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We investigate how the diversity of consumers’ perceived value in different remanufacturing modes affects remanufacturing
decision-making. We establish a two-stage optimal decision-making model of original equipment manufacturer (OEM)
remanufacturing and a noncooperative game model of third party remanufacturer (TPR) remanufacturing and then analyze the
optimal decisions of OEM and TPR. Comparing the effects of consumers’ perceived value on remanufacturing decision-making
in different modes, we find that when OEM remanufactures products, consumers’ perceived value has a negative effect on new
products’ price and quantity and has a positive effect on remanufactured products’ quantity and when TPR remanufactures
products, consumers’ perceived value has a positive effect on new products price and quantity and has a negative effect on
remanufactured products’ quantity. Compared with OEM remanufacturing, TPR remanufacturing can raise the profits of OEM

and whole closed-loop supply chain, but it will lower the quantity of remanufacturing products.

1. Introduction

With the strengthening of people’s environmental awareness,
remanufacturing attracts more and more attention. The origi-
nal equipment manufacturers (OEMs) of electronic products
find that recycling and manufacturing of waste products
could get a good reputation and a handsome profit for them.
Therefore, the electronics’ recycling and remanufacturing in
closed-loop supply chain have been a hot spot of the relevant
business and academia [1].

At present, the product recycling and remanufacturing
are a hot topic. There are many researches about inventory
control [2], product pricing [3], and coordination in the pro-
cess of product remanufacturing. In terms of product pricing,
Gu et al. [4] study the waste products pricing strategies in
reverse supply chain system made of individual manufactur-
ers and retailers, which is based on game theory. Xu et al.
[5] find out the optimal pricing strategy and corresponding
product recovery rate and make comparative analysis with
a single-pricing strategy. Recently, some researches focus on

dynamic pricing for remanufactured products in multiperiod
[6] and uncertain quality [7].

When studying the remanufacturer and manufacturer’s
optimal pricing decision in cooperation and competitive
modes, Kai et al. [8] compare the two models in terms
of pricing, profit, sales, and other angles. Considering the
coordination of closed-loop supply chain, Ge et al. [9]
make analysis of the closed-loop supply chain recovery in
different patterns based on game theory and designs income
and expense sharing contract to coordinate the closed-loop
supply chain under decentralized decision-making. Based on
three premises which the government has used to provide
incentives and punishments for retailers, Wenwei et al.
[10] obtain the optimal retailer’s contract provided by the
manufacturer in different modes. Jena and Sarmabh [11] study
cooperation and competition issues in a closed-loop supply
chain.

Besides, researches have been done on management
efficiency and operational efficiency of the closed-loop supply
chain as well. Ferguson and Toktay [12] find that TPR



threatens the OEM by cannibalization effect, and they
compare the two strategies that OEMs use for preventing
TPR from entering the market again. Wu et al. [13] analyze
the intraindustry competition between retailers and vertical
competition between the retailers and suppliers under six
different power structures. Almost at the same time, Wu [14]
proposes combining the retailers’ offer and service as the key
factor in the game of the OEM and TPR, then arrives at a
balanced state of both profits, and raises the reference for the
management of the supply chain parties program based on
the theory.

With the development of psychological theory, many
literatures gradually consider the consumer psychology as a
factor influencing decision-making and analyze the impact of
consumer demand on remanufacture decision-making from
the market side. Atasu et al. [15] divide the consumers of elec-
tronic products into general consumer and green consumer
and analyze the influence of the green consumers’ market
share on remanufacturing decision-making. Oraiopoulos et
al. [16] propose “the resale value effect” in their study, which
means that consumers will consider a new products’ resale
value before buying it. The greater the resale value is, the
more willing the consumer will be to buy new products.
Later, Agrawal et al. [17] prove that the “consumers’ perceived
value” exists through behavioral experiments; it indicates
that the presence of remanufactured goods would impact
the consumers’ perceived value of new products and then
influence the willingness to pay.

Remanufacturing can be undertaken by either OEM or
remanufacturer; different remanufacturing modes impact
consumers’ perceived value of new products in different
directions and then affect remanufacturing decisions. There-
fore, this paper brings in the “consumers’ perceived value
effect” and analyzes the optimal decisions in different reman-
ufacturing modes: in closed-loop supply chain in which
OEM is dominant, when OEM remanufactures products, its
remanufacturing decisions are controlled by direct pricing;
when TPR remanufactures products, OEM influences the
remanufacturing decisions by charging “patent licensing fees”
from TPR [15]. Then we compare the profits of each member
in the closed-loop supply chain in different remanufactur-
ing modes. This paper has some important implications
for improving remanufacturing decision-making based on
nonrational behavior of consumers.

2. Description of the Problem

We consider a closed-loop supply chain which has two mem-
bers; the decision-making process under different remanu-
facturing patterns is as follows.

In the model of OEM remanufacturing, OEM produces
new products in the first stage, and, in the second stage,
OEM produces both new products and remanufactured
products. In the model of TPR remanufacturing, OEM
produces new products during two periods and charges
a “patent licensing fee” [18] from the remanufacturer, and
TPR produces remanufactured products in the second
stage.

Discrete Dynamics in Nature and Society

The paper has eight basic assumptions as follows.

Assumption 1. The cost of production of new products for
OEM is ¢; the cost of the OEM and TPR’s remanufacturing
(including the recycling and reprocessing), respectively, is the
same ¢,, and ¢ < ¢,, because the cost savings are an important
driving force for remanufacturing activities [15].

Assumption 2. When TPR remanufactures products, for the
purpose of protecting the proprietary technology and con-
trolling remanufacturing decisions, OEM charges the patent
relicensing fee / for per unit remanufactured product.

Assumption 3. In the first stage, OEM sells the new prod-
ucts at price p; and the optimal production of the new
product is gq;; and in the second stage, OEM sells the new
products at price p, and the optimal production of the
new product is g,. Likewise, when OEM remanufactures
products, the remanufactured products’ price is p,; and
when TPR remanufactures products, its price is p, + h (h
is considered as relicensing fee and obtained by the OEM
[18], and TPR gets the revenue of per unit product p,), and
the optimal production of the remanufactured products is

qr-

Assumption 4. When TPR remanufactures products, OEM is
the leader of the market; the p;, p,, and h are determined
based on the principle of profit maximization.

Assumption 5. The consumers’ willingness to pay for the new
product is 0, which is uniformly distributed between 0 and 1
[19].

Assumption 6. The consumers prefer new products; that is,
if the consumer is willing to pay 6 for the new products, his
willingness to pay for the remanufactured product is just p@
(0<p<1)[12].

Assumption 7. Remanufacturing impacts the consumers’ per-
ceived value of new products and then impacts the con-
sumer’s willingness to pay [13]. To be specific, (1) OEM’s
remanufacturing reduces consumers’ perceived value of new
products, and then the willingness to pay is only af, assuming
that the consumers’ perceived value factor is o, and p < o <
1 (although OEM remanufacturing could reduce consumer
preference of new products, the consumers’ willingness to
pay for new products is still greater than the willingness to
buy remanufactured products; namely, 0 < p < « < 1); (2)
TPR’s remanufacturing increases consumers’ perceived value
of new products; consumers are willing to pay 30 for the new
product. Assume that the consumers’ perceived value factor
is B, and 3 > 1. The larger the consumers’ perceived value
effect, the greater the impact of the remanufacturing activities
on consumers’ perceived value.

Assumption 8. The market share of first stage and second
stage is 1, respectively, and, in the second stage’s remanufac-
turing activities, the number of the old products’ recycling is
not restricted [12].
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3. The Basic Model

Firstly, we analyze the pricing process in different remanufac-
turing modes: when OEM remanufactures products, we study
the optimization decision for only one subject; when TPR
remanufactures products, we study a noncooperative game
problem. Next, we establish the remanufacturing decision
model of electronic products which considers the consumers’
perceived value effect.

3.1. The Consumer’s Utility Function and Production Demand.
In the first stage, there are no remanufactured products;
consumers only buy new products. Every consumer’s utility
of buying new products is U; = 6 — p,. The demand of the
productsis g, = 1 — p; [13].

In the second stage, we discuss two cases in which reman-
ufacturing is undertaken by OEM and TPR, respectively.

(1) OEM Remanufacturing. As OEM remanufacturing will
reduce the consumers’ perceived value of new products and
then reduce the willingness to pay, the consumer’s utility of
buying the new products is U, = af — p, (p < a < 1);
and the utility of buying remanufactured products is U, =
p0 — p, (0 < p < 1). In order to ensure g, > 0, we have
another assumption p < a — (p,, — p,) [13].

As the consumers will choose the product which makes
their own utility maximum, we assume that the set of
consumers’ purchasing new products is ©,,, and ®,, = {0 :
U, > max{U,,0}}; assume the set of consumers” purchasing
remanufactured products is ©,, and ®, = {0 : U,

max{U,, 0}}. The new products get a market share of m,,
.[ee ® f(0)dO and the remanufactured products get a market

jmy £(8)d6.

If ap, < pp,, the consumers’ demand of new products is
g, =1*m, =(ax—-p-p,+ p,)/(«— p);and the demand of
remanufactured productsis g, = Lxm, = (pp,—ap,)/pla—p).

If ap, > pp, the consumers’ demand of new products is
g, = (= p)/a; and the demand of remanufactured products
isq, = 0.

v

share of m, =

(2) TPR Remanufacturing. As TPR remanufacturing will
increase the consumers’ perceived value of new products and
then improve the willingness to pay, the consumer’s utility of
buying the new products is U, = 0 — p, (8 > 1); and the
utility of buying remanufactured products is U, = p@ — (p, +
h). In order to ensure g, > 0, we have another assumption
pgﬁ_(pn_pr_h)'

If B(p, + h) < pp,, the consumers’ demand of the new
productsisq, = 1+ m, = (B—-p—p, + p, + B)/(B - p);
and the demand of remanufactured productsis g, = 1 *m, =
(ppn = Bp, = BR)/ p(B = p).

If B(p, + h) > pp,,, the consumers’ demand of new prod-
ucts is g, = (8 — p,)/p; and the demand of remanufactured
products is g, = 0.

3.2. The Function of Profit

(1) OEM Remanufacturing. As previously mentioned, only
when ap, < pp, and g, > 0, there are remanufacturing

activities. So we only consider the OEM’s optimal decision in
this case. And the profit of the OEM is

max

[T =(i-9a+(p-)au+ (p—c)a,

P1>PusPr

st. pyPwpr=20 1)
Pispnzc
P, >

(2) TPR Remanufacturing. Similarly, in order to ensure the
existence of the remanufacturing activities, we just consider
the case of S(p, + h) < pp,,.

The OEM’s profit is

max

1_[ :(Pl_c)q1+(pn_c)qn+hqr

Pupush
2)
st. pLp,h=0
pl’pn 2c
TPR’s profit is
max
1—[ = (pr - Cr) qr — hqr
pT
3)

st. p.=2¢

h>0.

4. Remanufacturing Decisions Based on
Consumers’ Perceived Value

For convenience, when OEM remanufactures products, we
denote the OEM’s profit as [];,,,; and when TPR remanufac-
tures products, we denote TPR’s profit as [ [, and OEM’s profit
[ 1,,,,- Besides, the profit of the whole supply chain is [ [, when
OEM remanufactures products; and the profit of the whole
products is [ |, when TPR remanufactures products.

In the next part, we have the equilibrium analysis in the
two modes, respectively.

4.1. OEM Remanufacturing. In this case, OEM is the only
manufacturer, which produces new products in the first stage
and both new products and remanufactured products at
the same time in the second stage. According to the profit
function Hlm = (pl - C)ql + (pn - C)qn + (pr - Cr)qr’ one
has the following.

Proposition 9. when OEM remanufactures products, if the
consumers’ perceived value coefficient o meets p + (¢ — ¢,) <
« < cp/c,, then the OEM’ balance set of decision-making is

Pi> P> P7> 41> 4y 4 - To be more specific,
£ a+c

pn = 2 > (4)




4

L _PTG

= —, 5

p=" 5)

« atcg-—p-c

99 = —57. N 6
2(a-p) (©

# cp - ac,

4 =5 - 7
2p(a—p) @

Proof. When OEM remanufactures products, according to
the profit function [],,,, we can obtain the optimal prices of
new products and remanufactured products as p;, and p;.
And then we can also obtain the optimal quantity as g and
q, - In order to make remanufacturing activity possible, the
following conditions must be met:

.
from p, >c: we know a > ¢;

from p; >c,: we know that p > ¢;

(8)

from q, >0: weknowa—-p>c—c >0;

from g7 >0 we know: ac, — pc < 0.

According to (1), (2), (3), and (4), Proposition 9 can be
proven. O

Conclusion 1. Consumers’ perceived value coefficient impacts
the optimal price of new products in the second stage and
does not impact the optimal remanufacturing product price;
the larger the « is, the higher the p; is, and at the time « = 1,
p,, takes the maximum value.

Conclusion 1 shows that when OEM remanufactures
products, the optimal price of new products in the second
stage increases with the increase of the coeflicient of con-
sumers’ perceived value; that is, OEM remanufacturing has
negative effects on the optimal price of new products.

Conclusion 2. In the second stage, the optimal quantity of
new product will increase as « increases; the optimal quantity
of remanufactured product will decrease as « increases.

Conclusion 2 shows that when OEM remanufactures
products, the optimal quantity of new products in the second
stage will decrease as the coefficient of consumers’ perceived
value increases; namely, OEM remanufacturing has negative
effects on the optimal quantity of new products. The optimal
quantity of remanufactured products will increase as the
coefficient of consumers’ perceived value increases, which
means that OEM remanufacturing has positive effects on the
optimal quantity of remanufactured products.

Conclusion 3. The OEM’s profit will increase as the «
increases.

Conclusion 3 shows that when OEM remanufactures
products, if consumers’ perceived value effect is smaller, that
is to say, « is larger, OEM can gain more profit and less
vice versa. It means that OEM remanufacturing has negative
effects on its profit. It explains why most of the international
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famous electronic OEMs do not remanufacture products
themselves.

4.2. TPR Remanufacturing. In this case, the OEM produces
new products both in the first stage and in the second stage;
TPR produces remanufactured products.

Proposition 10. When TPR remanufactures products, the
supply chain balanced decision set is (p; ", p, "> Py >q) > a5 >
q,"), in which p’* is defined as “unit remanufactured product

revenue of TPR.” Each state variable is as follows:

o 2% = 2Bp +2ph + ¢, B+ 2cfp — pc
pn - 4ﬁ_2p
o (B =Bp+ph+(1/2)cB+cB-(1/2)pc)p

br (B -2p) B

>

—lh+lcr,
2 2
2 )
" = 237 =2¢f-2Bp+cf+pc
g 4B(B-p) ’
& = B>~ Bp+Bh+(1/2) ¢, +cB~(1/2) pc
' 2(2B-p)(B-p)
 Bh+gp
2p(B-p)

Conclusion 4. The price of new products p;” in the second
stage will increase as the consumers’ perceived value coefli-
cient f3 increases.

Conclusion 4 shows that when TPR remanufactures
products, the consumers’ perceived value for the new product
is influenced by the behavior of TPR’s remanufacturing; TPR
remanufacturing has positive effects on the optimal price
of new products. And the optimal price increases as the
perceived value coefficient increases.

Conclusion 5. The optimal quantity of new products g,"
in the second stage will increase as the f3 increases. The
optimal quantity g;* for TPR remanufacturing will decline
as f3 increases.

Conclusion 5 shows that when TPR remanufactures
products, TPR remanufacturing has positive effects on the
optimal quantity of new products. The optimal quantity of
remanufactured products will increase with the decrease of
the coeflicient of consumers’ perceived value, which means
that TPR remanufacturing has negative effects on the optimal
quantity of remanufactured products.

4.3. Profit Comparison in Different Remanufacturing Mode

Proposition 11. m, is defined as OEM profit difference under
two cases (OEM remanufacturing and TPR remanufacturing),
assuming that m; = [1l,,, — [lis m, is defined as the
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OEM’s profit gap when ¢ = 0.4, ¢, = 0.2, p = 0.6,and h = 0.15
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FIGURE 1: Consumers’ perceived value impact on m,;.

The supply chain’s profit gap when
c=04,¢=02,p=0.6,and h =0.15

F1GURE 2: Consumers’ perceived value impact on m;.

closed-loop supply chain profit difference between the two cases,
assuming that m, = [ [, — [ ;- We can obtain the optimal profit
differences in different remanufacturing modes.

Therefore, we can work out the optimal profit differences
my = [15,~[1,, andm; =15 ~-[1}, the optimal price Ap, =
2. = P Ap, = p;* — p), and optimal quantity differences
Agq, =q," —q,, Aq, = q;" - q in different remanufacturing
modes.

Due to the complexity of these functions, we will analyze
how the consumers’ perceived value impacts the related profit,
price, and quantity with numerical simulation in the next part.

5. Numerical Simulation

Because the final profit functions are so complex that it is
difficult to compare them under the two different remanufac-
turing modes, we do further research by numerical analysis.
Assuming that ¢ = 04, ¢, = 0.2, h = 0.15, and 0.8 <
a < 1,1 < B < 2.0484, we can discuss the profit, price,
and quantity differences between OEM remanufacturing and
TPR remanufacturing modes by Figures 1-6.

It can be seen from Figurel that when OEM rem-
anufactures products, OEM’s profit will decrease as «
increases; when TPR remanufactures products, OEM’s profit

New products’ optimal price gap when
c=04,¢,=02,p=06,and h = 0.15

Pn 83p

FIGURE 3: Consumers’ perceived value impact on Ap,,.

Remanufactured products’ optimal price gap when
c=04,¢,=02,p=06,and h = 0.15

-0.175
-0.18
-0.185
-0.19
-0.195

-0.2
2.5

by 83p

' 085 0.9
1 08 ’ o

B

FIGURE 4: Consumers’ perceived value impact on Ap,.

will increase as f increases. In other words, in either
remanufacturing modes, the greater the consumers’ per-
ceived value effect is, the more the OEM’s profit will be.

It can be seen from Figure 2 that when OEM reman-
ufactures products, the whole closed-loop supply chains
profit will decrease as « increases; when TPR remanufac-
tures products, the whole closed-loop supply chain’s profit
will increase as f3 increases. To put it in another way, in
either remanufacturing modes, the greater the consumers’
perceived value effect is, the more the whole closed-loop
supply chain profit will be.

It can be seen from Figure 3 that when OEM remanufac-
tures products, new product price will decrease as o increases;
when TPR remanufactures products, new product price will
increase as 3 increases. In other words, in either remanu-
facturing modes, the greater the consumers’ perceived value
effect is, the higher the new product price will be.

It can be seen from Figure 4 that when OEM remanufac-
tures products, remanufactured product price will decrease
as « increases; when TPR remanufactures products, there will
be B', and when B < B, remanufactured product price will
decrease as Bincreases; when 8 > 8’ remanufactured product
price will increase as 8 increases.
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FIGURE 5: Consumers’ perceived value impact on Ag,,.
Remanufactured products’ optimal production gap when
c=04,¢,=02,p=06,and h = 0.15
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FIGURE 6: Consumers’ perceived value impact on Ag,.

It can be seen from Figure 5 that when OEM remanu-
factures products, the new products quantity will increase
as o increases; when TPR remanufactures products, the new
products quantity will increase as f3 increases.

It can be seen from Figure 6 that when OEM remanu-
factures products, the remanufactured products quantity will
decrease as « increases; when TPR remanufactures products,
the remanufactured products quantity will decrease as f3
increases.

6. Conclusions

In this paper, we study the impacts of consumers’ perceived
value on the decision-making process; and we also compare
the optimal decisions in different remanufacturing modes.
By analyzing the impacts of consumers’ perceived value on
the remanufacturing activities, we can draw the conclusions
as follows. (1) Considering the consumers’ perceived value,
OEM’s remanufacturing has negative effects on the price
and quantity of new products and has positive effects on
the quantity of remanufactured product and negative effects
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on OEM’s profits. (2) TPR’s remanufacturing has positive
effects on the optimal prices of new products and positive
effects on the optimal quantity of new products and also
has negative effects on the optimal quantity of remanufac-
tured product. (3) Considering the impacts of consumers’
perceived value effect, TPRs remanufacturing can make
OEM and the whole closed-loop supply chain get more
profits.

The core idea of this study is the consumer psycholog-
ical factors” influence on remanufacturing activities. In the
future, we can extend the closed-loop supply chain research
vertically and horizontally: on the one hand, considering
the closed-loop supply chain by horizontal competition, we
can analyze the consumers’ perceived value’s impacts on
remanufacturing decisions made of one OEM and multiple
TPR manufacturers. On the other hand, considering the
closed-loop supply chain by vertical competition, we can
analyze impacts of consumers’ perceived value on remanu-
facturing decisions made of one OEM and multiple recyclers
in multistage games.

Appendix

In order to make the remanufacturing activities possible, it
must meet the following conditions.

(1) OEM Remanufacturing. Consider

For p, >¢, thena>¢ (A
For p; >c¢, then p>c; (A.2)
Forgq, >0, thena-p>c—c >0 (A.3)
For g >0, then ac, — pc < 0. (A.4)
(2) TPR Remanufacturing. Consider
For p." > ¢,
(A5)
then 2% — 2fp + 2f8h + ¢, — 2¢f + pc > 0;
For p.* > ¢,
then 2pB* — 2f3p> + 4pBh + 3pc, B + 2pcf (A.6)
—plc—4p%h—4c, > 0;
For q." > 0,
(A7)
then 28% — 2cf - 2Bp + ¢, + pc > 0;
For g;" > 0,
then 2pf> — 2f3p> + 4pPh + 3pc, B + 2pcf (A.8)

—plc—4f’h—4c,p’ > 0.
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Proof of Conclusion 1. The optimal price of new product p;, =
(a + ¢)/2 and the optimal price of remanufactured product
pr = (p + ¢.)/2 make the first order to «; the results are 1/2
and 0.

The conclusion is proven. O

Proof of Conclusion 2. The optimal quantity of new products
q, = 05(a¢ + ¢ — p - ¢)/(a — p) makes the first order to
a; we get 0.5(c — ¢,)/(x — p)2 > 0; the optimal quantity of
remanufactured products g = 0.5(cp — ac,)/p(« — p) makes
the first order to o; we get —0.5(c — ¢,)/(« — p)2 <0.

Then, the conclusion is proven. O

Proof of Conclusion 3. [[;m = (—(1/2)c + 1/2)* + (1/2)x -
(1/2)e)((1/2)a—(1/2)p—(1/2)c + (1/2)¢,)[(ex—p) +((1/2)p—
(1/2)c,)((1/2)(pc—ac,))/p/(a—p), [ [,m makes the first order

to or; we get (1/4)((a — p)2 —(c— c,)z)/((x - p)z.

By (A.3), we know o« — p > ¢ — ¢, > 0; then, (1/4)((« -
p) = (c=c))/(a-p)* >0.

The conclusion is proven. O

Proof of Conclusion 4. In TPR remanufacturing, p,” makes
the first order to f3; we get

(1/2) (4B* - 4Bp + 2p° - 2ph - pc,)

7
(0(1/2)(4B* — 4Bp + 2p* — 2ph — pc,) /(2 — p)*) x (Oh) " =
—2p/(2B = p)* < 0; we know h > —(1/2)(2* = 2fp + ¢, -
2¢f + pc)/ 3. By (A.6), we know
2 2 2 2
B < 2PP”—2Bp" +3p.p+2pcB — pTc — 4G B (A.10)

4B(B-p)

Then, one has the following.
When h equals the minimum value —(1/2)(2[32 -2Bp +
¢, —2cP + pc)/ B, x reaches the maximum value

(—Zpﬁ2 +4f° —2pcf + ch)
B

When h equals the maximum value (1 /4)(2/)[32 - 2/3p2 +
3pc, f+2pcf—pic—4c, f7)/ B/(~p+P), x reaches the minimum
value (1/2)(28 — p)(4° — 4pB* + 2Bp*> + pc, B + 2pp* -
pzc)/ﬁ/(—p + B) > 0; so, the result of the first order to S is
bigger than 0.

The conclusion is proven. O

> 0. (A1)

Proof of Conclusion 5. (1) g, makes the first order to f3; the
result is (1/4)(=2pcf + 2¢f* — ¢, f* + p*c)/B*/(—p + B)*.
Order x = —2pcf+2c* —c,f* + p*c makes the first order
to p; the result is —2¢f8 + 2pc < 0, when p = 0; x equals the
minimum value 2¢* - ¢, 8> > 0.
Then, we get x > 0; the result of the first order to f3 is

= (A.9) bigger than 0.
(2B-p) (2) g, " makes the first order to f; the result is
2pB% — 4Bp* + 2p° + 8pPh — 4B%h — 4p*h + 8pc, B — 6¢, 82 — 3p>c, + 4cf* — 4pcf + pic (AL2)
2 2 : :
~4(2p-p) (=p+h)
(a ( 2pB* — 4Bp* +2p° + 8pPh — 43%h — 4p°h + 8pc, B — 6¢, 87 — 3p*c, + 4c* — 4pcf + p’c ))
2 2
—4(2B-p) (-p+
2B=p) (=p+B) (A13)

w@h)le——1 o

2B-p)

When h equals the minimum value = —(1 /2)(2[32 -2Bp +
¢, B—2cf+ pc)/ B, x equals the minimum value (23— p)(28° -
26,82 — 4pB* + pc, B+ 3pcf + 2p* — 2p%c) /B

Order y = 23°~2¢, >~ 4pf*+pc, f+3pcf+2Pp* —2p*c =
(2B -2¢)p” + (=4 + ¢, B+ 3cP)p + 28 - 2¢, 8% through this
equation, we know b” —4ac = —*(—c, +¢)(-9c+8B+¢,) < 0.

Namely, the minimum value of opening up parabolic
function is greater than zero; the minimum value of y is

greater than 0. The maximum value of x is also greater than
0.

When h equals the maximum value (1/4)(2pf* - 28p> +
3pc, +2pcf—pc—4c,f7)/ B/ (~p+B), x equals the minimum
value (23 - p)(=¢, B> + 2¢8* = 2pcB + pc)/ .

Order y = —¢, 8% +2c> —2pcf+p°c = (2c—c,) > —2pcf+
p’c; through this equation, we know b* — 4ac = —4p*c(—c, +

¢) < 0, the minimum value of y is greater than 0, and the
maximum value of x is also greater than 0.

* %

Then, the result of g, ’s first order to 3 is smaller than 0.
The conclusion is proven. O
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