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We use the elementary and analytic methods and the properties of Chebyshev polynomials to study the computational problem of
the reciprocal sums of one-kind Chebyshev polynomials and give several interesting identities for them. At the same time, we also
give a general computational method for this kind of reciprocal sums.

1. Introduction

It is well known that Chebyshev polynomials of the first and
second kind T,,(x) and U,,(x) are defined as follows: T;)(x) =
1, T, (x) = x, and the recursion formula T, , (x) = 2xT,(x) —
T, ,(x) for all integers n > 1. Uy(x) = 1, U,(x) = 2x, and
the recursion formula U, ,(x) = 2xU,(x) — U,_, (x) for all
integers n > 1. The generation functions of these polynomials
are

1=t —OZO:T " (x <1, |t <1)
l-2xt+t2 ="
_ 1)
1
——— = YU, @, (xl<1, [t]<1).
1-2xt+t> "

The general term formulae of T, (x) and U,,(x) are expressed
as

Tn(x)zé[(x+ sz—l)n+(x— xz—l)n],
U, (x) = N% [(x+ Vi - 1)"+1 @)

~(x- m)”“] .

If we take x = cos 0, then
T, (cos0) = cos (nd),

sin((n+1)6) 3)

U, (cos0) = Snd

Since all these definitions and properties of Chebyshev
polynomials can be found in any handbook of mathematics,
there is no need to list the source everywhere.

Recently, some authors studied the properties of Cheby-
shev polynomials and obtained many interesting conclusions.
For example, Li [1] obtained some identities involving power
sums of T,(x) and U,(x). As some applications of these
results, she obtained some divisibility properties involving
Chebyshev polynomials. At the same time, she also proposed
the following open problem.

Whether there exists an exact expression for the deriva-
tive or integral of the Chebyshev polynomials of the first kind
in terms of the Chebyshev polynomials of the first kind (and
vice-versa) is the question.

Wang and Zhang [2] and Zhang and Wang [3] partly
solved these problems. Some theoretical results related to
Chebyshev polynomials can be found in Ma and Zhang [4],
Cesarano [5], Babusci et al. [6-8], Lee and Wong [9], and
Wang and Han [10]. Doha and others [11-14] and Bircan and
Pommerenke [15] also obtained many important applications
of the Chebyshev polynomials.
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In this paper, we consider the computational problem of
the reciprocal sums of Chebyshev polynomials. That is, let g
and k be positive integers with g > 3, for any real number x;
if T, (x) # 0, then we consider the computational problem of
the summations

q-1 1
azl T2k (x)
(4)

q-1 1

Z Uzk1 (x)

Although there are many results related to Chebyshev
polynomials, it seems that none had studied the compu-
tational problem of (4). The main reason may be that a
computational formula does not exist. But for some special
real number x, we can really get the precise value of (4). In
this paper, we will illustrate this point. That is, we will use
the elementary and analytic methods and the properties of
Chebyshev polynomials to prove the following results.

Theorem1. Let q be an integer with q > 3. Then for any integer
h with (h,q) = 1, one has the identities

= 1 B sin® (7h/q) , , .
azl U2, (cos(mh/q)) 3 (7 -1);
q-1 1

a=1 Ug—l (cos (mh/q))

sin* (h/q)
S () O
q-1 1

a; Uz (cos (mh/q))
2-1) (24" -11)(q" +17).

Theorem 2. Let q be an odd number with q > 3. Then for any
integer h with (h, q) = 1, one has the identities

_ sin® (h/q)
- 945 (4

q-1 1 5
[ — -1;
azl T2 (cos (nh/q))
1 1 1,, 5
275 cos(aya)) 3@ (@ +3): ©
q71 1

(q -1) (24" + 74" - 363).

azl T¢ (cos (wh/q))

Some Notes. First in Theorem 2, we must limit g as an odd
number. Otherwise, if q is an even number, thena = (1/2) - g
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is an integer, 1 < a < g — 1 and cos(ma/q) = cos(/2) = 0.
Therefore, the fraction 1/ Tjk (cos(mra/q)) is meaningless.

Second, for any positive integer k and x = cos(h/q)
with (h,q) = 1, we can give an computational formula for
(4). Of course, the calculation is very complicated when k is
larger. So we do not give a general conclusion for (4), only give
an efficient calculating method. In fact if we use computer
MatLab program, and by means of recursive method in
Lemma 4, we can also obtain all precise values of (4) for any
positive integer k.

2. Several Lemmas

To complete the proofs of our theorems, we need following
lemmas. First we have

Lemma 3. Let q > 3 be an integer. Then for variable s with
0 < s < 1 and function f(ms) = In sin(7s), one has the identity

$ e (ﬂ_) _ Dt 2:‘_‘1 P (g on), @)

where f(")(s) denotes the n-order derivative of f(s), By is
Bernoulli numbers.

Proof. For any real number s, from Corollary 6 (Section 3,
Chapter 5) in [16] we have the identity

00 2
sin (71s) = nsH (1 - :?) . (8)

n=1

Then from (8), the definition and properties of derivative we
have

w12 ()
ﬂf(ﬂs)_s+r; n+s n-s/’
)
af" (ms) = ———i( ! + ! >
n=1 (” + 5)2 (” - 5)2 ‘
Generally, for any positive integer k, we have
2k - 1)!
2K f<zk) (5) = ( = )
(10)
S (2k-1)! (k-1)!
- Z % T 2% |-
i\ (n+s)™ (n—s)
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Now taking s = a/q in (10), and summation forall 1 < a <
q — 1 and noting the definition and properties of complete
residue system mod g (see [16]) we have

a=1

q-1 oo
2k -1)!
. Z(

2k - 1)!
(n+alq)™ i (n-alq)™ >

T k- T T
=ty Y kY T
sz (qn + a) asi(g-a)” ()

-1 k—=1)!
_qZkZZ(z 1)

a=1n= 2(6]1’1 a

Zk‘fi S (2k-1)!

S (gn+a)*

=-2(2k-1)! <Zl% Zi")

1) ¢ (2K).

=22k - 1)! (g™ -

Note that Riemann (-function {(2k) = Zﬁil(l/nZk) =
(-1 ((2m)* B, /2(2k)!) (see [17], Theorem 12.17). Then
from (11) we have

-1
Y f (%) = -2k-1!(7*-1)
a=1

ke 2m)% By (12)

D) 2 (2k)!

K 2%
_ D '(iz) ) (- 1)

This proves Lemma 3. O

Lemma 4. Let f(s) = Insin(ns), &« = a(s) = cot(ms). Then
one has

f” (s) = -1 (1 + ocz);
@ (s) = -n* (6oc4 +8a% + 2) , (13)
O (s) = -7n° (1200° + 240a" + 1360 +16) .

Proof. Noting that the identity 1 + cot’s = 1/sin’s, from
the definition and properties of derivative we have f'(s) =
7t cot(rrs) = ma and

2

f” (s)=- - (1 + cot’ (rrs))

sin (71s) - (14)

= —712(1 +(x2).

This proves the first formula of Lemma 4.
Similarly, we have

f(3) (s) = 2ntad’ =2 + 27,

f(4) (s) =2m°a’ +6m°a’a’ = -t (6oc4 +8a” + 2) . )
This is the second formula of Lemma 4.
It is easy to prove that
£ (s) = -n° (1200° + 2400* +1360° +16).  (16)
This completes the proof of Lemma 4. O

Lemma 5. Let q be an integer with q > 3. Then for any integer
h with (h,q) = 1, one has the identities

(= 1 1
— = (qg-D(g+1D);
;sinz (wha/q) 3 (a-1)(q+1)
gq-1
1 1/ 2
—— = o (@ 1) (¢ +11);
Zsin* (mha/q) 45 )
q-1 1
“sin® (tha/q)

94115 (a"-1)(q +17) (24" - 11).

Proof. Since (h,q) = 1, if a pass through a complete residue
system mod g, then ha also pass through a complete residue
system mod g. Therefore, without loss of generality we can
assume that & = 1. Noting that B, = 1/6 and 1 + cot?(x) =
1/sin(x), from Lemmas 3 and 4 with k = 1 we have

(18)

or
St -3l 1 (19)
u:lm—g(q- )(g+1).

Similarly, noting that B, = —1/30, from Lemmas 3 and 4
with k = 2 and applying (19) we have

5 oot () e (2) )

NI
- 15(q )

(20)



which implies that

) ()

or

_ 4_15(612- )(¢+11). (@2

Noting that B; = 1/42, from Lemmas 3 and 4 with k = 3,
applying (19) and (22) we have

ql
—Z<120cot ( >+240c0t <7m>
a=1 q q

1
+136 cot? (@) " 16) LY )
q 63

ol

(23)

“1) +17 “1) 4
(sm (ma/q) ) (sm (ma/q) >
2 (6
+2] =5 (¢°-1),
which implies that

gq-1 1 )
S e = o (@ )@ 1) (g - 1). @9

Now Lemma 5 follows from (19), (22), and (25).
In fact, by using Lemma 4 and the method of proving
Lemma 5 we can give a computational formula for

-1 1
- 26
; sin** (ma/q) (26)

with all positive integer k. Here just in order to meet the
demands of main results we only calculated k = 1,2, and
3. O

3. Proofs of the Theorems

In this section, we shall complete the proofs of our theorems.
First we prove Theorem 1. For any integer g > 3, taking x =
cos(rh/q) with (h,q) = 1, from (3) we have

q-1 1 q-1 1

ZlUﬁ'fl (cos (h/q))

-1

. 2k ﬂh)q 1
=sin® | — )Y ————.
(q ,;lsiny‘ (mtha/q)

Z U2k1 (x)
(27)
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Now Theorem 1 follows from (27) and Lemma 5 with k = 1, 2,
and 3.

To prove Theorem 2, we note that, for any odd number
q > 3, if a pass through a complete residue system mod g,
then 2a also pass through a complete residue system mod gq.
So from the properties of trigonometric functions we have

q-1 1 q-1 1

2 =)

“Zsin® (ra/q)  4sin® (2ma/q)

Ysin? (ma/q) + cos® (ma/q)

B = 45in® (ma/q) cos? (ma/q)

192 1
=13 -

“ sin* (ma/q)

192 1

+ZZ

“ cos? (ma/q)

From (3), (28), and Lemma 5 we may immediately deduce
that

q-1 q-1
e s e
& T2 (cos(nth/q)) & cos? (mha/q)
(29)
2
= - 1.
azl sin? (na/q) -1
Similarly, we also have
q-1 -
az1 sin* (na/q az:: Zna/q
1 (sm2 (ra/q) + cos (na/q))
2‘ 16sin* (ra/q) cos* (ma/q)
q-1
R Y — (30)
16 = sin* (ra/q)
1<
i 1_6;1 cos* (rra/q)
L
i) 2:: 27m/q)
So from (30) and Lemma 5 we have
qi 1 - ‘fi 15 ‘fi 8
L cost (nalq)  Zsin’(nalq) Zisin (ma/q) 31)

Lo
-1 (4

1)(q°+3).
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Combining (3) and (31) we have the identity

q-1 1 q-1 1
; T (cos (mh/q)) ;cos4 (rtha/q) (32)
1
= 5(q2—1)(q2+3).
From the method of proving (30) we also have
St Y
Zisin® (nalq)  Zsin® (27ma/q)
q-1 (Sin2 (ma/q) + cos® (7‘[61/(]))3
£ 64sin° (na/q) cos® (ma/q)
1S 1
1y U (33)
64; sin® (ma/q)
151
i 6_4(;1 cos® (rra/q)
301
i 4_1‘;1 sin* (27ra/q)”
From (3), Lemma 5, and (33) we can deduce that
S = L
LT (cos (i) ~ ot Gahalg)
Z‘ ﬂha/
q) 34

“sin* nha/q

(7 -1) (24" + 79" - 363)
- 15 '

Now Theorem 2 follows from (29), (32), and (34).
This completes all proofs of our results.
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