Au + ag® | Vul*

+ 2augg |Vul* + aungu), (4.7)
and
v, = 2e2’5t<gg/|Vu|2ut + g uus; + fou, + augu, + B Vul* + 28 fouf(s)g(s) ds
+2ap /Ousg(s) ds>. (4.8)
It follows from the first equation of (1.1) that

/ k/
Au=—g|Vu|2—j: +—u,. (4.9)
g g £

Next, substituting (4.9) into (4.7), we have

QW04 = 262 (g()IVul* + 2" |Vul* + 4g°¢ w i + g&' K |Vurl*usy
+ @ (gu i) o + Euptni + g Vul? + fok'us — f2g + ag*| Vul?

+augg|Vul® + augk'u, — aufg). (4.10)
Differentiating (4.1), we have

(qui) i = (Ku=f)

(guimp +gu,,'k)‘k =k wus + Kug; —fu;. (4.11)
It follows from (4.11) that

() = K ity + Ky — 'y — (guimg) o

=Ky + Kugi—fu;—g"|Vulu; — g uruy —gu;Au. (4.12)
Multiplied by g?u; from (4.12), we have

& (gu i) i = K |\VulPu; + g K wiug; — g | Vul®

-2\ Vul* - g u i — g |Vul* Au. (4.13)
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Substituting (4.9) into (4.13), we get

& (guu) ki = @K |\VulPu, + @K wiug; — f'g*|Vul® - " |Vul* — ¢°¢ uu i
- g@ K |VulPu, + fgg |\Vul* + g(¢) 1 Vul*. (4.14)

We substitute (4.14) into (4.10) to obtain

@V )i = 2e2"‘”(2g(g/)2|Vu|4 +3¢% ¢ wigu i + g2 K |\ Vul*u,
+ @K wiug; + fad |Vul* + Sy + fok'u,

—f2g +ag*|Vul® + augg' |V ul® + augk'u, — aufg). (4.15)
It follows from (4.6) that

28t

1
Fuuy = Ee’ Uy —gg | Vul*uy — fou i — auguy. (4.16)

Substituting (4.16) into (4.15), we get
2 3 _
(€W = 2e2f“<—g(g’) IVul* + 2 g u Wy - 2feg |Vul?

—2augg |Vul* + @K' |V ul*u; + @K wiuy; + g u g i + fok
— g +ag*|Vul* + augk'u; — aufg). (4.17)
It follows from (4.8) and (4.17) that
3
QW) — K W, = 2e%" (_g(g/)2|w|4 + e g - g |Vl - 2auge | Vul?
+ @K \VulPu, + Supuy — g +ag|Vul® — aufg — gg K |Vul*u;
- BG*K |Vul* - Zﬁk’/ f(s)g(s)ds - 2aﬁk’/ sg(s) ds>. (4.18)
0 0
Next, we use the Cauchy-Schwarz inequality in the following form:
|Vu|2uviku,ik > U U kU U . (4.19)
It follows from (4.6) that

1/1
Utk = Uik = E (gewtlll,i - ¢ |Vul*u; — fou,; - augu,i). (4.20)

Further, with (4.19) and (4.20), we obtain

1 1 2
U ikU, ik = W (iezﬂt‘p,i —gg/IVulzu,i —fou, - “”g”,i)

1

_ -4t T 2
4g4|Vulze (%)

" FIvaP (& IVulPu,; + auu; + fu;)e ",
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1 2
+ g—z((g’) IVul* + a®u® + f* + 2aug'|Vul* + 2auf +2fg | Vul?),

xeD\ W, (4.21)

where W := {x € D: Vu(x, t) = 0} is the set of critical points of u. Substituting (4.21) into
(4.18), we have

1 e2pt 2
ZAV + — guuph— vVA\/ R \% BAVAV/ R/
P k'{<g 2g|Vu|2) [g |Vu|2(f+“”)] ”} ‘

zzez‘-‘“{ufﬂ—zﬂ Ouf(s>g(s) ngz

u
sg(s)ds
0

+g2|Vu|2[%—ﬂ+ f(g)ut“ (4.22)
Integrating (3.1) from 0 to u(x, £) and using (4.4), we get
fou-2 [ 06 ds v =2 [ s =0, (4.23)
Making use of the fact that @ > 1, (4.3), and (4.23), we have
Zﬂ/fs)g yds + a4 2a/3/ sg(s)ds
> 8 2ap [ f000 a5+ 208 [sp0 0
> afgu - 2ap /0 f(s)g(s)ds + a’gu® - 2ap /0 sg(s)ds
> a<fgu . / " F(s)g(s)ds + ag® ~ 2 / " s ds)
> fau—2 / F(s)g(s) ds + gu® — 2 fo " e(s)ds > 0, (4.24)

Moreover, by (4.5), it is easy to see

£

T 4d2g(1“1) < hgTy).
1

It follows from Theorem 3.1 that

)
UG (W)

< )"11
which implies
Um <T1. (4.25)

Next, it follows from (4.25), (4.3), (4.5), and Lemma 3.1 that

a ﬁ+§(k)/ L% _g 3(5)32 - M=0 (4.26)
K k\g) "= k\g) = b e '



Ding and Wang Boundary Value Problems (2015) 2015:160 Page 12 of 16

Consequently, (4.22), (4.24), and (4.26) imply

Epge (g 7 Vow_[g- 2 (f +au) |Vub - VO -0, >0
ZAV + — - —|g - —==(f+au) |Vuy - - ,
K K \\& T 2gvup 8~ vup =

xeD\W.

By means of the maximum principle, we have the following possible cases where W may
take its maximum value:

(a) on the boundary 9D x (0, T),

(b) ata point where Vu =0,

(c) fort=0.

Step 2. We first exclude the case (a). Assume W (x, £) takes its maximum value at Q=®&1
on dD. Since u = 0 on 9D, we have

G0 ou\’> 0% du
= _9 2 il 20 2 E Zﬂt‘ 4.27
on [gg(an) TE o 8n:|e (#27)
With (1.1) and £(0) = 0, evaluated on dD € C*¢, we get

ou

' — 2+ 82—“+(N 1)1(3—” =0 (4.28)
S\on) Lo | '

where K is the average curvature of dD. By (4.27) and (4.28), we are led to

ow

) 2
= |2 -Drg?( ) |e# <0, xeaD.
on on

Hence, we have

ow
. <0,
on 1Q=()
which contradicts with the maximum principle. Hence, ¥ cannot take its maximum value
on dD.
Step 3. In the following, we exclude the case (b). Assume W (x, £) takes its maximum value
at a critical point Q = (, £).
Thus we have

W(x, t) <W(x,2), (x,£)€Dx(0,+00). (4.29)

Replacing ¢ with £ in (4.29), we obtain

u(x,t) u(x,f)
I'a (u(x, Z)) ‘Vu(x, f)!2 < 2/ f(s)g(s)ds + Za/ sg(s)ds,
u(x,t) u

(xf)

from which we have
up

& (ux, )| Vulx, Z)’2 < Z/W f(s)g(s)ds + 261/ sg(s)ds, xeD, (4.30)
u(x,t) u

(%.8)

where uy; = maxp u(x, t).
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Here, (3.1) and the fact that g’(s) < 0 imply
(JM> >0, seR". (4.31)
s

Next, making use of Cauchy’s mean value theorem and of (4.31), we get

2 [ oo = T g, o) < L0 o
u(x,f) %' Up
< flumleuts 1) (u3y - (%, 7)), (4.32)
Upm

where & is some intermediate value between u(x, £) and u,. The fact that g’(s) < 0 implies
ump _ _
2/ sg(s)ds < g(u(x, t)) (ujzw —u?(x, t)). (4.33)
u(x,f)

Hence, inserting (4.32) and (4.33) in (4.30), we get

2 200 7
|Vu(x, z_f)|2 < <f(uM) + a) <M>, x€D. (4.34)
uym g(up)

With (4.34), we have

(4.35)

du < \/<f(uM) +a) 1 dr.
2, — u2(x, 7) uym glun)

Integrate (4.35) on a straight line from x to the nearest point xy € 3D to obtain

T 5\/<f(uM) +a>$|5¢x0| < (f(uM) +a) 1 d,
2 Uy glum) Uy g(unm)

from which we have

o

Upm

a) L (4.36)
g(LtM) - 4:d2 '

We note that (3.1) and the fact that g’(s) < 0 ensure f(Ts) is a nondecreasing function. It
follows from (4.25) and (4.5) that

fluy) f(T) w2 a 7w a w?
Y F - 7 Y m) — T = 7 9. m) — )
U = I < 4d2g( 1) b= 4d2g(u ) b= 4d2g(u )-a

which with uy < u,, implies

f(um) 1 (fuw) 1 7?2
( Um +a)g(”M) _< U +a>g(um)<@'

which contradicts with (4.36). The proof is complete. d
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5 Applications
When k() = u and g(u) =1 or k(u) = u, the conclusions of Theorems 2.1, 3.1 and 4.1 still
hold true. In this sense, our results extend and supplement those of [16, 17]

In what follows, as applications of the obtained results, two examples are presented.

Example 5.1 Let u be a classical solution of the following problem:

we= 1+ Au— L 1+ LVul? + > /uw+1), (x6)eDx(0,T),
u=0, (x,£) € 0D x (0, T),
u(x’ 0) = (16 - |x|2)2) X € B,

where D = {x = (x1,%,%3) | |x] = (3>, #2)"/> < 4} is the ball of R®. The above problem can

be transformed into the following problem:

@Vu+D), =V (V) + us, (x,t)eDx(0,T),
u=0, (x,£) € 0D x (0, T),
u(x,0) = (16 — |x|%)?, xeD.

Now,

k(u)=2vVu+1, g(u):%, fay=ud, )= (16— |x?)>.

We have

u u 3
F(u):/o f(s)g(s)ds:‘/o szds:%,

Gu) =2 /Ousk’(s)g(s) ds = 2f0u \/gds =2In(vu + 1 - V) + 2y/uu +1).
By choosing o = 1, it is easy to check that (2.1) and (2.2) hold with
A(0) = /D G(h(x)) dx =2 /D In(vh +1-~h) + Vh(h+1)dx
- Z/Dln( (16 - [x2)* +1-16 + |xI?) + (16 — |x|?)y/ (16 - |x[2)* + 1dx

4
=87 / [In(y/ (16 - r2)2 +1-16+ r2) +(16 - rz) (16 - r2)2 + 1];"2 dr
0

=3.040559 x 10*

and

50)= [ (£ - Jeuront )= [ (32 - 5 ) oo

4
:/(%(16—|x|2)6—8|x|2) dx=47r/ (%(16—r2)6—8r2>r2dr
D 0

=1.022244 x 108,
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It follows from Theorem 2.1 that « blows up in a finite time ¢* and

440 B
T= m =2.38 x 10

Example 5.2 Let u be a classical solution of the following problem:

we=Au— 5 |Vul? + u*(w+1), (1) eDx(0,7),
u=0, (x,£) € 3D x (0, T),

u(x,0) = Py (x) = LD, xeD,

where D = {x = (x1,%,%3) | x| = (X0, #2)12 < < &} is the ball of R?, ®y(x) is the first eigen-
function of D = D and maxp ®;(x) = 1. The above problem may be turned into the follow-
ing problem:

(In(+1),=V- (V) +u?, (xt)eDx(0,T),

u+l
u=0, (x,£) € 0D x (0, T),
u(x,0) = Oy (x) = S“;fjjf”, x€D.

Now we have

K =In(us 1), )= - i S N R AR Sh;(i!rcn'
Here,
F - S(I) _9 A1=n—2=64'

Ig)

By choosing ¢ = 31, it is easy to check that (3.1), (3.2), (3.3), (3.11), and (3.19) hold. It follows
from Lemma 3.2 and Theorem 3.1 that u(x, t) is a global solution and

aim) Fun) N[ glun) Flitm)
uls>f) < Trexp [‘ K (i) (“ - g(um)um)t] - e"p[‘ K (i) (64 - g(ummm)t]
g() f(T1) _ 62t
= oxp ['km) (64 B rlg(n))t] R

which is the exponential decay estimate of the solution. By takinga = b = 8 =1, it is also
easy to check that (4.3), (4.4), and (4.5) hold. It follows from Theorem 4.1 that

u
2 u |Vu|2+2/ f(s) ds+2¢/ sg(s)ds < H?*e™?P!,  (x,t) € D x (0,00),

with

|Vh[? hz}

h
H? max{g (h)|Vh|* +2 f(s)g(s)ds+2a/ sg(s)ds} rnax{(h_rl)2

cos 8|x| sin8x|

:max{ (T e )? . (sin(8|x|))2} 74
D (sm8|x| +1)2 8|x| o

8]
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Hence, we have

1 1
\Vul* < —— ( )Hze—zf‘f <5 T )Hze—zf‘f =29.6e7%,
g8\u g

which is the exponential decay estimate of the gradient for the solution.
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