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This paper focuses on the global exponential synchronization problem of nonlinearly coupled complex dynamical networks with
time-varying coupling delays. Several simple and generic global exponential synchronization criteria are derived based on the
Lyapunov stability theory and the Dini derivatives using the Halanay and generalized Halanay inequalities. These criteria rely on
system parameters alone and can be used conveniently in practical applications. In addition, the system parameters do not satisfy the
conditions of the proposed criteria. That is, the system itself cannot synchronize. However, system synchronization can be achieved
by adding the appropriate feedback controllers, thereby providing a practical and effective control method for complex dynamical
networks. An estimation method of exponential convergence rate is also presented. Finally, the effectiveness of the proposed criteria

is verified through numerical simulations.

1. Introduction

Complex dynamical networks have attracted considerable
attention in the past several decades because of their potential
applications in diverse fields, such as science, engineering,
and societal systems [1-4]. In fact, a variety of real-world sys-
tems, such as the Internet, food webs, and ecological, neural,
and social networks, can be described by complex dynamical
networks. Consequently, synchronization, which is a typical
collective behavior of complex dynamical networks, has
become active popular research topic. Synchronization in
dynamical networks has been extensively investigated by
researchers from various fields [5-13].

Research on the synchronization of complex networks
has two main aspects. In some cases, complex dynamical
networks can achieve synchronization through their topo-
logical structure, communication quality, and the interaction
of the intrinsic dynamical behavior of their nodes [14-
17]. Wang and Chen [14, 15] were the first to propose a

method for measuring synchronization capability by calcu-
lating eigenvalues; that is, synchronization will be achieved
if the coupling strength is adequate. A previous study [16]
utilized a novel Lyapunov-Krasovskii function and the Kro-
necker product and discussed synchronization problems for
an array of coupled complex discrete-time networks. Huang
et al. [17] introduced the complex dynamical network model
with partial information transmission, for which certain
synchronization criteria were derived by using an efficient
decomposition method. However, the synchronization cri-
teria in most existing works contain unknown parameters,
thereby making system synchronization difficult for workers
to verify.

A control action is introduced in the dynamical node
to drive a complex dynamical network into synchronization
if the network cannot synchronize by itself. Researchers
have proposed several effective control methods, and signif-
icant conclusions have been obtained [18-25]. Guaranteed
cost synchronization for complex networks was addressed
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in [18] by designing a dynamic feedback controller with
guaranteed cost synchronization. Zhou et al. [19] investigated
the local and global adaptive synchronizations of uncertain
complex dynamical networks. Their hypotheses and adaptive
controller design for network synchronization are rather
simple in form. The global exponential synchronization of
complex-valued dynamical networks with multiple time-
varying delays and stochastic perturbations were considered
in [20] in the design of a time-delayed impulsive control
scheme. Cheng et al. [21] found that complex networks
with the Watts—Strogatz or scale-free BA random topological
architecture can be synchronized more easily than regular
systems by pin-controlling fewer nodes. Intermittent pinning
controllers were applied in [22] to synchronize interacting
clusters of linearly coupled heterogeneous linear systems
and nonlinear oscillators under a general coupling topology.
These studies use the coupling matrix between nodes to
affect synchronization, thereby creating the advantage of
fully utilizing the information between nodes. Deficiency
increases the number of adjustment parameters that affect
system synchronization. Thus, verifying system synchroniza-
tion can be difficult. However, system synchronization can
be verified easily using a method based on these findings.
This method relies only on the parameters of the system itself
and does not need any other adjustment parameter, thereby
reducing delays and providing convenience for controller
design. However, few results on this study have been reported.
The key to studying complex networks is building a net-
work model that can exactly describe a real network system.
Delays should be considered in establishing a network model
because of the finite speed of information transmission and
traffic congestion [26, 27]. Time delay commonly changes
over time during dynamic change. Fixed delay is an ideal state
of time-varying delay. Therefore, time-varying delay should
be considered when studying complex networks [28-32].
Inspired by the above discussion, this paper aims to
investigate the global exponential synchronization of a class
of complex dynamical networks with time-varying delay. We
consider a complex network model composed of nonlinear
coupling nodes and has unknown but bounded nonlinear
vector functions and time-varying delayed and nondelayed
couplings. Several simple global exponential synchronization
criteria are derived from the Lyapunov stability theory and
the Dini derivatives using the Halanay and generalized
Halanay inequalities. These criteria rely on system parameters
alone and can be used conveniently in practical applications.
In addition, the system parameters do not satisfy the condi-
tions of the proposed criteria, that is, the system itself cannot
achieve synchronization. However, the system can be driven
to synchronize by adding appropriate feedback controllers.
These conditions provide a practical and effective control
method for complex network systems. Finally, the validity of
the proposed scheme is verified by numerical simulations.
The rest of this paper is organized as follows. Section 2
introduces the complex dynamical network model and pro-
vides certain preliminaries. Section 3 presents the criteria for
ensuring the global exponential synchronization of complex
dynamical networks with time-varying delay and an esti-
mation method for exponential convergence rate. Section 4
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presents the numerical simulations used to validate the
proposed scheme. Finally, Section 5 concludes this paper.

2. Problem Formulation and Preliminaries

A complex network with N identical time-varying delayed
dynamical nodes with nonlinear couplings is considered.
Each node of the network has n dimensions. The state of the
ith node can be described as follows:

N
%0 = f (x:(0) +a ) 69 (x; 1)
i=1
: (1)
N
+6 Y dyg; (x;(t—71()), i=12....N,
i

where x,(t) = (x;,(£), x,(t), ..., %, (£))T € R"is the state
vector of the ith node, f(x) € R" is a continuously nonlinear
vector-valued function that describes the dynamics of a node,
and g(x) € R" is a continuous nonlinear coupling function.
The coupling time delay 7(¢) is unknown but is bounded by
a known constant, that is, 0 < 7(t) < 7, where positive
constants ¢; and c, are the coupling strengths. C = () yxn
and D = (d;j)xn are the coupling configuration matrices.
If node i and j (j # i) are connected, then¢; > 0,d;; > 0;

otherwise, ¢; = 0, d;; = 0. The diagonal elements of matrices
N N
Cand Daredefinedasc; = =Y .0y i Gjp diy = = X iy i G-

Definition 1. Generally, when t — 00, x(t),x,(t),...,
xn() — s(t). s(t) € R" is the solution of the following
isolated node system (2). The complex dynamic system (1)
synchronizes with the homogenous trajectory

$() = f(s@). 2)

Lete;(t) = x;(t)—s(t) be the synchronization error. We obtain
the error system on the basis of network (1) and (2) as follows:

& (1) =% () - § (1)

N
= fi(x (0) = F(s @)+ ) ;¢ (e; (1) o
j=1

N
+ szdij‘/’j (ej (t-7 (t))) )
=

where ¢j(ej(t)) = gj(x]-(t)) -
gi(x;(t = 7(£))) — g(s(t = 7(1))).

g(s(t)), ¢e;(t - 1) =

Definition 2. |x;(t)] = (Ix; )], |x,(®)]s.. ., %, € R,
i=1,2,...,N, where |x| denotes the absolute value of x.

Definition 3. A positive constant y and vector M = (m,, m,,
T . . .
..,m,)" > 0 exist if the vector function e;(t) = (e;;(£), e, (t),
..,e,-n(t))T € R" satisfies

le; (1)] < Mexp (—yt). (4)
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The error system (3) is globally and exponentially stable,
which implies that the complex dynamical network (1)
achieves global exponential synchronization.

Remark 4. 1f the state vector of the error system (3) satisfies

the conditions of Definition 3, then [le;(t)|| = +/e;T(t)e;(£),
where ||- || indicates the Euclidean norm, is globally and expo-
nentially stable.

Definition 5 (see [33]). The Dini derivatives of f att, € («, )
for the vector-valued function f : («, ) — R, t — f(t) are
defined as

f (t) f(t) )

D" f (t,) = lim sup ————
t—tyt ty

Definition 6 (see [33]). A matrix A = (aij)NxN is called an M-

matrix if it satisfies a;; > 0, a;; < 0,1 # j, A7 > 0. According

to the M-matrix property, a constant 6; > 0 exists such that

21191a11>01—12 ., N.

Assumption 7. The nonlinear function f(x;), g(x;) is assumed
to satisfy the uniform semi-Lipschitzian condition, where
constants o; and [; satisfy

0 LEIS&) i, N,
61‘&2 '
(6)
Os%slp i=1,2,...,N.
3. Main Results

3.1. Global Exponential Synchronization of System (1) Using the
Halanay Inequality

Lemma 8 (Halanay [34]). Let w(t) : [t, — T,00) — [0, 00) be
a continuous function, where constants a > b > 0 exist such
that

w(t) < —aw(t) + bw (t) (7)

holds for t > t, in which w(t) = sup,_,..,w(s), T = 0, and
then

wt)<w(ty)exp{-y(t-t)}, t=t, (8)

where y > 0 is the unique positive solution of the following
equation:
y=a-bexp{yt}. 9)

Theorem 9. Supposing that Assumption 7 holds and satisfies
the condition

N
min (eql)) > max < Z C1liCij> + erngiegl)lgcz/\l,-, (10)

j=Lj#i

where A is the maximum eigenvalue of the matrix D =
(dij) nxno then the complex dynamical network (1) can achieve

global exponential synchronization. u/2 is the convergence
rate, where p is the unique positive solution of the equation,
p = a-bexp(ut), a = 2(min, .. (ec ;) — max,n(o; +

Z;\Ll,j#i aligj + 6Al/2)), b = max, ;NG AL

Proof. The Lyapunov function is constructed as follows:

1 N
V(t) = zZeiT t)e; (t). 1)
i=1

Taking the derivative of V(¢) with respect to time ¢ along the
solutions of error system (3) yields

N
V) =Ye O(f (%)~ f(s®))

i=1

N
+o )y Z cie: (£) ¢ (e (1))

i=1j=1,j#i

+CIZ

(12)
(t) ¢; (e; (1))

—T(1).

N N
+o) Y die’ ()¢ (e;(t

i=1j=1

Assuming ¢;; = ¢y, =+ = ey = —¢€ < 0, the assumption
on the coupling matrix C is not conservative. This because if
= (k;j) nx is any square matrix that satisfies the conditions

of the deﬁned coupling configuration matrices, thatis, k;; >

i+ g k; = ZJ gk and k; # 0 (G = 1, ,...,N),
then all diagonal entries of the matrix K = (%ij) nxn = (ki/
Z;\Ll)#i kij)nxn are easily verified as -1, and thus we can

design the coupling matrix as C = eK.
Using Assumption 7 (2x” y < x"x+y" y,Vx, y € R"), the
following inequalities can be estimated:

N N
V)< Yoe Be )+ Z Lijei’ (t)e; (t)
i=1

i=1j=1,j#i

N
- SCIZlieiT (t)e; (1)
i=1

+ CZZZZI ij €; (t)e (t - T(t)) < - < mll’]{r (SClli)

i=1j=1

N
_lrgi;;](a + Z .cll,c >>Ze (t)e; ()
j=1,j#i
M & AL
+ max 221y, TWe 5 () + max 224
1<i<N 2 i j 1<i<N 2



4
T
.j;ej t-7(t)e;(t-7(t)<-2 min (ec,1;)
N
M,
- max | 0, + Z aligj |+ max 224 V(t)
1<i<N Pl I<isN 2

+ 1ma§c2)ui\7 (t) = —aV (t) + bV (1),

(13)

where V() = (1/2) Y111 & (1)&;(t), g,(t) = sup,__._,e,(s).
According to the conditions of Theorem 9 and Lemma 8,
we obtain

V() <V (to) exp{-u (t - 1)}, (14)

where y is the unique positive solution of the equation y =
a—bexp(ut)
Thus, we obtain

N
YeT (t)e (t)
i=1

(15)

< \jgéiT (to) & (to)exp {_g (t- to)} :

Hence, the zero of the error system (3) is globally and expo-
nentially stable. This completes the proof of Theorem 9. [

Remark 10. Recently, significant effort has been devoted
to the study of the synchronization of complex dynamical
networks [11-25]. However, the synchronization criteria in
most of the existing studies contain unknown parameters,
thereby making system synchronization difficult for workers
to verify. In this study, a method for verifying system
synchronization is obtained in Theorem 9 by constructing
a simple Lyapunov function. The method relies only on the
parameters of the system itself and does need any other
adjustment parameter, thereby reducing delays and providing
convenience for controller design.

3.2. Global Exponential Synchronization of System (1) Using
Generalized Halanay Inequalities

Lemma 11 (see [35]). For any vector function x(t), y(t) € R",
x(t) = sup,_,..x(s) and y(t) = sup, ..., y(s) satisfy the
following condition:

(1) x(t) < y(t), ty—T <t <t

(2) DYy(t) > F(t, y(t),y@), t = t, = 0; D'x(¢)
F(t,x(t), x(t)), t = t, = 0, where F(t, x(t), x(t))
(A+B)x(t) +Cx(t), A < 0, is a diagonal matrix. Then,
x(t) < y(t), t > t,.

I IA
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Theorem 12. If Assumption 7 holds and M = —(p;; + q;; +
rij)NxN is an M-matrix, in which

pii = —eqli+ 05
aligj, i#j
9 = .
0, i=j (16)
1y = al; |dy
i,j=12,..,N,

then the complex dynamical network (1) can achieve global
exponential synchronization.

Proof. Taking the Dini derivative of |¢;(t)|, we obtain
D" le; (t)| = ¢, sgne;

<|fi (x; (1) = £ (s(®)]

N

ta Z Gij |¢j (ej (t))| +¢,6; |¢; (e; ()]

j=1,j#i
N

ray |dyl|o; (e -7 @)
j=1

N (17)
< (~eql+0;) [e; ()| + Z aljg 'ej (t)l

Jj=1j#i

N
+ Y al;|dy|e; )]
=1

N N
= pule O]+ Y ag |e; O] + Y [e; )]
=1 i1

=F(te(t),et), i=1,2...,N.

From the property of M-matrix, constants § > 0,6; > 0,
(j=1,2,...,N) exist such that

N
pib+ Y (q;+7;)0;, <=8, i=12,..,N.  (8)
=1
Let 0 < & < 1, we can obtain
N
ab; + p;0; + Z (q,.jej + rijGj exp (oc‘r)) < 0. (19)
=1
Whent € [t, — 7,t,], let R > 1, such that
RO; exp (—at) > 1. (20)

For any vector Y = (Y,,Y,,...,Yy)" > 0, we construct a

vector function

=1

-

q; (t) = RO, I:iéj (t) + Y] exp{-a(t—1t,)}. (21)
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Taking the Dini derivative of |g;(t)|, we obtain

D" |q; (1)
N (22)
= —aR0; Z 'Ej (to)' +Y [exp{-a(t—ty)}.
=1

Substituting (19) into (22) yields

N
D" |q; (1)] > | pu; + Z (qijej + 1,0 exp (at))
=

‘R i'éj(t0)|+Y exp {—a(t—t,)}

N
= p;OiR Z 'Ej (t0)| +Y | exp{-a(t—t,)}
1

N N

+ ZqijejR Z 'Ej (to)' +Y |[exp{-a(t—ty)} (23)
= =
N N

. ZriijR Z |Ej (t0)| +Y | exp{-a(t-t,)}

j=1 j=1

N
-exp (a1) > p;; |q; ()] + Zqz'j |qj (t)'
=

N
+ Y rila; 0| = F(t.a®,.q).
=

According to (20), when t € [t, — 7,t,], we can derive

N
|9: ()] = RO Z |Ej (to)l +Y | exp{-a(t—to)}
=1
: (24)

> Z 'Ej (t0)| +Y.

It is obvious that |e;(t)] < Z;il Iéj(t0)|+Y,t € [ty —T,t,]; thus

le; )] < |g; ()], te[ty—T.10]. (25)

In view of (17), (23), and (25) and by using Lemma 11, we can
derive

|ei (t)| < |qi (t)|
N
= RO, Z |Ej (to)' +Y [exp{-a(t—ty)}, (26)
i1

t >t

Let Y — 0", YN, RO, = &, and we obtain

N
le; ()] <& Z 'Ej (to)' exp{-a(t-ty)}, t=t, (27)
=

where &;, « are positive constants. According to Definition 3,
the error system (3) is globally and exponentially stable,
which implies that global exponential synchronization is
achieved. This completes the proof of Theorem 12. O

Remark 13. Several synchronization criteria for the system
are derived by constructing Lyapunov functions and using the
Halanay inequality [36, 37]. However, these synchronization
criteria contain unknown parameters. In this paper, we
avoid such issues by building the Lyapunov function. The
Dini derivative loosen the requirements of the system state
function; that is, it does not require the state function to
be derivable. Moreover, certain points of the system are
not derivable if the system is under discontinuous con-
trol. A direct solution of the error vector function for the
Dini derivative can reduce the conservativeness of condi-
tions. Moreover, a synchronization criterion is obtained in
Theorem 12 by using generalized Halanay inequalities. The
synchronization criterion relies only on the parameters of the
system itself and does not contain any unknown adjustment
parameter. Thus, our model provides convenience for practi-
cal applications.

Remark 14. In this paper, we provide conservative estimates
of the size of « as it cannot be confirmed (Theorem 12);
however, exact values are preferred.

Theorem 15. Supposing that the condition of Theorem 12 holds
and constants ¢ > 0 exist such that M = —(p;; + Gij + Tij)NxN
is still an M-matrix, one can derive

[~
le; (0] <& Z |Ej (to)' exp {—c (t —to)},
j=1

(28)
i=1,2,...,N, t>t,
where
pi = —eqli+0; + 65
aligj, i#j
9 = o
0, i=j (29)
1y = el |dy
i,j=12,...,N



and then the complex dynamical network (1) can achieve global
exponential synchronization with ¢ as the convergence rate.

Proof. Let |y;()| = le;(t)| exp(st), i = 1,2,...,
Dini derivative of | y;(t)|, we obtain

N. Taking the
D" |y; (0] < g exp (s1) [e; (1)] + exp (6t) D e; (¢)]

N
< exp (Gt) <C le; ()] + pii |e; ()] + th‘j |ej (t)'
j=1

(30)

N N
+ Zrij |Ej (t)') < i lyi O] + Zqij |J’j (t)|
j=1 =1

N
+ 2y @]
=

Using Theorem 12, we obtain

N
Ly 0] < & |:Z |7] (to)':l exp{-a(t—t)}, t=t. (I
=1

Thus
o .
le; )] < & Z |Ej (to)| exp {(—a - ) (t — 1)}

L=t |

(32)
_ [ N |

< Z |Ej (to)| exp {~¢ (t — )}

EERR

This completes the proof of Theorem 15. O

If system (1) does not satisty the conditions of the above
theorem, that is, the system cannot achieve synchronization
by itself, we can apply the appropriate controller to achieve
synchronization.

Remark 16. On the basis of Theorem 12, we provide a simple

and feasible method for calculating the exponential conver-
gence rate in Theorem 15.

3.3. Global Exponential Synchronization of the Controlled
System (1). The controlled complex dynamical network can
be described as

% (1) = f(x (t))+clz 69, (x;®)

v (33)
+ szdijgj (xj (t-7 (t))) +u; (1),
j=1

i=12,...,N;
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the controller u;(t) (i = 1,2,..., N) is designed as follows:

u; (t) = —k;x; (1), (34)

where k; > 0 is the adaptive feedback gain to be designed.
We obtain the error system on the basis of network (33)
and (2) as follows:

¢ (t) = %; () = s (1)

= f (5 ®) - £ (s®) +ch #(6®)

N
+ szdij¢j (ej (t-7 (t))) —k;x; (1),
=

where ¢;(e;(t)) = g;(x;(t))—g;(s(1)), b;(e;(t—7(1))) = g;(x;(t—
() = g;(s(t — 7(¢))).

Theorem 17. Supposing that Assumption 7 holds and satisfies
the following condition:

1<i<N =L j#i

N
min k; + 1mm (eql)) > max <0 + Z C1liCij>
i

(36)

where A is the maximum eigenvalue of the matrix D =
(dj)nxno> then the complex dynamical network (33) can achieve
global exponential synchronization. /2 is the convergence rate,
where y is the same as in Theorem 9.

A similar approach in Theorem 9 can be used for its proof.

Theorem 18. Supposing that Assumption 7 holds and M =
—(p;i + qij + Tij)Nxn is an M-matrix, where

pi=-ki—ecl+o
alicj, i#j
qij = o
0, i=js (37)
1y = ol |d).

i,j=1,2,...,N,

then the complex dynamical network (33) can achieve global
exponential synchronization.

A similar approach in Theorem 12 can be used for its
proof.
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Theorem 19. Supposing that the condition of Theorem 18 holds

and constants ¢ > 0 exist such that M = —(Ei +qij + Ti))NxN
is still an M-matrix, one can derive

N
le; ()] < 3 Z |Ej (to)' exp {~¢ (t —to)},
j=1

(38)
i=1,2,...,N, t>t,
where

Py =k —eqli+o;+¢;

alicj, i#]
qij = o

0, i=j (39)
rij = al;|dy|

i,j=1,2,...,N.

The complex dynamical network (33) can then achieve global
exponential synchronization with ¢ as the convergence rate.

A similar approach in Theorem 15 can be used for its
proof.

Remark 20. We provide several synchronization criteria for
adding the controller in Theorems 17,18, and 19. The feedback
gain k; of the controllers is related only to the inherent
parameters of the system.

4. Numerical Simulation

A dynamical network model with 10 dynamical nodes is
considered. The state of the ith node is as presented in (1).
Without loss of generality, we choose the system parameters
that satisty Theorem 15, thatis, ¢, = ¢, = 1,0 = 2, = 2 after
considering the coupling matrices:

C
41 0 0 1 0 0 0 1 1
1 41 1 1 00 0 0 0
01 41 01 0 0 1 0
01 1 -40 01 1 00
1 1.0 04100 0 1
"l o0 101 40101 |
00 0 1 0 0 -4 1 1 1
00 0 1 0 1 1 -41 0
1 01 00 0 1 1 —40
1 00 0 1 1 1 0 0 —4

7
D
-3 1 0 0 0 0 0 1 1 O
60 -21 0 0 0 1 0 0 O
1 0 -1 0 0 0 0 0 O O
0 0 06-11 0 0 0 0 1
0o 0 01 -30 1 1 0 O
) 0 0 060 0-10 0 01
6 0 060 1 1 -30 0 0
1 1.0 0 1 0 0 -30 O
0 0 06 000 0 0 -11
1 0 0 0 001 0 0 -2
(40)

Figure 1 illustrates the trajectories of a system error. The error
states are exponentially stable at zero equilibrium points,
thereby implying that global exponential synchronization
was obtained by the dynamic nodes of the complex dynamical
network with time-varying delays.

The parameters of the system are adjusted such that the
conditions of Theorem 15 are not established. Figures 2, 4,
and 6 show the trajectories of an error system with unstable
error states. According to Theorem 19, we added the feedback
controller (34) to the time-varying delay complex network
(33). Figures 3, 5, and 7 show the obtained trajectories of
the error system. When the control gain k; > 5, the
complex dynamical network can achieve global exponential
synchronization.

5. Conclusion

In this study, several simple and generic synchronization
criteria are derived to guarantee that a complex dynamical
network achieves global exponential synchronization. These
criteria do not contain unknown parameters related to the
intrinsic parameters of the system. The specific form of
time delay is unknown, thereby making practical application
convenient. If the system cannot establish synchronization
by itself, adding appropriate feedback controllers would
ensure that sufficient conditions for system synchroniza-
tion are obtained. The gain of the controllers is related
only to the intrinsic parameters of the system itself. The
estimation of exponential convergence rate has also been
studied. Hence, a method for estimating the exponential
convergence rate is also presented in this paper. For instance,
solving transcendental equation (9) to obtain the exponen-
tial convergence rate is easier using related mathematical
software. Theorems 15 and 19 also illustrate a simple and
feasible method for calculating the exponential convergence
rate.
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FIGURE 2: Synchronization error e;; that does not satisfy the conditions.
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The state of node e;

The state of node e,

FIGURE 4: Synchronization error e;, that does not satisfy

)
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|
[\S]

0 0.5 1 1.5 2 2.5

FIGURE 3: Synchronization error e;; of adding controllers.

conditions.

The state of node e,

the

(=]

0.5 1 1.5 2 2.5

FIGURE 5: Synchronization error e;; of adding controllers.

The state of node e;

FIGURE 6: Synchronization error e; that does not satisfy the
conditions.

The state of node e;

0 0.5 1 1.5 2 2.5 3

FIGURE 7: Synchronization error e;; of adding controllers.
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