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1 Introduction

In [1], motivated by [2, 3], the equation modeling nonlinear RLC circuits
(u+f@)" +ey(u+fw) +u+eh(t+a,ue)=0 (1)

has been studied. It is assumed that f () and /(t, u, ¢) are smooth functions with f(u) at
least quadratic at the origin and satisfying suitable assumptions. Setting v = (u + f (1))’ the

equation reads

(1 +f/(u))u’ =v,

V= —u—s[h(t+a, u,€) + yv].

()

It is assumed that, for some o € R, we have f'(10) + 1 = 0 and uof” (up) < 0. So for ¢ = 0
(2) has the Hamiltonian

H(u,v) =v* + qua(l +f'(0))do

uo

passing through (u, 0). Clearly VH(uy,0) = (8) and the Hessian of H at (19, 0) is

Hy(10,0) = (2uof0 (1) g) ,
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so that the condition uof”(up) < 0 means that (u,0) is a saddle for H. Multiplying the
second equation by 1 + f'(u) we get the system

, u'\ v
(1 +f (u)) (v’) B <—(1 +f () u+elh(t +o,u,8) + yV]}) ' ®)

Note that (2) falls in the class of implicit differential equations (IODE) like
Ax)x' = f(x) + eh(t,x,6,6), (e,) € R x R™, (4)

with A(u,v) = (l*f(;(”) f) Obviously, detA(u,v) = 1 + f'(u) vanishes on the line (i, v) and
the condition f” (o) # 0 implies that the line u = u( consists of noncritical 0-singularities
for (3) (see [4, p.163]). Let 'L denote the kernel of the linear map L and RL its range.
Then RA(uy,0) is the subspace having zero first component and then the right hand side
of (3) belongs to RA(uy,0) if and only if v = 0. So all the singularities (ug,v) with v #0
are impasse points while (u,0) is a so called I-point (see [4, pp.163-166]). Quasilinear
implicit differential equations, such as (4), find applications in a large number of physical
sciences and have been studied by several authors [4—12]. On the other hand, there are
many other works on implicit differential equations [13—18] dealing with more general
implicit differential systems by using analytical and topological methods.

Passing from (2) to (3), in the general case, it corresponds to multiplying (4) by the ad-

jugate matrix A%(x):
w(x)x' = A“(x)D‘(x) +sh(t,x, €, K)],

where w(x) = detA(x). Here we note that A and x may have different dimensions in this
paper depending on the nature of the equation but the concrete dimension is clear from
that equation, so we do not use different notations for A and x. Basic assumptions in [1]
are w(xp) = 0, ' (x9) # 0 and A% (x0)f (x0) = 0, A%(x0)h(t, %0, ¢, 1) = 0 for some xg (that is, x¢
is an I-point for (4)) and the existence of a solution x(¢) in a bounded interval J tending to
xo as ¢ tends to the endpoints of /.

It is well known [4, 8] that w(xp) = 0 and w'(xp) # 0 imply

dimNA(xg) =1, RA%(xg) = NA(xg), and NA%(xy) = RA(xo), (5)

and then A%(xo)f (xo) = 0 is equivalent to the fact that f(x) € RA(xo).
Let F(x) := A%(x)f(x). It has been proved in [19] that (5) implies that rank F’(x) is at
most 2. So, if x € R”, with n > 2 then x = x¢ cannot be hyperbolic for the map x > F’(xo)x.
In this paper we study coupled IODEs such as

Ao (x)x) = f(x1) + egi(t, %1, %, €, ),
(6)

Ao(x2)xy =f(x2) + e@a(t, %1, %2, €, ),

with x1,5, € R?, detAg(xg) = 0 # (detAo) (x0), f(x0), gi(t; %0, %0, €, ) € RAo(x0) and other
assumptions that will be specified below. Let us remark that (6) is a special kind of the
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general equation (4) with, among other things,

_ [Ao(x1) 0 _
A(x)—< 0 Ao(xz))’ x = (1, %2)

hence detA(x) = detAq(x;)detAg(x,) satisfies detA(xg,x0) = 0, (detA) (xg,x0) = 0 and
(detA)"(xo,%0) # 0. Thus (xo,xo) is not a I-point. Multiplying the first equation by Ag(x;)
and the second by A§(x,) we obtain the system

w(x)x; = F(x) + eGi(x1, %2, 8, 6,k), )

w(X2)xy = F(x2) + £Ga (%1, %2, 8, 6, ).

We assume that w(x) := detAo(x), F(x) and Gj(x1,%2,¢, &, k) satisfy the following assump-
tions:
(C1) Fe C*(R%R?), w e C*(R% R) and the unperturbed equation

w(x)x’ = F(x) (8)

possesses a noncritical singularity at xg, i.e. w(xp) = 0 and w'(xo) # 0.
(C2) F(xp) =0 and the spectrum o (F'(xg)) = {;+} with u_ <0 < p,, and

x' = F(x)

has a solution y(s) homoclinic to xy, that is, limy_, 1+ ¥ (s) = %9, and w(y (s)) # 0 for
any s € R. Without loss of generality, we may, and will, assume w(y (s)) > 0 for any
s € R. Moreover, G; € C2(R®*",R?), i = 1,2 are 1-periodic in ¢ with
Gi(x0,%0,t,&,k) =0 for any £ € R, k € R” and ¢ sufficiently small.
(C3) Let y4 be the eigenvectors of F'(xy) with the eigenvalues p, resp. Then
(Vw(xg), y+) > 0 (or else o' (xp)y+ > 0).
From (C2) we see that I'(s) := (;8 ) is a bounded solution of the equation

x/l = F(xl)r (9)
Xy = F(x2)

and that x, persists as a singularity of (7). So this paper is a continuation of [1, 19], but
here we study more degenerate IODE.

The objective of this paper is to give conditions, besides (C1)-(C3), assuring that for
le|] < 1, the coupled equations (7) has a solution in a neighborhood of the orbit {I'(s) | s €
R} and reaching (xo, x¢) is a finite time. Our approach mimics that in [1] and uses Melnikov
methods to derive the needed conditions. Let us briefly describe the content of this paper.
In Section 2 we make few remarks concerning assumptions (C1)-(C3). Then, in Section 3,
we change time to reduce equation (7) to a smooth perturbation of (9) whose unperturbed
part has the solution I'(s). Next, in Section 4 we derive the Melnikov condition. Finally
Section 5 is devoted to the application of our result to coupled equations of the form (1)
for RLC circuits, while some computations are postponed to the appendix.
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We emphasize the fact that Melnikov technique is useful to predict the existence of
transverse homoclinic orbits in mechanical systems [20, 21] together with the associated
chaotic behavior of solutions. However, the result in this paper is somewhat different in
that we apply the method to show existence of orbits connecting a singularity in finite

time.

2 Comments on the assumptions

By following [1, 19] we note that since y(s) — %o as |s| — oo then y’(s) is a bounded so-
lution of the linear equation &’ = F(y (s))x. Hence |y’(s)| < ke ! for some p > 0. We get
then, for s > 0,

|y (s) = o S/ ly/(s)|ds < wke ™.
So

1 _
lim sup w <-u<0.

s—>00 N

From [22, Theorem 4.3, p.335 and Theorem 4.5, p.338] it follows that

1 —_
limsup 2@ =%l _ o (10)
S

§—>00

and there exist a constant § > 0 and a solution y,e"~* of ¥’ = F'(xo)x such that
| (s) —x0 — 2| = O(e %), ass— cc.

Note that y, # 0 since otherwise y (s) —xo = O(e*-~9"), contradicting (10). Hence y, is an
eigenvector of the eigenvalue p_ of F'(x). We have then

=y | <qe™

y(s) — %o
en-s

for a suitable constant ¢; > 0. As a consequence,

lim y(s)—xo
§—>00 emn-$ =Y+

Next

[y (s) — %ol ss

_5 —
[yl —ce™™ < <|y:l +cie
en-s

Taking logarithms, dividing by s and letting s — oo we get

y log |y (s) — %ol
m-———=U

s—>00 K

that is, in (10) limsup,_, ., can be replaced with lim;_, . Similarly, changing s with —s:

5 log |y (s) — %ol
m ————————— = [L,.

§—>—00 s

Page 4 of 27
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Next, set
1
p(s) := s 1 etas’ (11)
Since e‘fff)s — lass— oo and :L(f)s — 1as s — —oo we have then
s)—w
lim M=Vi7’0 (12)
s—>+o0  @(s)
and
5 w(y(s) .. @ x)(y(s) —xo) + o(y(s) —xo)
im = lim = (Va)(xo), yi).
s—>+o0  @(s) s—>=400 enFs

From (C2), we know w(y (s)) > 0 for any s € R, so (Vw(xo), y+) > 0. Hence condition (C3)
means that y (s) tends transversally to the singular manifold w™(0) at x.
As in [19] it is easily seen that

y'(s)  Flxo)ys My

SO0 T oo oo T 13)
and that wlz;(fs))) solves the equation
b F(y(s)) o o'(y(s))x
x' = |:F (y(s)) - a)(y(s))w (y(s)):|x =F (y(s))x - —a)(y(s)) F(y(s)). (14)
So a))g;//(;s))) is a bounded solution of (14). Next, setting as in [19]
0(s) :=f w(y(r))dr (15)
0

and x(¢) = y(071(2)), it is easily seen that x;,(¢) satisfies w(x)x’ = F(x) whose linearization

along x,(t) is

F'(x1(2))z = &), ()0’ (%1(£)) 2 + w (34 (£))2 = F (x4 (2)) % + o(xu(t)7
ie.
P o' (x4(t))z
w(xh(t))z =F (xh(t))z - F(xh(t)) —w(xh(t)) . (16)

Note, then, that (14) is derived from (16) with the change x(s) = z(6(s)). This fact should
clarify why we need to consider the linear system (14) instead of x’ = F'(y (s))x. However,
see [19] for a remark concerning the space of bounded solutions of (14) and that of the

equation &’ = F'(y (s))x.
y'(s)
w(y(s)
This is a kind of nondegeneracy of y(s).

We now prove that is the unique solution of equation (14) which is bounded on R.
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y'(s)

o) S

Lemma 2.1 Assume (C2) and (C3) hold. Then, up to a multiplicative constant,
the unique solution of (14) which is bounded on R.

Proof From [19, Lemma 3.1] it follows that the linear map:

H-V+

T [F/("") o)y

w'(x0) — M-H]x
has the simple eigenvalues 1, — u_ and —u_. Let u := 5, then the linear map

xr—>[F/(x0)— Kops a)’(xo)—u]l:|x

' (%0)y.

has the eigenvalues £u; moreover, since

7
s
o < ly'(s)l <6
o(y(s))
for two positive constants 0 < ¢; < ¢y, it follows that y(s) := wjz;((ss))) e ¥ is a solution of

x = |:F/(y(s)) - ZE);EZ;; o' (y () - /LH]x (17)

satisfying
L yo(s)] < [rols2)|e" < 2 y(sy)]
Cy (41

for all 0 < s <s,. Then (17) satisfies the assumptions of [19, Theorem 5.3] and hence its

conclusion with rank P, =1, that is, the fundamental matrix X, (s) of (17) satisfies

X, (52)P. XM s) | < ke ™27, 0 <51 <,

X (s2) M= PX (s1) | < ke27), 0 <5, <35y,

where 0 < i < . However, it is well known (see [23-25]) that RP, is the space of initial
conditions for the bounded solutions on [0, oo[ of (17) that, then, tend to zero as s — oo
at the exponential rate e . As a consequence a solution u(s) of (17) is bounded on [0, co[
if and only if u(s)e* is a bounded solution of (14). Then we conclude that the space of
solutions of (14) that are bounded on [0, oo[ is one dimensional.

Incidentally, since the fundamental matrix of (14) is X(s) = X, (s)e’*, we note that it sat-
isfies

|X(s2)P, X Hs) | <k 0 <s1<s0,

[ X(s2)(I = P)X 1) | < ke, 0 <5y <5y

Using a similar argument in R_ =]-00, 0] with u = “2—’ <0, and [19, Theorem 5.4] instead

of [19, Theorem 5.3] with u* = —pu we see that (14) has at most a one dimensional space
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of solutions bounded in R. More precisely, it with 1« < & < 0, and a projection P_ on R?
exists such that

[X(s2)@-POX M s1)| <k, 52 <51 <0,

[ X(s2)P_X (1) || < kePl2=s0) 5 <5 <0,

and dim A/P_ = 1. Since w’('}:((ss))) is a solution of (14) bounded on R we deduce that RP, =

NP_ = span{ J;((OO)))} and the result follows. O

We conclude this section with a remark about condition (c) in [19, Theorem 5.3]. Con-
sider a system in R” such as

x = [D + A(s)]x. (18)
Then the following result holds.

Theorem 2.2 Suppose the following hold:
(i) D has two simple eigenvalues (1, < u* and all the other eigenvalues of D have either
real part less than ., or greater than u*;
(i)) fy ()] ds < o0;
(iii) A(s) = 0 ass— oo.
Then there are as many solutions x(t) of (18) satisfying

k1|x(s)| < |x(t)|e’“*(t’s) < k2|x(s) , forany0<s<t, (19)

as the dimension of the space of the generalized eigenvectors of the matrix D with real parts
less than or equal to .; here ki, ky > 0 are two suitable positive constants. Similarly there
are as many solutions of (18) such that

kilx(s)| < |x(®)]e 9 < ko|x(s)

, forany0<s<t, (20)
y

for suitable constants ky, ky > 0, as the dimension of the space of the generalized eigenvectors
of the matrix D with real parts greater than or equal to ju*.

Proof We prove the first statement concerning (19). By a similar argument (20) is handled.
Changing variables we may assume that

ms 0 0
D=10 D_. 0
0 0 D

and the eigenvalues of D_ have real parts less than . and those of D, have real parts
greater than or equal to ;*. So the system reads

xy = Wkt + an (£)x + A ()xs + Az (t)xs,

xy = D_xy + Ag (£)%1 + Az (£)%2 + Anz(£)x3, (21)

xy = D,yxs + Az (£)x1 + Asp(£)x2 + Asz(t)xs,

Page 7 of 27
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where a;,(t) € R and Ay(¢) are matrices (or vectors) of suitable orders. Setting y;(t) =
e My (t) we get

Y = an(®y + An(t)ys + Aiz(t)ys,
Vo = (D = pi)ys + As1 (£)y1 + Az (£)ya + Az (t)ys, (22)

Y5 = Dy — pil)ys + A1 (£)y1 + Asza(2)y2 + Ass(t)ys.

Now we observe that y(t) is a solution of (22) bounded at +o00 if and only if x(¢) is a solution
of (21) which is bounded on R when multiplied by e #+f, Moreover, since |ay(¢)], |A12(2)],
and |A3(t)| belong to L}(R), the limit lim,_, .~ y1(¢) exists for any solution y(¢) of (22)
bounded on R,. So, let us fix £y > 0 and take ¢ > ;. If y(¢) is a solution of (22) bounded at
+00 it must be, by the variation of constants formula,

) =y7° - / (an(s)y1(s) + Ar2(8)y2(s) + Ar3()y3(s)) ds,

yZ(t) — e(D—*#*H)(t*tO)y(z)
(23)

+ / D=1 (A5, (s)y1(s) + Az ()y2(s) + Aas(s)y3(s)) ds,

Lo

y3(t) = — / e (A3 (s)y1(5) + Ao (8)y2(s) + Ass(s)y3(s)) dis,

where y9 = y5(ty) and ¥$° = lim,_, . y1(¢). Note that since o(D_ — u1,I) C {1 € C | A < 0}
and o (D, — u.I) C { € C|NA > 0} and ay(£), A;(t) are bounded, we can interpret (22) as
a fixed point theorem in the Banach space of bounded function on [t, +oo[:

B:={y(2) € C°([to, 00l | sup|y(t)| < o0}

with the obvious norm. Since ay;(¢), A;(t) € LY(R,) we see that the map (23) is a contrac-
tion on B, provided ¢, is sufficiently large, and then, for any given (y°,59), it has a unique
solution y(¢,75°,%9) € B. Note that a priori y(t,5%°,79) is defined only on [t, +oo[ but of
course we can extend it to [0, +oo[ going backward with time. We now prove that positive
constants 0 < ¢; < ¢; exist such that ¢; < |y(¢,50)| < ca foxany ¢ > 0.Let ¢y < t; < £. We have

ya(t) = e(D:“*H)(“"'O)yS

. / P (A (s)ya(s) + Asa($)yals) + Ans(s)ys(s)) ds

to
and then

51
ya(t) = elP-rDt0)y9 f P DU=) (A, (s)y1 (5) + Az ()72 () + Ans()y3(s)) ds

to

+ / P79 (A0 ()y1(5) + Aza(s)y2(s) + Az (s)y3(s)) ds

i

t
= eP-mm D)y, (1) 4 / P79 (45 (s)y1(5) + Ana(5)y2(8) + Az (s)y3(s)) ds.

4
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So, for any § > 0 let #; be such that sup,., |4;(¢)| < and set sup,..,, |y;(¢)| = y;. We have

t
2 = sup|y2 ()] < ke®t=13, 4 / ke 8y, + yo + ¥3) ds

t=n f
I (e ks . _  _
Ek(%r+50q+yz+y9>e‘t”*+EJ@1+yz+yﬂ
with max{Nu | u € o(D- — u,l)} < < 0. Taking the limit as t — +00 we get
_ s _
Y2 < — (O +¥2 +¥3).
lex|

Since § — 0 as f; — +00, from the above it follows that lim;_, » |y2(¢)| = 0. Similarly we
get

lys| < k8B (1 + ¥z +73),

where 0 < 8 <min{fu | u € o(D, — 1)} and then lim,_, » |y3(t)| = 0. As a consequence
we obtain lim;_,  [y(£)| — [y1(£)| = 0 and then

lim [y(0)] = |y°].

So, provided we take y7° # 0 we see that eventually (i.e. for £ > t, for some £ > 0)
y5° 3
2 < < —
S <ol =l
and the existence of ¢;, ¢y > 0 such that

a < )| e

for all £ > 0 follows from the fact that |y(¢)| cannot vanish in any bounded interval. Finally
since |x(¢)| = |y(f)|e+* we get, for 0 <s <,

lx(£)] _ |y(t)|eu*(f—5) C_leu*(t—S) < |c(2)] < C_2eu*(f—5)
lx(s)l  |y(s)] ¢ Tk T a
ie.
a (= (&)
—|x(s)| < ’x(t)|e Ha(t=9) < —‘x(s)‘.
(%)) a
The proof is complete. O

Remark 2.3 (i) It follows from the proof of Theorem 2.2 that inequalities of (19) also hold
replacing (i) with the weaker assumption that pu, is a simple eigenvalue of D and all the
others either have real parts less than u, or > u* (i.e. we do not need that u* is simple).
Similarly inequalities of (20) hold if 1* is a simple eigenvalue of D and all the others either
have real parts greater than u* or < u, (i.e. we do not need that j, is simple).

(ii) Note that a result related to Theorem 2.2 has been proved in [26].
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3 Solutions asymptotic to the fixed point
It follows from (11)-(12) that y (s) — xo = O(e#*+) as s — Fo00 then, since y’'(s) = F(y(s)) =
O(y (s) — x9) we obtain y'(s) = O(e”+*). Furthermore, from (13) we also get:

w(y(s)) = O(y’(s)) = O(e”*‘).
As a consequence
+oo
Ty := / a)(y(r)) dr < 0.
0
Since w(y(s)) > 0 it follows that 0 : R — ]T_, T, [ is a strictly increasing diffeomorphism
(see (15) for the definition of 6(s)). Then xy(f) := y(67(¢)) satisfies (8) on the interval

17_,T,[ and

lim x(t) = xo.
t—>T+

Moreover (see (13))
Jim 400 - Fol®) o FOO) v

>t () sEe w(y(s) T o (xo)ye

Hence x is not an /-point of (8). In this paper we want to look for solutions of the coupled
equation (7) that belong to a neighborhood of {(x;(£), xx(¢)) | T- < t < T,}, they are defined
in the interval |7_ + o, T, + [, for some o = a(¢), and tend to (xg,xo) at the same rate as
(25 (2), x,(2)). To this end we first perform a change of the time variable as follows. Set

t=a+0)elT-+a, T, +a
and plug zj(s) = xj(cx + 6(s)) in (7). We get
w(z))z; = (v (5)) (F(z) + £Gj(z1, 22,00 + 0(5), 8,1)),  j=1,2. (24)

Since we are looking for solutions of (7) tending to (xg, xo) at the same rate as y (s), in (24)
we make the change of variables

z(s) = ¥ () + p(8)s(s) = %0 + 9() (n(s) + 35(s),  j=12, (25)

where 7(s) is the bounded function y(;)(—;)xo. Since

w(xo + @(s)(n(s) +))
> (Vaoxo), (s) (n(s) + 7)) - Ki[o(s) (n(s) + 3) |

= p()[(Vorxo), 1(s) +) - Kip(s)|n(s) + '] (26)

for a suitable constant K3 > 0 and any s € R, |y| <1 we get, using (C3), (26):

ol + o619 ) 2 S 00[Volx), 2] >0 27)
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for |s| > 0 large and |y| < ¢ sufficiently small. Then (27) and w(y(£)) > 0 imply the existence
of M >0 and § > 0 so that

(%o + ¢(s)(n(s) +y)) = Mg(s)

for any s € R and |y| < §. Now plugging (25) into (24) we derive the equations

/ w(y(s) Fy(s)  ¢'(s)
= r ) _ _ )
%17 o)y () + ps)y) () +96) == 57— o
w(y(s)
PO ) + gy TV O+ #OIY6) + 200 + k),
j=1,2. (28)

From (11) it follows that

@'(s) ~ M_e—uf(s) + M+e_“*(s)
(p(s) - e*l/-—(s) + e*lbr(s)

— py ass—> Foo.

Next we note that from Gj(x¢, %o, £, &, k) = 0 it follows that the quantities

G]()/(S) + ¢(S)ylr )/(S) + QD(S)era + 9(8),8,/()

(s)
_ Gjxo + (s)(n(s) +31), %0 + ¢(s)(n(s) +y2), o + 6(s), &, k) =12
(p(s) ) )
are bounded uniformly in s € R and « € R™, y1, ¥3, € bounded.
The linearization of (28) aty=0,e=0is
- F(y(9)a/(y(s)  ¢'(s) ] .
.=|F )/(S) - - I j» = 1’ 2. (29)
& [( o R
Taking the limit as s — +00 we get the systems
yi= [F/(xo) - fu/* w'(xo) — M—Hi|yj» j=12. (30)
w (xo))/+
Similarly taking the limit as s — —oo we get the systems
/ ' HeY- .
Y= |:F (o) — ; w'(x0) — MJ}J’;‘» j=L2. (31)
'(x0)y-

From the proof of Lemma 2.1 (see also [1, Lemma 3.1]) we know that (30) has the positive
simple eigenvalues p, — _ and —u_, and (31) has the negative simple eigenvalues p_ — .
and —u,. From the roughness of exponential dichotomies it follows that both equations
in (29) have an exponential dichotomy on both R, and R_ with projections, resp. P, = 0

and P_ = I. Hence (see also [19]) all solutions of the system

(32)

y= ‘[F (i)t - LY EGE ¢ H}y,

olys) ¢l

Page 11 of 27
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adjoint to (29), are bounded as |s| — oco. We let ¥ (s) and ¥»(s) be any two linearly inde-
pendent solutions of (32).

4 Melnikov function and the original equation
In this section we will give a condition for solving (28) for y;(t), y»(f) near the solution

¥1(t) = y2(t) = 0 of the same equation with & = 0. Writing

w(y(s))

F
Fo)=y - F 33
D= = a6+ gy OO G 33
and
‘ L w(y(s)
o228 = =0 )+ o)
X Gj(y(s) +@(8)y1, v (8) + @(s)y2,0(s) + 0[,8,/(), j=12, (34)
we look for solutions y,(t), y2(£) : R — R? of
Fn) +eHi(y1,y2,m,€) =0,
(35)

F2) + eHa(y1,2,1,€) =0

in the Banach space of C!-functions on R, bounded together with their derivatives and
with small norms. We observe that F(0) = 0 and equation F'(0)y = 0 reads

(36)

Y= [F (v(s)) - Ely (6)e/(y (s) w’(s)]y.

o(ys) )

In Section 3 (see also [1, 19]) we have seen that (36) has an exponential dichotomy on both
R, and R, with projections P, =I-P_ = 0. So the only bounded solution y(¢) of 7'(0)y = 0
is y(¢) = 0. In other words A/ F'(0) = {0}. So we are lead to prove the following.

Theorem 4.1 Let Y, X be Banach spaces, ¢ € R be a small parameter and n € R*. Let
F:Y = X,Hp: Y xY xR* — X, (y1,2,0,8) = Hia2(y1, 92,1, €) be C*~functions such
that

(a) F(0)=0;

(b) NF'(0) = {0};

(c) there exist Yry,..., Wy € X* such that RF (0) = {yr,..., ¥a}°.
Set M :R* — R py

I//1]—11(0’ 01 01 n, O)

I//d]_[l(o, 01 0; n, O)
M(n) = 37
(n) leZ(Or 0; 0,77,0) ( )

v4H>(0,0,0,n,0)
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and suppose there exists ij € R* such that M(7}) = 0 and the derivative M'(ij) is invertible.
Then there exist r > 0 and unique C'-function n = n(c), defined in a neighborhood of & =
0 € R such that

limn(e) =7 (38)
e—>0
and for n = n(¢g), € #0, (35) has a unique solution (y,(€),y,(¢)) € Y x Y satisfying
|| (y1(8),yz(8)) “ =r
Moreover, yj(¢) = €y;(¢) for CO-functions Yi(e) € Y and we have
.7:/(0)%-(0) + H,-(O, 0,0,17,0)=0, j=1,2. (39)
Proof We look for solutions (y1,y2,1) of (35) that are close to (y1,y2,1) = (0,0,7). Let
P: X — X be the projection such that RP = RF(0). Note codim RF'(0) = d. From the

implicit function theorem, we solve the projected equations

PJT'.(yl) + SPHl(yl)yZ) n, 8) = 0)

P.F()/z) + EPHz()/l,yz, n, 8) =0
for unique y1 5 = Y12(n,€) € Y such that
YLZ(nrO) = 0)

provided |¢| < & is sufficiently small and 7 in a fixed closed ball & € R?*? with 77 é Note
that Y}, are C2-smooth. Setting Q = I — P, we need to solve the bifurcation equations:

QF (Yi(n, ) + eQHj(Va(n,€), Ya(n,€),m,6) =0, j=1,2. (40)
Observe that
Qx=0 & xeRP=RF(0) <& Yx=0 forali=1,...,d. (41)

Then QF'(0) = 0 and so

QF(Yj(n.9) = 0;(c%), j=12,
uniformly with respect to 1. We conclude that (40) can be written as

€QH;(0,0,n,0) = -QR;j(n,¢), j=12, (42)
where

Rj(nr‘e) = -7:(}//(77:8)) + S[I—Ij(Yl(an)¢ Y2(7b5)7 71:8) - 1_1}(07 Or n, 0)]
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Note that R;(n, ¢) are C>-functions of (n,¢) and that e ™'R;(n, ¢) = O(¢) uniformly with re-
spect to n, so

—e7'Ri(n,¢), ife#0,

Ri(n, &) :=
(0. €) {0, ife=0

is Clin (n, ). By (41), system (42) is equivalent to

Wiﬁl(ﬂyE)
M) = ~ =0(e). 43
() (wiRz(n,es))i_l ,,,,, v )

Because of the assumptions we can apply the implicit function theorem to (43) to obtain
a C!-function 7(¢) defined in a neighborhood of ¢ = 0 satisfying (43) and such that (38)
holds. Setting

y(e) = Yj(n(e),e), j=1,2

we see that y;(¢), y2(¢) are bounded C!-solutions of (35) with 1 = n(¢) such that y,(0) = 0,
¥2(0) = 0. Then we can write y1(¢) = &¥1(¢), y2(¢) = £¥5(¢)) for continuous ;(¢),y,(¢) € ¥
where

F(£5j(e)) + eH(€91(e), €32(e),n(e),€) =0,  j=1,2.
Clearly (39) follows differentiating the above equality at & = 0. The proof is complete. [
Remark 4.2 Note that, because of M(7) = 0, (39) is equivalent to

PF'(0)5(0) + Hi(0,0,0,i3,0) =0, j=1,2,
which has the unique solution

5(0) = —[PF'(0)] 'H;(0,0,0,7,0), j=1,2. (44)

Now we apply Theorem 4.1 to (28) with F(y), Hi(y1,¥2,n,¢€), Ha(y1,¥2,1,€) as in (33),
(34) and

Y=C(RR?*), X=C)(RR?, n=(xk)eRxR"

where C]b( (R,R?) is the Banach space of CX-functions bounded together with their deriva-
tives with the usual sup-norm.
We already observed that F(0) = 0 and N F'(0) = 0. Moreover,

RF(0) = {x = (01,%0) € X ‘ /N YE(S)xs)ds = 0,7 = 1,2},

where /;(s) have been defined in the previous Section 3. So d = 2 and m = 3. We recall,
from [19], that ¥;(s) = ¢(s)v;(0(s)) where v;(¢) are solutions of the adjoint equation of (16):

o' (xn(2)*

@) F(xu(0) v —F (xn(®)) v, telT_, T.[, (45)

w(xh(t))v’ =
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and vj(0) = RP* N N'P¥. Hence (37) reads

75 U9 Gy (s), ¥ (5), @ +6(s),0,4) ds

T “’2 D Gi(y(s), ¥ (5), + 6(s), 0, ) s

OC‘P

I Lit S)Gz(y(s) y(s), o +6(s),0,k) ds

00 qos)

1% 506Gy (5),  (5), +0(5),0,6)ds

M(a,k) =

or passing to time ¢ = 6(s):

Vl (t) Gy (xy(2), xh ( )§+Ol,0,l() dr
T+ Vi t) Gy (xp( t) x;,, ),t+a,0,k) dt

— n(t))
Mo, k) = fT* . )Gz(xh tg;; )im’O’K) e (46)
/‘T+ *( )Gz Xp t) xh ),t+a,0,k) dt

n(0))

A direct application of Theorem 4.1 gives the following.
Theorem 4.3 Let m = 3 and M(a, k) be given as in (46) where vi(t), vo(t) are two inde-

pendent bounded solutions (on R) of the adjoint equation (45). Suppose that & and i exist
so that

M(a,k)=0 and

M ) (a,k) € GL(4,R). (47)

Then there exist € > 0, p > 0, unique C'-functions a(s) and k() with «(0) = @ and «(0) = &,
defined for || < &, and a unique solution (z1(s,€),z2(s,€)) of (24) with o = «(¢), k = K (),
0 < |e| < &, such that

i:ﬂg|zj(-§)8) —y©)|e) " <p, j=1,2. (48)
Moreover,

§1€1H1§|Zj(sr8) - 7)o =0G), j=12.
Remark 4.4 (i) Equation (48) implies

zi(s,€) = y(s) + ey, €)p(s),  j=1,2,
for C°-functions (s, ) with SUP|¢ <z SUPser (5, €)| < 00. Then we have

zi(s,€) = y (s) + 38, €)p(s) = ¥ (s) + €Y(s, 0)(s) + ew;(s, €)(s)

with w;(s, &) =%;(s, €) = j(s,0), so limg_,¢ sup,.p |w;(s, €)| = 0. Hence

hm sup\z](s,a) y(s)—sy](s,O)go(s)|g0(s) det=0, j=1,2, (49)

Page 15 of 27
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which gives a first order approximation of zj(s, €). Next, (s, 0) can be computed using (44)
adapted to this case. Hence %;(s, 0) are bounded solutions of

y]/ — |:F,()/(S)) _ F()/(S))w (]/(S)) _ Q (S)

1 - -
o(y(s)) 0(s) ]yf * @G/(V(s): y(5),0(5) + & k).

Since (36) has exponential dichotomies on both R, (with projection P, = 0) and R_ (with
projection P_ =1 it follows that

f X(s)X~ 1(z) G(y(z) y(2),0(z) + a,ik)dz fors>0,

L XX~ 1(z) G(y() v(2),0(z) + a,ik)dz  fors<O. (50)

Y,(s,0) = {

X(s) is the fundamental solution of (36). Note formulas (50) are well defined at s =0, i.e.,
%,(07,0) =%;(0*,0), due to the first assumption of (47). Next, passing to time ¢ = 6(s) and
taking z;(¢) := p(071(2))y;(07}(2),0), we get

o71()
zj(t) = /_ (p(9_1(t))X(G_l(t))X‘l(z)w(z)_lGj(y(z), ¥(2),0(2) + @, k) dz

-1 Gj(wn (), 2 (1), u + 0t ic)

w(xp(u))

- (67 0)X (67 O) X (07 W) (0 w)

for T_ <t <0and

1 Gl (), 20 (1), e + @, i)

w(xn(u))

T,
50 == [ oo 0)X(070)X (67 w)o(e00)
for 0 <t < T.. Note that z;(¢) solves

o' (%, (£))z

w(x4(8))2 = F'(x4(£))z — F (x4 (1)) w(x(0)

+ Gj(xn (), %4 (8),  + @, i)
with sup, iz 7,1 12(£)@(07(£))™ < 00, and (07 (£))X(7(¢)) is a fundamental solution of
(16).

(ii) Using (49), the functions x;(t, &) := z,(@‘l(t —a(g)), &) are bounded solutions of (7) in
the interval |T_ + a(g), T, + a(&)[ such that

hII(l) sup |xi(t +a(e), &) —xu(t) — e2;() | (07" ))
E=0¢e]T T [

Summarizing, we obtain the following corollary of Theorem 4.3.

Corollary 4.5 Let m = 3 and M(«a, k) be given as in (46) where v,(t), vo(t) are two inde-
pendent bounded solutions (on R) of the adjoint equation (45). Suppose that a and i exist
so that

M(a,k)=0 and ﬂ(&,i?) € GL(4,R).
9(a, k)

Then there exist & > 0, p > 0, unique C'-functions a(s) and i () with «(0) = @ and «(0) = k,
defined for |¢| < &, and a unique solution (x1(t,€),x2(¢,€)) of (7) with a = a(e), k = k(¢),
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0 < |e| < &, such that

TsupT |x,'(t + a(s),e) —;vc;,(t)|(p(9_l(t))_1 <p, j=L12.
_<t<Ty

Moreover,

TsupT |xj(t + a(s),e) - ;vch(t)|<p(9_1(t))_1 =0(e), j=12.

5 Applications to RLC circuits
In this section we study the coupled equations

(u1 + u%)” +ey) (u1 + uf)/ + U — 8}\(142 + u%)” +esint =0,

(51)
(w2 + u%)” + ey (uz + u%)’ + 1y — eh(n + uf)” +exsin(t+w)=0,

which is motivated by [2, 3]. Note that (51) is obtained by coupling two equations modeling
nonlinear RLC circuits as in (1). Here 1, v, A, x and @ are positive parameters. Setting
wi = (u; + ujz)’,j =1,2, (51) reads

(2uy + D)y = wy,
Wi +ewr + Uy —eAw, + esint =0,

/ (52)
(2uy + Duy = wy,
Wy + VoW + Up — EAW) + € sin(t + @) = 0.
By solving the second and fourth equations of (52) for w] and w), we get:
(2%1 + l)l/l/l =W,
/o sint+iu +yiwr+er(x sin(t+@ ) +Aug +yowo)
Wi=—u+¢ re , (53)

(2u2 + 1)14’2 =Wy,
X sin(t+@ ) +Aui+yawo+eA(sint+iug +yiwi)
e222-1 ’

Wy =—Uy+¢&

provided |eA| # 1. Since w(u, w) = w(u) = 2u + 1, to write the system (52) in the form (7)
with parameter « = (y1, 2, 1) and (x, @) fixed, we have to multiply the second and fourth

equation by 2u 5 + 1, respectively, and we obtain the system

(2%1 + l)l/l/l =Wy,

si A e (x si A
(21/11 +1)W/1 — —(2M1 +1)u1 +£(2M1 +1) sint+Aug+yywy+eA(x sin(t+@ )+ u1+y2W2),

£2)2-1 (54)
(21/!2 + l)bt/z =Wy, ‘ .
(2u2 + 1)W’2 — —(2M2 + 1)u2 + 8(21/[2 + 1)X51n(t+m)+)\u1+y;214;22t51)\(51nt+Au2+y1w1)’
with (uncoupled) unperturbed equation for € = 0 (see (8)):
(2 + Duy = wy,
2uy + D)wy = —Quy + 1)uy,
Quy + )W) = —(2u1 + Dy (55)

(2M2 + l)u/z =Wy,
(2uy + W) = —(2uy + Duy.
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Neglecting left multiplicators 2u + 1 (1 = u3, u5) in (55), we obtain the following system
(see condition (C2)):

(56)

wh = —(2uy + Duy.
Clearly, condition (C1) is satisfied with xy = (—%, 0) and

F(x) = (w, —Q2u + l)u)*, w(x) =2u+1, x = (u,w)*.

3

The equation #” + (2u + 1)u = 0 has the prime integral u + %u + 1. A solution uy(s)

satisfying lim,_, o o(s) = — 3 has to satisfy uw”? + $u° +u*> - 5 = 0 & 3u? + (4u—1)(u+3)* =
0 with the solution

1 s
=-(1-3tanh? =
uo(s) ) ( an 2)
bounded on R. Hence

1 *
yis)={-11-3 tanh? 3 ,—6csch® ssinh* 3 .
4 2 2

Note w(y(s)) = 2uo(s) + 1 = 3 sech® § > 0. From

F'(xo) = (2 ;)

we get ny = £1 and y4 = (1, £1)*. Since Vw(xo) = (2,0)*, we derive (Vw(xp), y+) =2 >0,

and condition (C3) holds as well. Next, we have

2 1 0
Gl(xbe’t: 8¢K) = - ( ) ’

€202 =1 \sint + Aug + yiwi + eA(y sin(t + @) + Aug + yows)

2uy +1

0
Ga(x1,%2,t,8,) = SCYCINT . . ;
e2A% =1 \ x sin(t + @) + Auy + yowy + eA(sint + Auy + yywy)

hence G;(xo,%0,t, ¢, k) = 0 and assumption (C2) is also verified. Here x; = (u;, w;)*, i = 1,2.
Furthermore by (15)

S
)

S S 3 .C
= = [ Zsech®-—dr-= h
0(s) /o w(y(r))dr /0 5 sech” 2 dt = 3tan 5

so T4 =+3 and

2 2 *
e =y (67(0)) = %(1— %t(% - 1)) .
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Thus

o) = £(O-2),  Volu(®) =0,

Fxp(2)) 1 ) . / (o )
wn(t)) ﬁ(_Zt’t -3), F'(xn(2) = (:2 )

So now (16) has the form

Z = 2t z + 6 z
1_9—t21 92 > (57)
zy=-21,
which has the solution & (¢) = (—é, ﬁ(t2 —3)). In other words, we deal with
2t 6
Zy = Zy — ——12, 58
29 9 (58)

possessing the solution é(t2 — 3). Following [27, p.327], the second solution of (58) is
given by

L <(t2 — 3) arctanh L Bt).
9 3

Consequently a fundamental matrix solution of (57) has the form

t 2 (3(£%-6) ;
zw)=|, ¢ ?(W—tarctart]hgt) '
(> =3) (> -3)arctanh £ - £

Note det Z(t) = ﬁ. The adjoint system of (57) is (see (45))

2
2-9

&= &1+ 8o,

(59)

with the fundamental matrix solution

2% = 59— 2)((# -3)arctanh £ - 3) L2 - 9)(* - 3)
(> - 6) — 2¢(t> - 9) arctanh £ 1t(t*-9)

Note lim,_, 43 Z7*(¢) = ((2) 8). Thus we take

(o - (3~ 9Bt~ (€ =3 arctanh )
e 2(t* - 6) — 2t(t* - 9) arctanh £

and

L2 - 9)(£2-3)
— 12
n(t) = ( %t(tz -9) ) :

Page 19 of 27
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We now compute M(w, k). We have (see the appendix)

dt

/T+ ) Gy (2), %0(0), ¢ + ¢, 0, k)
r ! w(x(2))

1
= g(9,\ +4sina(I'(2cos3 - 3sin3) + cos3(-9 —2Ci6 + log 36 — 3Si6)

+sin3(3+3Ci6 —3log6 — 2Si6))) =anph + ap sina, (60)

where Si(¢) = fot % ds is the sine integral function, Ci(¢) = - ftoo 22 ds is the cosine inte-

gral function [28, p.886] and I" is the Euler constant. Similarly

dt

T “(0) G (e, (8), xn(2), £+, 0,K)
/ " w0 (0)

54y .
== —2cosa(3cos3 +2sin3) = ayy + az cosa (61)

and

T Go(xp (), 25(t), t + @, 0,
/ *(t) 20618 %() £ + K)dt:ank+a12)(sin(a+w),

! w(xn(1)) )
T: G , , ,0,
/ Vi (2) 2661 () j(h;:zt;; %0,K) dt = any, + axyy cos(a + w).

Note

54
an = 3, ain = 97406, ar = —g, ann =5.37547.

Consequently, the Melnikov function is now

ﬂu)u + d1o sina

anyr + dx Coso

M(a,x) = (63)

ani +apx sin(a + @)
axys +dxnx cos(o + @)

The equation M(«, «) = 0 is equivalent to

ap . a2 .
A=——"sina = —— x sin(a + @),
an an
a az
Y1 =———cosdq, yy = ———x cos(a + @).
an an

So having x >0 and @ > 0 such that the equation

sino — x sin( + @) =0 (65)

has a simple zero o with siney < 0, cosag > 0 and cos(xg + @) > 0, formulas (64) give a
simple zero (o, 1,0, ¥2,0, M0) of (63) with positive 10, ¥2,0, o, and Corollary 4.5 can be
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applied to (51). If x cos@w #1, then (65) is equivalent to

tano = ﬂ. (66)
1-xcosw

Hence assuming @ €]r,27[ and x cos @ < 1, the right hand side of (66) is negative, and
then

X sin@m b4
oo =arctan ——— € |-—,0 (67)
1-xcoswm 2

satisfies sinag < 0 and cos g > 0. Since «q satisfies (65) and sin o < 0, condition cos(ag +
@) > 0 is equivalent to tan(ay + @) < 0. Then using (66), we derive

sinw

3
0> tan(ag + @) = o 7!7”. (68)

-
cosw — X

When cos@ < 0, then (68) is not satisfied, since sinw < 0. So we take w € ]37”,271[ and
(68) gives also x < cosw. Clearly x < cosw implies 1> x cosw.

Summarizing we see that for any fixed x and @ satisfying
3
O<x<cosw, we 7,2n , (69)

the Melnikov function (63) has a simple zero («o, }1,0, V2,0, A0) given by (64) and (67), and
11,0 >0, 20 > 0, 1o > 0. Hence in the region given by (69) we apply Corollary 4.5 to (51)
with parameters y1, 2, A near y1, ¥2,0, Ao determined by (64) and (67), i.e.,

dip X Sin @

an/1+ x%2-2x cosw

ay(1— x cosw)

)/1,0:_ ’
an/1+ x%2 -2y cosw

ax(cosm — )

Y20 =—X
an+/1+ x%—-2xcosw

for any fixed @ and y satisfying (69). Summarizing, we get the following.

Ao = -

(70)

Theorem 5.1 For any fixed w, x satisfying (69) and then ay, Y10, V2,0, Mo given by (67)
and (70), there is an ey > 0 and smooth functions o, y1, y2, X :1—€0, [ — R with a(0) = y,
11(0) = ¥1,0, ¥2(0) = ¥2,0, A(0) = Ao, such that for any € € ]—¢,&0[\{0}, system (51) with y, =
(€), va = ya(e), A = A(e), possesses a unique solution (u;(e,t), us(e, t)) on 1-3 + a(e),3 +
o(e)[ such that

lim sup
e>04c1-33(

1 2 -1
u/(e,t+a(8))—1<1—§>‘(9—t) =0,

lim sup
e>04c)-3,3

, t
uj(e,t+oe(8)) + E’ =0.
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Proof We apply Corollary 4.5 to (53). Since, in this case, p(97(¢)) = %%, according to
Corollary 4.5 (53) has a solution (u;(£), wj(¢)), j = 1,2, such that

1 £ _
lim sup uj(s,t+a(8))——<1——)‘(9—1:2) '_o,
e04¢c] 3,31 4 3
t [t 72
lim sup |wi(e,t+a(e) ——<——1)‘9—t2 oo,
e>04c] 33 ]( ) 4\ 9 ( )

Now, w;(e, 1) = (1+2u;(e, £))u)(e, £) and (5 1) = (1+ 2u4(6)) s} (¢), where uy(£) = 21~ 5).

So, taking ¢’ := t + a(¢),

wj(e, ') - 2(% - 1)
= (L+2u(e,t))uj(e,t') — (1+ 2un(8) )1y, (2)
= (L+2u(e,0)) (e, 1) — w, () + 2(5(e, ) — s, (0)) 4}, (0)
= (1+2u,(0)) () (8,2) — 0, (0)) + 2(ws (&, 2) — wn(8)) (4} (e, £') — 1, (£))

+2(ui(e,2) = un(2))uy, (2)

9—t2 ’ / / /
= [ o 2(uj(e,t) - uh(t)):|(u;(€’t) Q)

- () - mi(0)
and then
’ t tz 2\ -1
[M@J)—Z(Eud)y9—t)
1 (&) —w®, ,, A t u(e, b)) — up(t)
=&+£LGT§LJ@@Q_%my§ﬁ7:§iﬁ 73)
or, equivalently,
1 (&) w7, N
[g+2ﬂ£3t;?L—y%@ﬁ)—%“»
2 ) N
- [w,(g, t) - 2(% - 1)](9 -2) 7+ 27”’(8’;)_t2”h(t). (74)

Since sup_s, 5 |1(e, ') — up(8)|(9 — t2)7' = O(e) we see that, for ¢ sufficiently small,

1 |1 ui(e,t') —uy(t
§<++2,( ) - unt)

1
<=,
6 9-12 5

and hence, using (74) and (72),

lim sup ’u}(e, t) - u},(t)‘ =0. (75)

=0 3.3
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Vice versa, if (75) and the first of (72) hold, then (73) gives

2
lim sup |w;(e,t +a(e)) - i(t_ _1>’(9 _2) -,

=0 3.3 9

Hence (71) and (72) are equivalent. The proof is complete. O

Of course, solutions given by Theorem 5.1 vary smoothly with respect (&, x) satisfying
(69).

Remark 5.2 Missed in the above analysis is the second possibility when @ €]0,7[. Then

sine > 0 and (66) is negative if
Kcosw >1, (76)

so we get @ €]0, 7 [ and k > 1. Then inequality of (68) is satisfied since ¥ > 1> cos @ . So
we conclude that the result of Theorem 5.1 is valid also for

T
Kcosw >1, me:|0,§|:,
ap X sinw

an/1+ x%2-2x cosw

a1 — x coswr)

Y10 = ,
an+/1+ x%2-2xcosw

ax(cosw — x)

V2,0 = X .
an+/1+ x2%—-2x cosw

Ao =

Appendix
Let vi5(2) = %(t2 -6)— %t(t2 -9 arctanhg be the second component of v;(¢). Note that

v12(¢) is an even function and then

dt

T *(t)Gl(xh(t),xh(t),t+ot,0,/<)
/ M ()

§ t (12 AN '
=— [ vp@®)|yn-|=-1)+—-(1-—=) +sintcosa +sinxcost | dt
_3 4\ 9 4 3
3 A t2
=—/ vip®)| =(1- =) +sinacost |dt
_3 4 3

3 3
_ / vio(8) (£ - 3) dt - / vip(£) costdtsina. (77)
12 J 5 3
Similarly,
T
* GZ(xh(t)rxh(t)rt+a;O;K)
(¢t dt
/ e (1))
A 3 3
=5 vio () (£* = 3) dt - x / via(t) costdtsin(o + ). (78)
-3 -3
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Now, using lim,_, 4,1+ (¢2 — 1) arctanh(¢) = 0 and integration by parts of the second integral,

3
/ vio(£)(£* - 3) dt

3

= [3[§(t2 -6) - %t(t2 — 9) arctanh ﬂ (£ -3)dt

3

144 2 [® t

———/ t(£* - 9)(¢* - 3) arctanh — dt

5 9, 3

_144 2 £2(£2 - 9)? t 22 -9)2 3 3
144 2 ¥amanh__/¥ gt

5 9 6 3 6 9-£2 |,
144 1 [3 144 36
=———/t2( 9)dt=—+— =36

5 9, 5 5

Furthermore, since

3 a2, 2, t
vio(£) cost dt = g(t —6)—§t(t -9) arctanhg costdt,

3 -3

we compute

3
/ (t2 - 6) costdt =2(sin3 + 6 cos 3),
-3

and
1(t) = / t(t2 - 9) cos tarctanh é dt
= (3 (—5 + tz) cost + t(—15 + tz) sin t) arctanh %

dt.

/ 3(3(=5 + t?) cos t + t(-15 + £2) sin )
+
-9+t

Next

/ 3(=5 + t2) cost + t(=15 + t?) sint
dt
-9+t

—2cost+tsint
=/(300st+tsint)dt—6/7dt
-9 + £2

—2cost+tsint

=—tcost+4sint—6/
-9 +12

Furthermore,
/ cost 1 cost / cost
-9+ t2 “6) - 3
1 /’ cos(3 — z) 1 /’ cos(v —3)
o —— | ————adv

z=3—t 6 14
1 </ cos3cosz +sin3sinz

v=t+3

dz

6

z=3-¢
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/ cosvcos3 +sinvsin3

dv )
v=t+3

1
(cos3Ci(3 —t) +sin3Si(3 - t)) - g(cos?:Ci(Z% +1) +sin3Si(3 + t))

14

(cos 3(Ci(3 —t)-Ci(3 + t)) + sin3(Si(3 -1)-Si(3 + t))),

AN = O+

and

tsint 1 int 1 int
/ sin dt:—/ sin dt+—f sin at
-9+ 2) t-3 2) t+3
1 1
=3 (sin3 Ci(3 —t) —cos3Si(3 - t)) + 5 (cos 3Si(3+¢)—sin3Ci(3 + t))

- %(cos 3(Si(3 + 1) - Si(3 - 1)) +sin3(Ci(3 - £) - Ci(3 + 1))).
Hence

t
I(t) = (3 (—5 + tz) cost + t(—15 + tz) sin t) arctanh 3" 3tcost +12sint
+3(Ci(3 - £)(2cos 3 - 3sin3) + Ci(3 + £)(—2 cos 3 + 3sin 3)

+(3cos3 + 2sin 3)(Si(3 —-t)-Si(3 + t))).

Clearly I1(0) = 0. Next, using arctanh % = %(ln 6-1In(3-¢))+0(1),Ci(3—¢t) =T +In(3—1) +0(1)
as t — 3_, we derive
1
I(t) = Ci(3 + t)(—6 cos 3 + 9sin3) + 3 (3cost(=2t+20(1) (-5 + %) + (-5 + £*) In6)
+ 6(F + 0(1))(2 cos3 —3sin3) + (24 + t(—15 + tz) (20(1) +1In 6)) sint
+6(3cos3 +2sin3)(Si(3 - t) - Si(3 +1)))

+ %(—3(—5 +¢%) cost + 6(2cos 3 - 3sin3) — £(~15 + £*) sin£) In(3 - ).

Setting f(¢) := 3 (~3(=5 + £2) cos t + 6(2cos 3 — 3sin 3) — £(~15 + ) sint) we see f(3) = 0, s0
f@®)In(3-1t) =f"(¢')(t-3)In(3-1),t € (t,3) and using lim,_,3_(¢£ —3)In(3 — £) = 0, we obtain

1(3-)= lim I(t) =3cos3(-3+2I' -=2Ci6 +In36 — 3Si6)

t—3—

—3sin3(-4+3I' -=3Ci6 +1n216 + 2Si6).

Summarizing we arrive at

3
/ vi2(t) cos t dt

3

4 4
= g(sinS +6c0s3) — 51(3_)

=sin3(-3+3T-3Ci6 +1In216 +2Si6) +cos3(9—2I' +2Ci6 —1n36 + 3 Si6).
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So inserting the above computations into (77) and (78), we get (60) and the first formula
of (62). Next, since the second component v,,(t) = ét(t2 -9) of v5(t) is odd, we get

dt

/T* V(D) G (e (8), xn(2), £+, 0,K)
. o(xp(t))

3 2 2
= —[3 sz(t)<sin(t+a) + %(1 - %) + %t(% —1)) dt

3 1 3
= _/ Voo (t) sint dtcos o + g)q/ v (O)E(9 - £2) dt.

3 -3

But
3 ) 1,., 2 1944
/ vzz(t)t(9—t)dt:—f gr: (£ -9) dt=-—+
-3 _

and

3 3
1
/vzz(t)sintdt:/ gt(t2—9)sintdt:4sin3+6cos3.

3 -3

So we obtain (61). Similarly,

/T+ ) Gy (8), x,(8), t + ,0,k) it

3 w(x(t))

3 . A 2 v (2
= —/_3 sz(t)<x sin(t + o + @) + Z(l_ E) + Zt(g —1))dt

3 1 3
- _/ vy (t) sint dtcos(a + @) + %)/2/ v (O)E(9 - £2) dt
-3 -3

=—(4sin3 + 6 cos3)cos(x + w) — 357

which implies the second formula of (62).
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