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The nonlinear variants of the generalized Boussinesq water equations with positive and negative exponents are studied in this
paper. The analytic expressions of the compactons, solitons, solitary patterns, and periodic solutions for the equations are obtained
by using a technique based on the reduction of order of differential equations. It is shown that the nonlinear variants, or nonlinear
variants together with the wave numbers, directly lead to the qualitative change in the physical structures of the solutions.

1. Introduction

One of the classical Boussinesq water equations can be
written by the form

2
Uy = —OUyypx T UL T ﬁ(u )xx’ €))

where u(x,t) is the elevation of the free surface of fluid,
the subscripts denote partial derivatives, and the constant
coefficients « and 3 depend on the depth of fluid and the
characteristic speed of the long waves. It is well known
that Boussinesq equation (1) was originally introduced as
a model for one-dimensional weakly nonlinear dispersive
waves in shallow water and was subsequently applied to
explain problems in the percolation of water in porous
subsurface strata. It also crops up in the analysis of many
other physical processes.

Various generalizations of the classical Boussinesq water
equation have been proposed and studied to probe the
dynamic properties of their solutions. The generalized
Boussinesq’s equations have been successfully applied in
coastal engineering for simulating wave propagation from the
deep sea to a shallow-water region and in naval architecture
for computing ship waves in shallow water (See [1, 2]).
Kaya [3] obtained the exact and numerical solitary-wave
solutions for a generalized modified Boussinesq equation.

Elgarayhi and Elhanbaly [1] discussed and analyzed new
exact traveling wave solutions for the two-dimensional KdV-
Burgers and Boussinesq equations. Lai and Wu [4] and Lai
et al. [5] proposed an approach for constructing asymptotic
solution of the Boussinesq equations. Rosenau [6] proved
that the vibration of the anharmonic mass-spring chain leads
to a new Boussinesq equation admitting compactons and
compact breathers. It was formally shown that the collision
of two compactons results in the creation of low-amplitude
compacton and anticompacton pairs. One can find that
many meaningful achievements that outline the structure
of compactons and the collision of two compactons were
reported in [6-8]. For more details about the compactons
and soliton solutions for nonlinear evolution equations, the
reader is referred to [4, 5, 9-11] in which many analytical
and numerical methods such as the pseudospectral methods,
the Galerkin method, the finite differences method, the sine-
cosine ansatz, and the tanh method have been presented.

The following (2+1)-dimensional Boussinesq water sys-
tem

2
Upp = Uyx —Uyy — (u )xx T Uyxxx = 0 ()

was studied in [11]. The author discussed the stability of
solitary wave solution of (2). It is found that pulse-like
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solutions to the Boussinesq water equation are stable to linear
perturbations.

Wazwaz [12] studied the variants of the following
improved Boussinesq water equations.

(I) Variant of the (1+1)-dimensional improved Boussi-
nesq equation with positive exponents is given by

blu"(u"),],, =0
and with negative exponents is given by

blu™(u™),,]

2
Uy — Uy, — a(u ")Xx - n>1, (3)

-2
Uy — Uy — a(u ”)xx - L =0, n>1, (4)

where a # 0 and b # 0 are constants.

(II) Variant of the (2+1) dimensional improved Boussi-
nesq equation with positive exponents (some typing’s
errors occurred for (5) and (6) in [12]. This can be
found through the reading of the whole paper) is
given by

Uy — Uy — Uy, — al(uzn)xx - az(uzn)yy
b [ (")), (5)

- bz[u”(u")yy]” =0, n>1,

and with negative exponents is in the form

—2n —2n
utt—uxx—uy},—al u xx—az u Jy

—b [ (W), (6)

- bz[ufn(ufn =0, n>1l,

}’}’]tt

where a, + a, #0and b, + b, #0.
Wazwaz [12] assumed that the solutions of (3), (4), (5),
and (6) take the forms in terms of sine or cosine; namely,

u(xt) = {Acos’ (ué))}, || < % @)
or the ansatz

uxt) = {Asin® (ué)}, || < % )
where §; = x —ctoré, = x+ y —ct and y and c are

the wave number and the wave speed, respectively. Using the
balancing rule, Wazwaz [12] calculated and found out the
concrete values of 3, y, A.

In this paper, by using a mathematical technique different
from those in [9, 12], we derive analytical expressions of the
travelling solutions with wave variable £ = u(x — ct) for
(3) and (4) or & = px + ny — ct for (5) and (6) where
¢, 1, and ¢ are arbitrary nonzero constants. The technique
used in this paper is proved very useful in constructing the
exact travelling wave solutions for (3)-(6). It is shown that
the nonlinear variants, or nonlinear variants together with the
wave numbers, directly determine the physical structures of
the solutions such as compactons, solitons, solitary patterns,
and periodic solutions. Moreover, the results presented in this
paper include those carried out in Wazwaz [12].
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2. Variant of the (1+1)-Dimensional
Improved Boussinesq Equation with
Positive Exponents

Firstly, we consider solutions of the following equation:

(”’_W )2 ~ ay — bW ©)

dz g — BV

where a, # 0 and b, # 0 are constants. When b, > 0, (9) admits
two solutions:

W, = J_r\/zjzsin[\/b\o(z+A)] ,

W, = t\/Z—Zcos[\M(z+A)],

where A is an arbitrary constant.
When b, < 0, noticing that cosh®z —sinh’z = 1, we derive
that (9) has two solutions of the form

W, = i\jgsinh [\/—\bo(z +A)] ,

(10)

0

D
W, = ii\/—% cosh [\/—bo (z+ A)] ,
0

where i = v-1.
Now, we write out the following formulas which will be
used in this work:

1 1
sinh x = — sinix, sin x = — sinhix,
1 1 (12)

cosh x = cosix, cos x = coshix.

Remark 1. Here we point out that we will solve (9) in the
complex value district. By the theory of solution structure for
the first-order ordinary differential equation, we know that
the formulas (10) and (11) include all the analytical solutions
of (9). In the following discussions, we let the phase number
A = 0 in formulas (10), (11) and the forthcoming analytical
expressions of travelling wave solutions.

In this section, we seek formal travelling wave solutions
for (3); namely,

u(x,t) =u(f), (13)

where the wave variable & takes the form & = p(x — ct) with
constants ¢ # 0 and ¢ #0.

The wave variable & = p(x—ct) turns (3) into the following
ODE:

(cz - 1) Uge — a(uzn)& - bcz‘uz[un(u”)fg]& =0. (14)

Integrating (14) twice and setting the constants of integration
to be zero, we have

(cz - 1) u—au’ - bc{u%f'(u")gf =0. (15)
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Since ¢* appears in (15), we can assume that ¢ > 0 always
holds.

Case . When ¢? = 1, if a/b < 0, the solution of (15) takes the
form

W' =k, exp(J%(x - ct)> + k, exp (— —g (x - ct)),
(16)

where k, and k, are arbitrary constants.
If a/b > 0, we solve (15) by

u" =k, sin(Jg(x - ct)> +k, cos(\/g(x - ct)). 17)

Here k; and k, are arbitrary constants.

Case 2. When ¢* # 1, letting du" /d€ = Z, we have d*u"/dE* =
Z(dZ/du™) and

(c2 - 1) u—au™ bczyzu"ZjZn 0. (18)
Using du" = ™ du, we have
b 2 2
(c2 - 1) —aut ! - cH Zd—Z =0. (19)
n du

Further calculation of (19) gives rise to

A2 2
(*%) -

If a/b > 0, it follows from (10) and (20) that

(2n-1)*
be?u? (2n)’ [ " (CZ - 1)

_ a(u<zn—1>/2)2] .

(20)

Len-Dr2

2_
= i\/Zn(c 1) sin{(zn_ D)

. e [/4 (x—ct) + A]}

(21)
or

(2n-1)/2

-
:i\/zn(c 1) COS‘{(zn_l)

. 2w —[u(x—ct)+ A]}

(22)

where A is a free constant. Choosing the phase number A = 0
in formulas (21) and (22) and limiting the domain of &, we
have the following compacton solutions:

5 2 ~ /(2n-1)
u:{ n(c-1) : [(Zn 1)\/ (x —ct)]} ’
a b

2ncr

(x—ct)| < —————,
| ) 2n—-1)+a/b
u =0, otherwise,
(23)
n(@-1) Sren-1 fa e
u= cos [ \/—(x—ct)] ,
a 2nc b
nerm
(x —ct)] < —————,
| | (2n-1) +/a/b
u =0, otherwise.

(24)

However, for a/b < 0, from (11) and (20), we obtain the
solitary pattern solutions:

1/(2n-1
{ Zn(cz—l) . [(Zn [er=1
u={-———"sinh

1) a
a 2nc _E(X_Ct)]} ’

1/(2n-1)

. {Mh [@n - 1)
a

a
2nc _E(X_Ct)]}
(25)

Remark 2. From the formulas (21)-(22), we conclude that the
compactons and solitary pattern solutions are independent
of wave number y when we choose the phase number equals
zero. These results extend those obtained by Wazwaz [12] in
which the wave number p was chosen as a special constant.

3. Variant of the (1+1)-Dimensional
Improved Boussinesq Equation with
Negative Exponents

Now, we consider the (1+1)-dimensional improved Boussi-
nesq equation with negative exponents; namely,

Uy — Uy — a(ufzn)xx
(26)

-blu"(u™"),,],=0, n>1a#0, b#0.



Since (3) and (26) are symmetric about n and (-n), we can
readily obtain the following periodic solutions for (26):

| a 2[(2n+1)\/g( _ t)] vy
"= 2n(c2—1)CSC 2nc b C ’

a
—>0, c# +1,
b

_ | a 2[(2n+1)\/§( B t)] /e
"= 2n(cz—1)sec 2nc e ’

g >0,c# +1.
(27)

For the case where a/b < 0, (26) has solitons of the form

- 1/(2n+1)
a ,[@Cn+1) | a ]
- h St :
" {Zn(cz—l)csc [ 2nc b(x t) }

c#+ +1,

— 1/(2n+1)
a 2 (2n+1)\/ a ]
= —_— h —_—— —_— 5
" { 211(c2—1)Sec [ 2nc b(x <)

c+ 1.
(28)

4. Variant of the (2+1)-Dimensional
Improved Boussinesq Equation with
Positive Exponents

In this section, we consider the solution of (5). The use of
wave variable & = px + y — ct carries the equation into the
following ordinary differential equation (ODE):

(6" =t =g = (o + ) (")
_ (bhl/lz + bznz) cz(u”(u")&)ss =0.

Integrating (29) twice and setting the constants of integration
to be zero, we get

(29)

(2= 2 =)~ (gl + ay?)
- (bhu2 + bznz) czu"(u")& =0.

Using the transformation du"/d§ = Z, we have d*u"[d&* =
Z(dZ/du™) and

(Cz P 772) " (ahuz + ‘12772) (u2n)

(30)

(31)
I V4
- (blptz + bzr]z)czu Zﬂ =0.
Furthermore,
(Cz _ #2 _ 712) _ (01#2 + amz) (u2n—1)
(32)
dz
- (blyz + bznz) CZZ@ =0.
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In the following discussions, we assume that (c* — p* —

) #0, ayu* + ayn® #0, and byu* + byy* #0.
Integrating (32) yields

(blg/t2 + bzrlz) c? =
=( - -n)u-(a’ +an’) ﬁ (u™).

It follows from (33) that

(bl.“2 + bzf’lz) c ( 2ndy @072 )2

2n (2n-1)dé (34)
1/
_ (Cz—ﬂz—ﬂz)—(ﬁhﬂz‘F%ﬂz)E(uz 1).
Setting W = u®V/2, we have
<d_W>2 . (@n-1)y
dt ) 2nc? (byy? + byy?)
1
X [(c2 - [/lz - 172) - (ahuz + a2172) %WZ] .
(35)

) If (a4 + ay?)/(yp* + by®) > Oand n > 1/2, it
follows from (10) and (35) that

2 2 2
W:\jzn(c H Tl)sin

a u? + ayn? 2nc \ bp? + by?

[Zn— 1\/“1#2 + 6121’]2 E+A)

au? + ayn? 2nc \ bp? + byy?

n C2— 2 2 _ 2 2 h
W:\l ( # n)cos|:2n 1\/611‘“ bl &+ 4)].

(36)

Letting A = 0 in formulas (36), we have the following
compacton solutions:

{Zn(cz—yz—nz)
yu=4—_ - 7

au® + an’
. : 1/(2n-1)
ol 2n-1 |ayl +ayn
—ct ,
X sin [ - \jbmz b (px+nmy-c )]}

[(ux + 1y = ct)| < 2T \jb1y2+b2;72

@en-1) \au? +an?’
u =0, otherwise,

(37)
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{21/1((:2—(42—7]2)
u=4-—-—_ - "7/

2 2
a p” +an

2nc  \ bt +bn?

5 > 1/(2n-1)
2n-1
xcos [ " \/al# R’ (ux +ny - ct)] } >

|(ux +ny - ct)] < —— me2+@f

@2n-1) \ap? +an?’

u=0, otherwise.

(38)

(2) For a, i +a,i* by +byy* < 0and n > 1/2, we obtain
the solitary pattern solutions

{ Zn(cz—yz—qz)
u=4 - - 7

o+ ayn?
. 2n—1 a [42 +a ;12
h2 s 2
xsin l: ™ \/ b7 + by (39)

1/(2n-1)
x(//tx+r]y—ct)]} ,

<|2n(cz_‘uz_’1z)
u=4—_ - "7

a W+ an?

2 2
x cosh? | 2L | Gk * ol (40)
2nc biyu? + by?

1/(2n-1)
x(yx+11y—ct)”> .

Letting 4 = 7 and ¢ = pc; in formulas (37) to (40), we obtain
the analytical expressions of compactons and solitary pattern
solutions for (5) which was established in Wazwaz’s paper
[12].

5. Variant of the (2+1)-Dimensional
Improved Boussinesq Equation with
Negative Exponents

We firstly assume that (¢* — y* —#%) 0, a,u” +a,n” #0, and
b + byy* #0. Taking the symmetric property of (—) and
n into account in (5) and (6), we find the periodic solutions

in the case where (al(,t2 + 112112)/(171;42 + bznz) > 0 for (6) as
follows:

2 2
B L e |
2n(c -y - 1)
1/(2n+1)

2n+1 |a ”2 + a2112
X 2 1 —ct
csc [ e \jbmz b (px +ny —ct) ,

2 2
a iy +an

u:{_Zn@z—uz—ﬂﬂ

—— 1/(2n+1)
2n+1
xcosz[ s \jal# R ((,tx+r]y—ct)j| } )

2nc \ by +b?
(41)

wheren > —-1/2.
If (a ;42 + azqz)/ ) ”2 + b2;12) < 0, we obtain the solitons

2 2
u:{ G+ ayn
2n

(@ -w-n*)
_— 1/(2n+1)
2| 2n+1 ahu2+a2172
xcsch ane by rbyp (px +ny —ct) ,

u=1_ au’ + an’
2n (- - 1)

1/(2n+1)

2n+1 a 2+612112
xsech2|: e \/— bizz+bz’12 (px+ny —ct) ,

(42)

wheren > —-1/2.

Also, choosing y = nand ¢ = pc; in (42) produces the
analytical expressions of periodic and soliton solutions for (6)
which was obtained in Wazwaz [12].

Remark 3. From the formulae (37) to (46), we can conclude
that the exponent #, the wave numbers y and #, and the
coefficients a,, a,, b;, and b, appearing in Boussinesq equation
(5) or (6) are the main factors which determine the change of
physical structures of solutions. More precisely, exponent n
and number (a,4* + a,n*)/ (b, + byn’), positive or negative,
directly result in the qualitative changes in the physical
structures of solutions.

6. Conclusion

In this paper, we solve the generalized Boussinesq water
equations with positive or negative exponents. The analytical
expressions of the travelling wave solutions for the nonlinear
equations presented by (3)-(6) are established.

For the (1+1)-dimensional Boussinesq equations, two
outcomes are achieved. One is that the wave number y in
the analytically expressions of the travelling waves solutions
keeps as an arbitrary nonzero constant when the correspond-
ing phase equals zero. In other words, the travelling wave



solutions are independent of the wave number y if the phase
of the solutions is zero. The other is that the exponent n
together with the ratio a/b, positive or negative, directly
determines the qualitative changes in the physical structures
of solutions.

For the (2+1)-dimensional generalized Boussinesq equa-
tions with positive or negative exponents, we obtain analytical
expressions for the compactons, solitons, solitary patterns,
and periodic solutions. It is shown that the exponent #, the
wave numbers ¢ and #, and the coefficients a,, a,, b}, and b,
appearing in Boussinesq equation (5) and (6) are the main
factors which determine the changes of physical structures
of solutions. More precisely, the exponent n and the factor
(a,u* + ay?) | (byy® + byy®), positive or negative, directly lead
to the qualitative changes in the physical structures of the
solutions.
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