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We investigate additive properties of the generalized Drazin inverse in a Banach algebra &/. We find explicit expressions for the
generalized Drazin inverse of the sum a+b, under new conditions on a, b € &. As an application we give some new representations

for the generalized Drazin inverse of an operator matrix.

1. Introduction

Let o be a complex Banach algebra with unite 1. We use o(a)
to denote the spectrum of a € ¢. The sets of all nilpotent and
quasinilpotent elements (c(a) = {0}) of o will be denoted by
o™ and o/, respectively.

The generalized Drazin inverse of a € & (introduced by
Koliha in [1]) is the element b € of which satisfies

xax = x, ax = xa, a-a’x e A, €]

If there exists the generalized Drazin inverse, then the
generalized Drazin inverse of a is unique and is denoted by
a?. The set of all generalized Drazin invertible elements of o/
is denoted by &/“. For interesting properties of the generalized
Drazin inverse see [2-6]. For a complete treatment of the
generalized Drazin inverse, see [7, Chapter 2].

If p = p* € of is an idempotent, we denote p = T — p. We
can represent element a € ¢ as

a= [an alz] , )
p

a1 Gy

where a,, = pap, a,, = pap, @, = pap, and a, = pap.

Leta € o/ and a” = 1 — aa® be the spectral idempotent
of a corresponding to {0}. It is well known that a € o/ can be
represented in the following matrix form ([7, Chapter 2]):

ST

relative to p = aa”, where a, is invertible in the algebra
pal p,a® is its inverse in po/ p, and a, is quasinilpotent in the
algebra pof/p. Thus, the generalized Drazin inverse of a can
be expressed as

d
ad:[al 0]. @)
0 Op

Obviously, ifa € o/ q“il, then a is generalized Drazin invertible
anda? = 0.

In this paper, we first give the formulas of (a + b)? under
the conditions ab = bab™ and ab = a"bab”", respectively. Then
we will apply these formulas to provide some representations
for the generalized Drazin inverse of the operator matrix M =

[é g] under some conditions.


https://core.ac.uk/display/193672083?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

2. Main Results

First we start the following result which is proved in [8] for
matrices, extended in [9] for a bounded linear operator and
in [10] for arbitrary elements in a Banach algebra.

Lemma 1 (see [10, Theorem 2.3]). Let x, y € & and p € of be
an idempotent. Assume that x and y are represented as

R

(i) Ifa € (petp)® and b € (ﬁdﬁ)d, then x and y are gen-

eralized Drazin invertible, and

d d
d_[a 0] d_[b u]
X = al > Yy = d| » (6)
u b p 0 a P

where

u= i (bd)n+2 ca'a + ib”bnc (ad)mz “via®.  (7)

n=0 n=0

(ii) If x € A% and a € (p&fp)d, then b € (ﬁdﬁ)d and x°
and yd are given by (6) and (7).

Lemma 2 (see [11, Lemma 2.1]). Lefa,b € o9 Ifab = ba
orab=0, thena+b e A"

The following result is a generalization of [10, Corollary
3.4].

Theorem 3. Ifa € A/, b € /% and ab = bab”™, thena+b €
A and
@+b)?=t'+Y (1) a@+by. (8)
n=0

Proof. First, suppose that b € A Therefore, b™ = 1 and
from ab = bab”™ we obtain ab = ba. Using Lemma2,a +b €
A% and (8) holds.

Now we assume b is not quasinilpotent, using matrix
representations of a and b relative to p = bb?. We have

b, 0 a [P0
bz[l ]) b=|:1]’ (9)
0 b, 0 0],

where b, € (palp)™, b, € (pdp)™.

Let us represent

a, a,
a= . 10
[a3 04]P (10)

From ab = bab™ and

_|aby ab, x_ |0 ba,
ab = [a3b1 “4192]1,’ bab” = [0 ba, p’ (1)
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we obtain a,b, = 0 and a;b; = 0. Since b, is invertible, we
have a; = 0 and a; = 0.
Hence we have

_|b a4
arb= [0 0 %) )
P
The condition ab = bab™ implies that a,b, = b,a,. Hence,
using Lemma 2, we get a, +b, € &/, By Lemma 1, we obtain
thata + b € o/ and

d
(a+b) = [% gL (13)
where
u= Z (bf)n+2 a, (a, +b)". (14)

n=0

Now from (14), using the matrix representation of b, a, and
a + b, we easily obtain formula (8) of the theorem. O

The next result is a generalization of [12, Theorem 2.2] and
(10, Example 4.5].

Theorem 4. Let a,b € of°. Ifab = a"bab”, then a + b € of*
and

(a+b)? =v"a +va" + i (bd)n+2 aa+b)"a"

n=0

7S (a+ by b(a?)"”

n=0

S S (69 ata s by b (a)"

n=0 k=0

(15)

- i (bd)n+2 a(a+b)" ba’.
n=0

Proof. If a is quasinilpotent, we can apply Theorem 3 and
we obtain (15) for this particular case. Now we assume that
a is neither invertible nor quasinilpotent and consider the
following matrix representations of a, a%, and b relative to the
p = aa”:

1 ”2:|p [ 01 0:|P b [ 1 2:|p
a [0 5 a > lg l4 .

The condition ab = a"bab”™ implies that a;b, = 0 and
a,b, = 0. Since g, is invertible, we have b; = 0 and b, = 0.
Thus, b can be represented as

[0 0
b= [b3 b4j|p. (17)

Therefore, b, € (ﬁ.&z{ﬁ)d and, from Lemma 1, we have

0 0 0
R T
() b ] by bp] 08
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From ab = a"bab™ and
0 0
ab = ,
[a2 by a,b, ] p

a"bab” = [

(19)
0 0 ]
bya, - b4“2b4db3 b4a2bff P '

we obtained a,b, = bya,b; . From Theorem 3, we geta, + b, €
o* and

d X n+2 n
(a, +b,)" = bf + Z (bf) a(a, +b,)" . (20)
n=0
Further, applying Lemma 1to a + b, we get

d
d _ al 0
(@+b)r= [ u (‘12 + b4)d] ’ 20

where

u= i [(a2 + b4)d]n+2 byayal

n=0
< 3 n n+2 22
+ z (a, +b,)" (a, +b,)" by (“f) (22
n=0

d
—(a, +b) b3a‘11-

Observe that since a; € (p,szip)_l, then af’ = 0.
Hence, the expression of u reduces to

u= Z (ay + b4)n (ay + b4)n by (af)mz
n=0 (23)

—(ay +b,)" byal.

From a,b, = b,a,b] we get = a,b, (b)* = bya,bf (bY)* = 0.
Hence, from formula (20) and azbf = 0, we have

(ay + b4)n =p—(ay+by)

: (bj’ + i (67)"" a, (a, + b4)”)
n=0
—5-b, (bf oS () w)
n=0

(24)

—f -y (b)) 4y (a, + 1)
n=0

Then substituting (20) and (24) in (22), we get

u= bef (a, +b,)" b, (a‘f)wr2

- Z z (bf)kJr1 a (ay + b4)n+k b, (“f)mz (25)

Now, replacing u by the above expression and considering
matrix representations of a and b, after direct computations,

we obtain the formula (15) for (a + b)d. O

3. Applications

In this section, we give some formulas for the generalized
Drazin inverse of a 2 x 2 operator matrix under some
conditions.

Finding an explicit representation for the generalized
Drazin inverse of an operator matrix M = [&B] in
terms of A, B, C, D and related generalized Drazin inverse
has been studied by several authors [9, 13-15]. Djordjevi¢
and Stanimirovi¢ [9] generalize the well-known result in
[8, 16] concerning the Drazin inverse of block 2 x 2 upper
triangular matrices to the generalized Drazin inverse for a
block triangular operator matrix. Further, they consider the
case where BC = 0, BD = 0, and DC = 0.

This section is devoted to the generalized Drazin inverse
of 2 x 2 operator matrix:

A B
w=[43] -
where A € B(X) and D € B(Y) are generalized Drazin
invertible.
Next we will state some auxiliary lemmas.

Lemma 5 (see [2, 3]). Let A and D be generalized Drazin
invertible and let M be matrix of form (26). If BC = 0 and
BD =0, then

d d\?
= ?{ D(:;x +)XBB] ’ &
0 1
where
Xn _ OZO: (Dd)i+n+2 AlAn
i=0
& i+n+2
+D"y D'C(A%) (28)

B i (Dd)m c (Ad)n—i+1 s
i=0

Lemma 6 (see [17, Lemma 3.1]). If M is matrix of form
(26), such that A is generalized Drazin invertible, D is
quasinilpotent, and BD"C = 0 for any nonnegative integer ,
then M is generalized Drazin invertible and

d _ AT T
M _[A AAF]’ (29)

A= OZO:D"C (A" (o)

n=0 n=0



Lemma 7. Let A € C™". Then (AA™)" = 0, (A2A%)7 = A%,
(A2AY" = A™, and Ind(AA™) = Ind(A) and Ind(A%A%) = 1.

Proof. The Jordan canonical form of X permits us to write
A = S(C® N)S!, where S and C are nonsingular, and N is
nilpotent with index Ind(A). Thus A, = S(C™' @ 0)S™". Now,
it is evident that A2A% = S(C®0)S™" and AA”™ = S(0®N)S ™",
which lead to the affirmations of this lemma. O

In [9, Theorem 5.3] authors gave an explicit representa-
tion for M under conditions BC = 0, DC = 0, and BD = 0.
Here we replace the last two conditions by the two weaker
conditions DC = D"CAA” and BD = AA"B.

Theorem 8. Let A and D be generalized Drazin invertible and
let M be matrix of form (26). If AA"B = BD, DC = D"CAA”
and BC = 0. Then

A (a%) B+ Y a"B(D")"
M = o
c(a?) pt+c(a?)’ B+ YD caiB(pd)"
n=1i=1
(31)
Proof. We can split matrix M as M = P + Q, where
_[AA™ 0 _[A%A? B
P‘[o D]’ Q‘[c 0]’
32)
4 [0 0 « [T 0
P_[ODd’ P =0 prl-
Since DC = D"CAA”™ and AA™B = BD, we have
2 2
pC = (D) DC = (D) D"CAA™ =,
DCA® = D"CAA™A? = 0, (33)

A?BD = AAA™B = 0.

From BC = 0 and applying Lemma 5 to Q, we obtain

N Adi A4 i+1B
[ 7]

(34)
A" —-A%B

T =\ cat 1-c(a’) B

>

where X, is defined in (28). From D?C = 0and DCA® = 0,
we get X, = C(A%)™2,

Since AA™B = BD and DC = D"CAA”, we obtain PQ =
P"QPQ". Applying Theorem 4, we get

P+Q)*=qQ"P* +Q%P"

(@) PP+ P

n=0
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(o]

+Q"Y (P+Q"Q(PY)
n=0

n+2

B Z z (Qd)kﬂ p (P N Q)n+k Q (Pd)mz
n=0 k=0
-y (@) P+ QP
n=0
(35)
From A?BD = 0, we have
QnPd _ Pd, QdPn _ Qd,

Hence from (35), we obtain

Q%P =o. (36)

P+Q =P +Q QY (P+Q (P, ()
n=0

Since ABD = 0, we have
QQ (P = B(D%). (38)

The conditions BC = 0 and BD = AA"B imply that
BD"C = 0. From BD"C = 0 and ABD = 0, we get

QY P+QrQ(P)"”
n=1

0 iAnB (Dd)"+2 (39)

n=1

0 i iDi‘ICA”‘iB (D?)"™

n=1i=1

From (36), (38), and (39) it follows (31).

The proof is finished. O
Since
A Bl _[o L,][D C][o0 I,
e o=l sl 50 ) w
we can obtain the following result, applying Theorem 8 to
[B4]-

Theorem 9. Let A and D be generalized Drazin invertible and
let M be matrix of form (26). If DD"C = CA, AB = A"BDD"
and CB = 0. Then

) A+ B(DY) C+ iiA”"'BD"IC (a’)™ B(D"Y’
MY = n=1i=
(D) ¢+ ¥ pre(aty™ D
n=0

(41)

Theorem 10. Let A, D, and BC be generalized Drazin invert-
ible and let M be matrix of form (26). If AB = A"BD, DC =
D"CA and BC = 0. Then

Al iA”B (D)™
d _ n=0
" iD"C (a®)" D+ iSDiCA"’i’IB(Dd)n+2
n=0 n=1 i=0

(42)
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Proof. We can split matrix M as M = P + Q, where

2 el
d T
Pd=[% gd], P"=[% gn]. (44)

Since

BCB] , (45)

2 BC 0 3 0
Q_[O CB]’ Q_[CBC 0

from BC = 0, it is easy to get Q% =0.Since Q is nilpotent, we
have Q% = 0. Applying Theorem 4 to the particular case, we
get

(P+Q =P+ i P+ Q(P)”. (e
n=0

The conditions AB = A"BD and BC = 0 imply that
BD"C =0, for n > 0, so we get

Y e+
n=0
0 OZO:A”B (D?)"™
_ n=0
- 0 o0 n—1
Y prc(a?)™ ¥ Y picaB(p?)"™
n=0 n=1i=0 (47)
From (44) and (47) it follows (42).
The proof is finished. O

Theorem11. Let A and D be generalized Drazin invertible and
let M be matrix of form (26). If AA"B = BD*D", D*’DIC =
D"CAA”™ and BD"C = 0 for any nonnegative integer n. Then

s n+2
A? T+ Y A"B(D)
Md = ono:On—l >
: : n+2
A DY+aar+ Y Ypca'B(p4)"
n=1i=0
(48)
where T and A are defined in (30).
Proof. We can split matrix M as M = P + Q, where
_[AA™ o o-[4A" B
“| o DD | ¢ bpp)’
(49)

0 0
d _
P‘[o Dd]’

. [T 0
ol o]

From AA”B = BD?*D? and D*D?C = D"CAA™, we have

pic = (p?) p’c = (p?) P*pic

(50)
d\2 T
= (D) D"CAA” =0,
A%BD? = 4’BD? (D)’ = A%BD*D? (DY)

, (51)

= A’AA"B (DY) =0,

sowe get D"C = C.

Note that DD" is quasinilpotent, D"C = C, and

B(DD™)"C = BD"D"C = BD"C = 0 for any nonnegative
integer n; we can apply Lemma 6 to Q with D replaced by
DD”; we have

4 [AT T
o= |4 sl ()

' X n+2
A=Y D'DC(AY).
n=0 n=0 (53)

Observe that (50) and (51) yield

a=Yore(a)”, s
n=0

r= i (a®)"™ BD",
n=0

so we get

d_ A% T
Q _[A AAF]' (55)

The condition BD"C = 0 implies that

n+2

BA = BiD”C (A" =o. (56)

n=0

Hence we have

AA% + BA  A%A°T + BAAT
CA? + DDA CT + DD"AAT

QQ! = [

:[ AA? AT ] 57)

CA? + DA CT + DAAT

o = A" —AT
T |-CA? - DA T-CT-DAAT|"



From AA™B = BD’D? and D’D’C = D"CAA", we
obtain PQ = P"QPQ". Applying Theorem 4, we get

(P+Q)* =Q P!+ QP"
(@) P+ P

n+2

+Q"Y (P+Q"Q(PY)
n=0

_ Z Z (Qd)k+1 p (P + Q)n+k Q (Pd)n+2

n=0 k=

(=]

- (@) P+,
n=0
where

rD*D? = i (a?)"* BD"D" DD = 0,
n=0

AAA™ = iD"D"C (a9)" aa™ = o,

n=0

QY P+ (P
n=0

A" —AT

n=0

L n=0

& n+2
0 ZA”B (Dd)
n=0

n—-1

[\/]8

0

L "

1i=0

From (62) and (64) it follows (48).

| -CA? — DA I -CT - DAAT

DiCA™ i IB(Dd)n+2

(58)

(59)

0 (-CA?-DA) iA”B (D"’)"+2 +(I-CT - DAAT) ) » D'CA"™'B(D")
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so we get

[a? T AAT 0
QP_[A AArH 0 szd]

_[a‘aa™ rD*D? _[o o]
T | AAA™ AATD?*D?|

Hence from (58) and (60) we obtain

P+Q)*=qQ"P? +QP"

QY P+ QP
n=0

By direct computation we verify that
and _ Pd, den ZQd.

From BD"C = 0, we have

Y e+QrQ(pY)
n=0
0 iA"B (D)™
n=0

oo n—-1

0 Y Y picarB(p)"

n=1 i=0

Observe that (51) and BD"C = 0 yield

iAnB (Dd)n+2
SR 7n 0 +2
ZZ CA™ i— IB(Dd)”

n=1i=0

oo n—1

0 A"ZA”B(D")"+2 Ary Y pica™ 1 (p?)"”

n=1i=0
—1
% n+2

n=1i=0

The proof is finished.

0 0]

(60)

(61)

(62)

(63)

(64)
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Theorem 12. Let A and D be generalized Drazin invertible
and let M be matrix of form (26). If AA"BD”™ = BD, BC =0,

CA® = 0, and CBD™ = 0. Then

A? (a?)’ B

d
= < , 65
X, D'+ Y X,,,BD" (65)
n=0
where
< 2
X, =Y (DY) cal, n=o. (66)
i=0
Proof. We can split matrix M as M = P + Q, where
_[A?A? B _[AA™ 0
P‘[ 0 0]’ Q‘[c D]’
d [ 4d)? d (67)
pi_ A7 (AY)B|  pr_[AT -A%B]
0 0 0 I

Applying Lemma 7, we have (AA™)? = 0, so we get

[0 0 < [ 1 0
(@) = [Xn_l (Dd)”]’ Q= [—Dx0 D"]’ (68)

where X, is defined in (28).
Since AA™BD™ = BD, BC = 0, CBD" = 0, and CA?A“ =
0, we obtain PQ = P"QPQ". Applying Theorem 4, we get

(P+Q) =Q P +Q7P"

(o)

(@) P+ P

n=0

0O

+Q"Y (P+Q"Q(PY)
n=0

n+2

(69)

B z Z (Qd)kﬂ P (P + Q)n+k Q (Pd)n+2

-y Q)" P +QQr.

n=0

From CA? = 0, we have QP = 0. Hence from (69) we
obtain

P+Q* =Q P+ QP + i @) P+ P,
n=0

(70)
where X, A% = 0, we get
QnPd _ Pd, QdPrr _ Qd,
2o _ |0 0 ]1A%A% B][A" -A'B
(@) PP _[Xl (Dd)ZH o ojlo 1 | @M

o o
~lo x,B|’

The conditions AA"BD" = BD and BC = 0 imply that
BD'C = 0. So we get

) 4 n+2 —

Y (Q) T PP+Q"P

n=0

0 0 (72)
— 0 ZXn+1BDn > n2 1.
n=1

From (71) and (72) it follows (65).
The proof is finished. O

Using (40) and Theorem 12, we have the following result.

Theorem 13. If CA = D"DCA™, BD? = 0, CB = 0, and
BCA”™ = 0. Then

o0
v Ad+ZXn+2CA” X, o)
o'Pc  pt]

where

X =

n

(A )”"+1 BD', n>1. (74)

™z

Il
(=}

Using the case of Theorem 3, we get the following results.

Theorem 14. Let A and D be generalized Drazin invertible
and let M be matrix of form (26). If DCA™ = CA, ABD = 0,
BC =0, and CB = 0. Then

A4 4 §B (%" car (a%) B+B(D%)
Md — oon=0

Y (D) car g
n=0
(75)
Proof. We can split matrix M as M = P + Q, where
00 A B
P‘[c 0]’ Q‘[o D]' (76)
From ABD = 0, we have
. dyi
(Qd)l = (A ) * il
o (D)
(77)
« [A" —AX, - BD*
Q - |: 0 Dn ]a
where
X, = (a7 B+B(DY)", nz0. (79

Note that P is quasinilpotent; since DCA™ = CA, ABD =
0, BC = 0, and CB = 0, we obtain PQ = QPQ". Applying
Theorem 3, we get

P+Q =+ Y (@) PP+Q". (79
n=0



From BC = 0, we have

(@)= | 4 % 110 0]

| o (piy|lco

) (80)
[ X€ 0] _|B(DY) o
B _(Dd) cCo| (Dd)z(j 0

The conditions DCA™ = CA and CB = 0 imply that
CA'B = 0. From ABD = 0, CA'B = 0, and BC = 0, we get

& d n+2
Y (@) Pe+Q"
n=1
[ an+2CA" iXMCA"‘lB
_ n=1 n=1
B & 4 n+2 n & 4 n+2 n-1
Y (DY) car Y (DY) ca'B (81)
Ln=1 n=1
[ n+3
Y B(D?)"cam o
= nzl)
Y (DY cam o
L n=1
From (77), (80), and (81) it follows (75). O

Using (40) and Theorem 14, we have the following result.

Theorem 15. Let A and D be generalized Drazin invertible
and let M be matrix of form (26). If ABD™ = BD, DCA = 0,
BC = ABCA?, and CB = 0. Then

A? i (a®)" D"
Md — n=000
(%)’ c+c(a?)” D+ Yo ()" BD"
" (82)
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