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Let {X,;;i = 1,n > 1} be an array of rowwise negatively orthant dependent (NOD) random variables. The authors discuss the rate
of strong convergence for weighted sums of arrays of rowwise NOD random variables and solve an open problem posed by Huang

and Wang (2012).

1. Introduction

Firstly, let us recall the definitions of negatively associated
(NA) random variables and NOD random variables as fol-
lows.

Definition 1. A finite collection of random variables {X;;1 <
i < n} is said to be NA if for every pair of disjoint subsets A
and A, of {1,2,...,n},

Cov(fy(Xni€ Ay, fo(Xpjed,)) <0, (1)

whenever f; and f, are nondecreasing functions such that the
covariance exists. An infinite collection of random variables
{X;;1 > 1} is NA if every finite subcollection is NA.

An array of random variables {X,;i > 1,n > 1} is called
rowwise NA random variables if for every n > 1,{X,;;i > 1}
is a sequence of NA random variables.

ni>

Definition 2. A finite collection of random variables {X;; 1 <
i < n} is said to be NOD if

n
P(X, <x), X, < %x5...X, <x,) < [ [P(X; < x)),
j=1

2)

n
P(X, > x, X, > %5..,X, > x,) < [ [P(X; > x;),
j=1

for all x;,x,,...,x, € R. An infinite collection of random
variables {X;;i > 1} is said to be NOD if every finite
subcollection is NOD.

An array of random variables {X,,;i > 1,n > 1} is called
rowwise NOD random variables if for everyn > 1, {X,;;i > 1}
is a sequence of NOD random variables.

The concepts of NA and NOD random variables were
introduced by Joag-Dev and Proschan [1]. Obviously, inde-
pendent random variables are NOD, and NA implies NOD
from the definition of NA and NOD, but NOD does not
imply NA. So, NOD is much weaker than NA. Because of
the wide applications of NOD random variables, the notion
of NOD random variables has been received more and more
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attention recently. Many applications have been found. We
can refer to Volodin [2], Asadian et al. [3], Amini et al. [4, 5],
Kuczmaszewska [6], Zarei and Jabbari [7], Wu and Zhu [8],
Wau [9], Sung [10], Wang et al. [11], Huang and Wang [12], and
so forth. Hence, it is very significant to study limit properties
of this wider NOD random variables in probability theory
and practical applications.

Let {X,;n > 1} be a sequence of independent and iden-
tically distributed (i.i.d.) random variables and let {a,;;i >
I,n > 1} be an array of real constants. As Bai and Cheng
[13] remarked, many useful linear statistics, for example,
least-squares estimators, nonparametric regression function
estimators, and jackknife estimates, are based on weighted
sums of ii.d. random variables. In this respect, the strong
convergence for weighted sums Y, a,,X; has been studied
by many authors (see, e.g., Bai and Cheng [13]; Cuzick [14];
Sung [15]; Tang [16]; etc.).

Cai [17] proved the following complete convergence result
for weighted sums of NA random variables.

Theorem A. Let {X,X,;n > 1} be a sequence of identically
distributed NA random variables, and let{a ;; 1 <i < n,n >
1} be an array of real constants satisfying

ni>

n

1
Aoc,n = ZZlanirx) 3)

i=1

« = limsupA, ,

n—o00

< 00,

for some 0 < a < 2. Suppose that EX = 0 when 1 < a < 2. If

E{exp (hX|")} <00 for some h>0, y>0, (4)

then, for b, = n'/*(logn)'",

© 1 J
S 1p(max |Ya,
i 1<j<n i

Wang et al. [11] extended the above result of Cai [17] to
arrays of rowwise NOD random variables as follows.

X; >sbn> <oo Ve>0. (5

Theorem B. Let {X,;;i > 1,n > 1} be an array of rowwise
NOD random variables which is stochastically dominated by a
random variable X and let {a,;; 1 <i < n,n > 1} be an array
of real constants. Assume that there exist some 8 with0 < § < 1
and some o with 0 < « < 2 such that Y., |a,;|* = O(n‘s) and
assume further that EX,; = 0if 1 < a < 2. If for some h > 0
andy > 0 such that (4), then

(e8]
Znap*zP max ZamX
n=1 1sjsn

where p > 1/a and b, = n'/*(logn)*"".

>£b><oo Ve>0, (6)

Recently, Huang and Wang [12] partially extended the
corresponding theorems of Cai [17] and Wang et al. [11] to
NOD random variables under a mild moment condition.

Theorem C. Let {X,;n > 1} be a sequence of NOD random
variables which is stochastically dominated by a random
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variable X and let {a,;;i > 1,n > 1} be a triangular array
of real constants such that a,; = 0 fori > n. Let

Ap =limsup Ay, < 00;

n—oo

n
A[S,n = n_12|ani|l;’ (7)
i=1

where 3 = max(q, y) for some 0 < « < 2,9 > 0, and a#y.
Assume that EX,) = 0 for 1 < a < 2 and E|X|P < co. Then,

Sar ([

1/a 1/y

>sb><oo, (8)

where b, = n''*(log n)

As Huang and Wang [12] pointed out, Theorem C par-
tially extends only the case of « > y of Theorems A and
B. They left an open problem whether the case of @ = y of
Theorem C holds for NOD random variables.

The main purpose of this paper is to further study strong
convergence for weighted sums of NOD random variables
and to obtain the rate of strong convergence for weighted
sums of arrays of rowwise NOD random variables under
a suitable moment condition. We solve the above problem
posed by Huang and Wang [12].

We will use the following concept in this paper.

Definition 3. An array of random variables {X,;;i > 1,n > 1}
is said to be stochastically dominated by a random variable X
if there exists a positive constant C such that

P(|X,;| >t)<CP(X] > 1), 9)

forallt >0,i > 1,andn > 1.

2. Main Results

Now, we will present the main results of this paper; the
detailed proofs will be given in the next section.

Theorem 4. Let {X,;;i > 1,n > 1} be an array of rowwise
NOD random variables which is stochastically dominated by
a random variable X and let {a,;; 1 < i < n,n > 1} be an
array of real constants satisfying ¥, la,;|* = O(n) for some
0 < « < 2. Assume further that EX,; = 0 for 1 < a < 2 and

E|X|*log(1 + |X]) < co. Then,

(o]
Zn1P<
n=1

1/

: >£bn> <oo Ve>0, (10)

n
Zame
i=1

1/«

where b, = n''*(logn)
Similar to the proof of Theorem 4, we can obtain the
following result for NOD random variable sequences.

Corollary 5. Let {X,;n > 1} be a sequence of NOD random
variables which is stochastically dominated by a random
variable X and let {a,;; 1 < i < nmn > 1} be an

array of real constants satisfying Y la,;|* = O(n) for some



Discrete Dynamics in Nature and Society

0 < & < 2. Assume further that EX,, = 0 for 1 < a < 2 and
E|X|*log(1 + | X]) < co. Then,

n

ZaniXi

i=1

o0
Zn1P<
n=1

> sbn> <oo Ve>0, 1)

where b, = n'/*(logn)"/*.

Remark 6. In Theorem 4 and Corollary 5, we consider the
case of @ = y for 0 < a < 2 and obtain some strong conver-
gence results for arrays of rowwise NOD random variables
and NOD random variable sequences without assumption
of identical distribution. The main result settles the open
problem posed by Huang and Wang [12]. In addition, it is still
an open problem whether

j

Zam‘Xni

i=1

[oe)
-1
Zn P| max
1<j<n

n=1

>sbn><oo Ve >0 (12)

holds true under the same moment condition of Theorem 4.

3. Proofs

In order to prove our main results, the following lemmas are
needed.

Lemma 7 (see Bozorgnia et al. [18]). Let {X;;1 < i < n}
be a sequence of NOD random variables, and let {f;1 <
i < n} be a sequence of Borel functions all of which are
monotone nondecreasing (or all are monotone nonincreasing).
Then, {f;(X;);1 < i < n}is a sequence of NOD random
variables.

Lemma 8 (see Asadian et al. [3]). Let M > 2 and let {X,;n >
1} be a sequence of NOD random variables with EX,, = 0 and
E|X,I™ < co foralln > 1. Then, there exists a positive constant
C = C(M) depending only on M such that, for alln > 1,

|

i=1

LM . " M/2
in‘ ) <C| YEx|"+ (ZEX?) K
i=1 i=1

Lemma 9. Let {X,;n > 1} be a sequence of random variables
which is stochastically dominated by a random variable X. For
anyu > 0 andt > 0, the following two statements hold:

E|X, "I (|X,] < £) < C (EIXII(IX] < 1) + P (IX| > 1)),
(14)

E[X,[“I (X, > t) < GEIXI'I(IX| > 1),  (15)

where C, and C, are positive constants.

Lemma 10 (see Sung [15]). Let X be a random variable and let
{a,;; 1 <i<nn=> 1} bean array of real constants satisfying

37 lal* = On) for some o > 0. Let b, = n'/*(logn)"/" for
somey > 0. Then,

(o) n
Zn’lzP(|amX| >b,)
n=1 i=1
CE|X|%, for o >y,

(16)
< 1 CE|X|*log(1 +|X]), fora=1,

CE|X]", for a < y.

Lemma 11 (see Sung [19]). Let X be a random variable and let
{a,; 1 <i<n,n=>1}bean array of real constants satisfying
a,; =0orla,l >1and Y, |a,l* = O(n) for some a > 0. Let
b, = n'/*(logn)"’*. If g > «, then

Zn_lb;qZE|aniX|qI (|a.X| < b,)
n=1 i=1 17)
< CE|X|*log (1 + |X]).
Throughout this paper, let I(A) be the indicator function

of the set A. C denotes a positive constant, which may be
different in various places and a,, = O(b,) stands for a,, < Cb,.

Proof of Theorem 4. Without loss of generality, suppose that
Yila;l" < Cnanda, >0, foralll <i<mn, n> 1 For
fixed n > 1, define

ngn) = _an (am'Xm' < _bn) + am'XniI (Iam'Xnil < bn)

+b,I(a,;X,; >b,), i>1, 18)
T =Y (X" - EX{").
i=1
Denote
n
A= ﬂ (ame = X,(n)) ,
i=1
a1 o)
B=A= U (ame ?EXIn )
=1
' (19)
n
= U (|aniXm| > bn) >
i=1
n
E, = < Zam-X | > sbn>.
i=1
It is easily seen that, for all € > 0,
n
E,=E,A| JE,BcC < Y X{"| > eb,
i=1
' (20)

U(Lnjlamxml > bn),

i=1



which implies that

n
ZX
i=1

P(E)<P<

> &b )*P(Ul“m m|>b>
i=1

n n
_P<|T,5") > ¢eb, — Xf")>+ZP a,; X, > b,) -
i=1 i=1
(21
First, we will prove that
n
- ZEX;”) — 0, asn— 00. (22)
i-1

Actually, for 0 < « < 1, by (14) of Lemma 9, Markov
inequality, and E| X|* log(1 + | X|) < co, we have that

! iEX?”)
i=1 l

n

< Ch,' Y |EX)|
i=1

S Cbrjle Iaﬂl ml I lam ﬂll < b )
i=1
n

+ CZP(lanani| > bn)

i=1

< Cbrzlz (E laniX| I (|am'X| = bn)

i=1

+b,P (|a,;X| > b,))

+CY P(|a,X|>b,)

i=1

< Cbglz (E laniX| I (|am'X| = bn))

i=1

+CY P(|a,X|>b,)

i=1

by (ElauX['I (jauX] < b))
i=1

IN

n
+Cb,* > Ela, X|*

i=1

< Cb, Z|am| E|X|* +Cb, Zlaml E|X|*

i=1

as n — 0.
(23)

C(logn) 'E[X|* — 0

Discrete Dynamics in Nature and Society

Next, for 1 < « < 2, by EX,; = 0, (15) of Lemmas 9 and 10,
Markov inequality, and E|X|*log(1 + | X]) < 0o, we also have
that

X

< Czp(lam m| > b, )
i=1

+Cb ZEam ni |am m|>b

i=1

< Czp(lani)q > bn)

i=1

n
+Cb,;12E|am il T (|8, X | > 5,)

i=1

< Cb,*) Ela,.X|"
i=1 (24)

+Cb," Y Ela,X|I(|a,X| > b,)

i=1

< Cb,*) Ela,.X|"
i=1

n
+Cb,* Ela,X|"I (|a,;X| > b,)
i=1

< Cb,*) Ela,X|" + Cb,*) E|a,X|*
iz i1
< C(logn) 'E|X|* — 0 as n — oo.

From the above statements, we can get (22) immediately.
Hence, for n large enough,

P(En)§P< >%> (25)

To prove (10), it is sufficient to show that

12 3utp ([ > %) < oo
n=1

(26)

~
1>

D18
=I

M=

P(|a,X,s| > b,) < co.
1 i

=
]
I

—

It follows from Lemma 10 and E|X|* log(1 + |X|) < oo that

JZnZ

i=1

>b,)

711 fll|

[ee] ) n (27)
<CYn 'Y P(laX|>b,)
n=1 i=1
< E|X|*log (1 +]X]) < co.
For fixed n > 1, it is easily seen that {Xf”)—EXf"),i >1,n>1}

is still a sequence of NOD random variables with mean zero
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by Lemma 7. Hence, it follows from (14) of Lemmas 9 and 8

and Markov inequality (for M > 2) that

1=y ute(jr)> )
n=1

Y e (| )
n=1

IN

. ) M/2
<y npM
n=1

My (iE|Xf”)
i=1

3 E[x
i=1

[ee] n M
<CYn b, MY E[x")|
n=1 i=1

M/2
)

(o) n
+ czn‘lb;M<ZE|X§”)
n=1 i=1

21+ 1.

It follows from Lemma 10, (14) of Lemma 9, and Markov

inequality that

M

(] n
I 2CYyn 5™y E|X"”
n=1 i=1

<CynlpM {Z|ani|ME|Xm-|MI (|| < )

n=1 i=1

P (X, > m}

i=1

<sCyn'pM {ZlamwMEinMI (|0, X] < b,)
n=1

i=1

+22bfle (|a.X]| > b,,)}

i=1

<CYu ', MY M EIXIM (|a,X]| < b,)

n=1 i=1
[ee] n
+ CZn_IZP (|a.;X| > b,)
n=1 i=1

=1, +1,.

From Lemma 10 and E|X|* log(1 + |X|) < 0o, we can obtain

that

< E|X|*log (1 + |X]) < co.

For fixed n > 1, we divide {g,;,,1 < i < n} into three
subsets {a,; : |a,;| < 1/(logn)"}, {a,; : 1/(logn)" < |a,;| < 1},
and {a,; : |a,;| > 1}, where m = (1/(M — «)). Then,

0 n
I 2 Czn_lb;MZMnilMElX'MI(|am'X| <b )

n=1 i=1

(o]
= CZn_lb;M
n=1

(28) X Z

i:|ay,i|§1/(logn)m

IamIMElXIMI (|am'X| < bn)

+ cin*lb;M

n=1

x )

i:l/(log n)m<|am- Isl

|a [ EIXIMI (|a,:X| < b,)

o0
+CYn ' 5,M Y aMEIXM (|, X] < b,)
n=1

it @, |>1

s 7(1) 2) (3)
=Ly +I7 + 17
(31)

By Lemma 11 and E|X|*log(1 + |X]) < oo again, it follows
that

(o]
12cyn'p,™ Y au"EIXIMI (|a,:X] < b,)
n=1

i:|am~|>1

(32)
(29) <E|X|*log(1+|X|) <co forM>2>a>0.

Noting that ¥, \<1/togmy G,il" < Cnllogn)™, for M > «
and fixed n > 1, we have that

o0
ecya'p™ Y e EXIM(jauX] < b))
n=1

izla,,,-lgl/(logn)m

< cin*b;“ D
n=1

i:|u,,,-|§1/(logn)m

|a.q|“EIXI*I (|a,;X] < b,)
(o)

< CEIXIDCZ”AZ’:X Z ||
n=1 iz|a,i|<1/(logn)"

< CEIXl“Zn_ln_l(logn)_ln(logn)_m“ < 0o0.

n=1

(30)
(33)



Noting that ;.1 /16g sy <a, <1 la,|M < Cnand m = 1/(M - ),
for M > 2,0 < « < 2, we have that

2= Cin_lb;M Y
n=1

i:l/(logn)m<|ani|sl

|a:[MEIXIMI (|a,:X| < b,)

< CY b, MEIXMI(1X| < b,(logn)™)

n=1

_ Czb;MZE|X|MI ((k _ 1)1/a(10g (k - 1))m+1/0¢
k=1

n=1

< |X| < KM% (log k)™ )
=CY EIXMI ((k ~ 1)Y%(log (k - 1))™"*
k=1
<|X| < k““(logk)m“/“>
X erM/“(log n) Ml

n=k

<CY EIXMI ((k — 1)Y%(log (k - 1))™"*
k=1

<|X] < kl/“(logk)m“/“>
x KM% (log k) M/

< CY EIX|"T ((k ~ 1)Y%(log (k - 1))™"*
k=1

< |X| < K%(log k)’"”/"‘)

< CE|X|* < co.
(34)

Finally, we will prove that

M/2

Le COZO:nlbnM< iE|Xgn>|2> coo. 9
n=1 i=1

Hence, by C, inequality, Markov inequality, Lemmas 9-11,
and E|X|*log(1 + |X]) < 0o, we have that

. " M/2
e (g

n=1 i=1

oo n M/2

- cz"*(beﬂlxi”)iZ)
n=1 i=1
- " M/2

< Czn_l<ZP(|anani| > bn))

n=1 i=1
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o) n M/2
+ CZn_1<Zb;2E|aani 2 (|a X, < bn))
n=1

i=1

[ n M/2
oSSt

i=

0 n M2
+ C< ZH_IZb;2E|am-X|2 (Ja,X]| < bn)>

n=1 i=1

M/2
/<

< C(E|X|*log (1 + [X))™" < c0.

(36)

Therefore, the desired result (10) follows from the above
statements. This completes the proof of Theorem 4. O
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