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Introduction

Let A* :Q — R be non-negative Lipschitz continuous functions, where Q is a bounded
open subset of R” with smooth boundary. Assume further that g€ W"*(Q)n L™(Q)
and g changes sign on 0Q. Let K = {v € W2(Q) : v — g € Wy?()}. Consider the

functional
1
I(v) = / (2 [Vv|? + A* max(v, 0) — A~ min(, O)) dx, (1.1)
Q

which is convex, weakly lower semi-continuous and hence attains its infimum at
some point u € K. The Euler-Lagrange equation corresponding to the minimizer u is
given by Weiss [1] and is called the two-phase membrane problem:

{ Au =2 Yu=0y — A~ X{u>0) I Q, (1.2)

u=g on 0€2,
where y4 denotes the characteristic function of the set A, and
Mu)=0d{xe Q:u(x) >0}Ud{xe Q:u(x) <0}NQ
is called the free boundary. The free boundary consists of two parts:
IM(u)=Tw)N{xeQ: Vu(x) =0}
and
I (u) = T(u) N {Vu(x) # 0}.

By Q" (u#) and Q (u) we denote the sets {x € Q: u(x) >0} and {x € Q: u(x) <0},
respectively. Also, A(u#) denotes the set {x € Q: u(x) = 0}.
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The regularity of the solution, the Hausdorff dimension and the regularity of the free
boundary are discussed in [2-5]. In [5], on the basis of the monotonicity formula due
to Alt, Caffarelli, and Friedman, the boundedness of the second-order derivatives D*u
of solutions to the two-phase membrane problem is proved. Moreover, in [3], a com-
plete characterization of the global two-phase solution satisfying a quadratic growth at
a two-phase free boundary point and at infinity is given. In [4] it has been shown that
if A" and A~ are Lipschitz, then, in two dimensions, the free boundary in a neighbor-
hood of each branch point is the union of two C'-graphs. Also, in higher dimensions,
the free boundary has finite (n - 1)-dimensional Hausdorff measure. Numerical approx-
imation for the two-phase problem is discussed in [6].

In this article, by perturbation we mean the perturbation of the coefficients A" and A~
and the perturbation of the boundary values g. The case of the one phase obstacle pro-
blem has been studied in [7].

For given (A*,A" ) e C”Y(Q) x C>'(Q), Equation 1.2 has a unique solution
ue leo’z () for

1 < p <o (see [8]). Define the map

T: (A2 ) u, (1.3)

where u is the solution of (1.2) corresponding to the coefficients A" and A". The main
results in this paper are the following:

1. The stability of solution with respect to boundary value and coefficients is
shown.

2. Let X = (A*, A7), h = (hy, hy)- By A+h, we mean the solution of problem (1.2)
with coefficients (1" + eh;) and (1™ + ¢h,). If we Consider the map T: (A", 1) » u,
for given parameters A" and A" and a fixed Dirichlet condition, then the Gateaux

derivative of this map is characterized in H}. More precisely, it is shown in Theo-

rem 3.4 that
ui%f;_ g — wM" in H)(Q) as & — 0,
where
Aw'h = M Xiso) = P2 Xpi<op + ¢ Xﬁ)men_l L uy-

|Vur|

3. (Theorem 3.5) Assuming that all free boundary points are one-phase points

(points such that Vu = 0), a stability result for the free boundary in the flavor of [7]
is proved which says that

Koboo) = Xuisop 1 ) dr*, inH '(Q)ase — 0,

e A+ 01

Xiureeh <0} — X{u7 <0} N 1 96

dr=, in H '(Q) ase — 0.
e A~ 0Vy
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Were I'* = 9 {+u(x) >0} n Q. The function J is constructed as a solution of certain

Dirichlet problem in {ui > 0}. The vector v; stands for the exterior unit normal vector

to gfu* > 0}

The structure of article is organized as follows. In the next section, stability of solu-
tion with respect to boundary value and coefficients is studied. In Section 3, we prove
that the map T is Lipschitz continuous (Theorem 3.1) and differentiable (Theorem
3.4).

Preliminary analysis and stability results
In this section, we state some lemmas which have been proved in the case of one-
phase obstacle problem (see [9]). The following proposition shows the stability in L™-
norm. In what follows, we will denote by B,(x,) the ball of radius r centered at x, and,
for simplicity, we use the notation B, = B,(0).

Proposition 2.1. Let u; for i = 1, 2 be the solution of the following problem

{ Auj = A Xu<0) — A7 X<y in 2, (1.4)
Ui = gi on d 2.

Ifg1 <@g <g +¢ then uy < uy < uy + ¢ In particular,
lluz —urlle> = 1181 — &2llL.

Proof. First, we show that u; < u,. Denote § = {x € Qu;(x) > u(x)}; then, for all

x e Q the following inequalities hold.
X{ur>0} = X{up>0}s
and
X{u<0) = X{u,<0}-
These inequalities imply that
Aty = A Xy =0) = A X <0y = A Xjup=0) — A~ Xfw<0) = Atla, in &,
which shows that
Au; —up) >0, Vxe Q.
One can see that on the boundary of ¢}, the following holds:

(0 — )l = 0 x € 0Q\0Q,
PTRR T g — g x € 32\0.

Note that by assumptions on g; and g, the inequality u; - u, < 0 will hold on the
9. Thus, we have,

{ A(uy —up) > 0in &, (1.5)

(u1 —uy) <0 on 0Q.
By maximum principle, we obtain that
U —uy <0 VxeSNZ,

which is impossible. Therefore, & = ¢.

Page 3 of 16
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Let u3 be the solution to the following problem:

Auz = A X(u;>0) — A X{us<0) 1N 2, (1.6)
Uz =81 +¢& on Q. ’

An analysis similar to the one above shows that if v = u; + ¢ - us, then v 2 0, which
implies
Uy <uy) <uz <uj+ée.
O

Lemma 2.2. Assume that B”g ) AT > O. Let u be a solution to
1

Au = A" Xu=0y — A~ Xfu<o} in By,
and let u® solve

Au® = (A" + &) x>0 — (A~ — &) Xqur <0y In By,
with u = u° = g on 0 By. Then

|[u® —u| < Ce.

Proof. Let ¢ >0,; we will show that u° < u. Set D = {x € By : u” (x) > u(x)}. If u® <0,
on D, then # <0 on D and Au = - A" < - (A7 - &) < Au’: On the other hand, if * >0;
then Au® = A" + ¢ > Au. Therefore, Au® > Au and, by maximum principle, D = &.

Now we claim that also # + ev < u° in By, where v is the solution to Av = 1 with zero
Dirichlet boundary data in B;. Assume that

Q={xeB :u+ev>u(x)}.
Note that v(x) < 0 in B;, and so we have
U <u+ev<uin .
Then, for all x ¢ §, the following inequalities hold:
X{u>0} = X{us>0}
and
X{u<0} = X{ur<0}-
In &, we have
Au+ev)=Au+e=2" Y00 — A X{u<0] + € = A X0} — A~ Xjue<0} + &
> (A" + &) x>0y — (A~ — &) Xque <0y = AU°.
Therefore, we have
{A(u+8v—u£) > 0in S~Z,~
u+ev—u®=0 on 9J%Q.
This shows that u + ev < &° in ¢, which is impossible. Since

x| =1
v(x) = ,
@)=

Page 4 of 16
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this implies that u#° > -Ce + u. Note that in the case when ¢ <0, with the assumption

Bil?g) A" > —& >0 gne can prove that

u<u® <u+e.

[}

Remark 1. An analysis similar to Lemma 2.2 shows that if the coefficients A* be per-
turbed by te, then |u° - u| < Ce.

Remark 2. The proofs of Proposition 2.1 and Lemma 2.2 show that if # and v solve

the following problems, respectively:

Au = A Xu>0) — Al Xju<o} In By,
u= gl on 331,

and

Av = )"EX{U>0} — A3 X{v<0} in By,
V= gz on 331,

with A3 > A7, A, <Ay, § < g, then u > v. In particular,
Au) € A(v), QF(v) € Q*(u) and Q™ (v) € Q" (u).

Theorem 2.3. Let uy be a sequence of minimizer to (1.1), respectively with data g

and k}f, such that

g —> g in H;(aﬂ),
and

AE—aF in CO(Q).
Then,

u, —u in HY(Q),

where u is the minimizer of (1.1) with data g and potential 1*.
Proof. First, one can see that g is an admissible boundary data, i.e., ¢ changes sign on
the boundary by the strong convergence of g; in H; (3Q) We denote by u* the solu-

tion to minimization problem (1.1) with data g and A*. Consider the minimum levels
¢r = Li{uy) and ¢* = I(u*). Also the convergence of the boundary traces g; and of the
)Lf;, ensures a bound on the sequence ¢;. Since the sequence of functionals {I;} is uni-
formly coercive, from the fact that I;(u;) < C, we infer a bound on the sequence
[lur| |1 (@) therefore, we can assume, up to a subsequence, that

cr — co and u, — u weakly in H'(R).
Furthermore, by the weak continuity of the trace operator, we obtain

ulpe = 8.
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The weak lower semi-continuity of the norm implies
1 2 P 1 2
|Vu|“dx < Lim inf |Vuy|“dx,
0?2 02

and we also have
/ (A" max(u, 0)—2~ min(u, 0))dx < Lim inf/ (A max(uy, 0) — A, min(ug, 0)) dx.
Q Q
Note that the level
1, ., _
= ) |[Vul| + A" max(u, 0) — A~ min(u, 0) | dx,
Q
is not necessarily a minimum, but, by the previous discussion it satisfies the inequal-
ities
co>c>c".

We shall prove that ¢y = ¢*. Suppose, by contradiction, that ¢* < ¢o. Consider the
harmonic extensions (denoted with the same notations) on Q of g/'s and of g and
introduce

he =8 — g

Then, by construction

h— 0 in HY(Q),
] 1 (1.7)
hi lag — 0in H2 (992).
We define wy = u* + hy, and observe that wy|sq = gr. Moreover, by (1.7),
wy, — u* in HY(Q). (1.8)

Hence, it follows from the definition of ¢; that
! Vuwgl? + A} 0) — A, mi 0) ) dx >
; 2| wr|” + A, max(wy, 0) — " min(wy, 0) > Cp.
On the other hand, (1.8) gives
V2 + At 0) — A, mi 0))d *
; 2| wy|” + Ay max(wy, 0) — A, min(wy, 0) ) dx — ¥,

which implies that ¢* > ¢,. Finally, from the equality of the minima ¢y = ¢ = ¢*, we

also deduce the strong convergence of u; in HY(Q). D

Perturbation formula for the free boundary
In this section, we prove the continuity and differentiability of the map 7. The case of
one-phase obstacle problem was studied by Stojanovic [7].

Theorem 3.1. Assume A", A~ € L¥(Q) for p > . The map (A", 1°) » u is Lipschitz

continuous in the following sense. If u; for i = 1, 2 solves

{ Aul = )‘;X{ui>0} - X;X{ui<0} ln Ql (19)

u=g on 9%,
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then

[luz —urllm (@) < CUIAT = Alla1@) + AT — A5 lH-1(@),
and for p >

[luz — urlli=(@) < C(IIAT = A3llp(e) + AT — A5 ()

We first prove the following lemma:
Lemma 3.2. If

(M —A)<eelf, p>nf2, €>0, andA] =15,
then

Uy —u; <8 € L*(Q),
where 6 >0, § € WP N Hsolves

AS = —¢.
Moreover, the same argument can be applied with

(Ay = A7) <eand A5 = AJ.

Proof. Let
A3 = A X(w >0/ A3 =AY Xfuy <o)
AL = min {A}, A%}, Ay =25

Then, by the same proof as in the first part of Lemma 2.2, one gets

Uz =uy, Ug = Uy,

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

where u3 and u, solve Equation 1.2 with coefficients Af, )Mi, respectively. Relation

(1.10) gives
(A3 = 23 X =0y < &
Also, by the choice of A}, we have
A3Xim=0) = 0, Ag Xpuy=0) = O.
We will show that
(ug — (us +8))" = 0.
First, note that

Auy = )‘XX{u4>O} - )&4_X{u4<0}/
A(us +38) = A3 X{us=0} — A3 X{us<0} — €.

Therefore,

A(u4 - (u3 + 8)) = )‘ZX{u4>O} - )LZX[u4<O} - A;X[u3>0} + )L;X[u3<0} +E&.

(1.15)

(1.16)

Page 7 of 16
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Rearranging the above terms gives

Aug — (U3 +8)) = Ay X{us>0) + A3 Xjus >0} + Ag X{us<0) — A3 X{us <0}
= (A3 = A3)Xus>0) + € > 0.

Multiplying by (u4 -(#3 + J))" and integrating by parts gives
0< / [(us — (us +8)) " Aus — (usz +6))] dx
Q (1.17)
—/Q (%3 (Xtui>01 = Xus=0)) = A Xiua<0) + 43 Xius<0p] (g — (u3 +8))"dx.

Then,
—/ IV((ug — (u3 +8))*|%dx
Q
—/ (M (X{ua>0} — Xjus>0}) — Ay Xfug<0} + A3 X{us<0y] (Ua — (uz +8))*dx > 0.
Q
It follows that
J 9 (s + )y P
Q
+/ (A4 Xtua>0) = Xus>0) — Ag Xus<0y + A3 Xus<0y] (ua — (u3 +8)) dx < 0.
{us—(u3+8)>0}
Note that

(23 (Xtua>0) = X{us>0)) = A4 X{us<0) + A3 Xfus <0y | (ta — u3) > 0.

Then, we have
/ IV((ug — (u3 +8))*|%dx
Q
—f (A2 X(u>0) — X(us>0) — A3 (X{us<0) — X{us<0}] 8 dx < 0.
{us—(us+8)>0}
However,
/ (23 (=0 — Xtws>01) — Ag (Xqug<0y — X{us<0y)]8 dx
{us—(us+8)>0}

= / AZ(Xu4>0Xu3§O)6 dx— AZ(X{H4<0}X{H3ZO})8 dx = 0.
{ua—(u3+8)>0} {us—(us3+6)>0}

In the last equation, we have used (1.16).
O

Thus we completed the proof of Theorem 3.1.
Proof of Theorem 3.1. By elliptic regularity and Lemma 3.2, we have

s e W

loc(Q) n Hé(Q)'
n
and, consequently, the Sobolev embedding WIZP N C?’ 2 for p >, implies
ocC ocC

5§ e Co(Q), with0 <a < 1.
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Therefore,
[18]I1= < Cllel|p.

Now if we assume |A] — AS5| < ¢, then it will follows that |u, - u;| <0. To complete
the proof, assume that

(Af—A3)<eand (A; —A]) <e.

Set Au' = A3 x>0y — A Xw<o) Then, we have
Uy —ur =ty — U +U —up <26,

and

luz — urlli~ < [lug — /[l + [[U" — uq||r~.

By Equation 1.11, we obtain
lluy —urllee < C(IIAT — A5l + 1127 — A5 1)

O

The proof of Theorem 3.4 uses the following theorem, proved by I. Blank in [9].

Theorem 3.3. (Linear Stability of the Free Boundary in the one phase case). Suppose
that the free boundary is locally uniformly C* * regular in By. Let w, w* be the solutions
of the following one-phase problems, respectively,

Aw = A xw=0y in By,
w=g on 0By,

and

Aw® = (A +€)xwr=0) in By,
w’ =g on 0Bj.

Then, for ¢ small enough, we have

dist(I'(w), I'(w®)) < Ce, on B. (1.18)
2

Remark 3. The analogue of Theorem 3.3 can be proved for the two-phase membrane
problem in the following cases:

(1) When all the points are regular one-phase points (cf. Theorem 3.3).
(2) When all the points are two-phase points with |Vu| = 0 (branching points).
(3) When |Vy| is uniformly bounded from below (cf. Estimate 1.19).

Although we could not prove this theorem for the two-phase case in general, there
are grounds, however, to suggest that it holds true in this case as well.

The proof of part (3) is as follows. Suppose ¢ > 0, &; >0, hy <0 and igf)ﬁ > —¢hy,
Then Lemma 2.2 implies that
J+eh

—Ce +u* < uh <t

Page 9 of 16
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Also, y* > C' dist(x, I'” (ui)) for x e Q" n B, where r is small enough, which gives
uHeh > _Ce 4 C dist (x, T (u")).

Thus, +¢h is positive provided that dist(x, I'” (ui)) > (s, which shows
dist(I" (1), T (M) < Cye. (1.19)

Now we shall prove that the map (A A7) u* is differentiable in the following
sense:

Theorem 3.4. The mapping
T:C¥(Q) x C"1(Q) > W (Q),

defined by u = T(A*, 1") is differentiable. Furthermore, if X, h € C®(Q) x C>1(Q).
Then, there exists " e HY, such that

u)wsh _ u)»

—~ W in HY(Q) as e — 0,
&

where

(A"+27) s

i) H' ™ - (1.20)

Ao
Aw™™ = hixp0p — M2 X <o) +

In Equation 1.20, H"~denotes the (n - 1)-dimensional Hausdorff measure.
Proof. We have

At = M Xm0y — A Xy <oy
and

Avreh = (A" +eh1) Xpueingp — (A + €M) Xy gy
Therefor,

J+eh A —
A =) = M (Xpesino) — Xpis0) A (Xui<o) (1.21)

_X[ui+sﬁ<0}) + €h1X[umh>0} - 5h2X{ui+sﬁ<0}-
We multiply both sides of (1.21) by (ui“ﬁ — ui) and integrate by parts and we obtain
/Q IV (M — )P = — /S;V(X{umkm - X{ub@})(”bsg — ") dx
+ /;2 A (X ) — X{ux<0})(ui+8h — ui) dx
- /S;S(th{uMBO} - th{umko})(“X”ﬁ — ) dx.
Note that

i
(X{u;*ﬂ’fl>0} - X{ui>0})(uk+5 —u") =0,

Page 10 of 16
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and
(X{ui+sﬁ<0} - X{ui<0})(uk+£h - uk) < 0.
Therefore,

/Q |V (e — 1} 2dx < /Q e(M X yivis o) — M2 Xyiosi gy (" — 1) dx.

The Holder inequality implies

|V (u*eh — uA)Ilfz(Q) = ellh Xy — th{ui+sﬁ<o}||L2(Q)||uA+8h — Mo
< e(llmlliz@) + lhallz @)l = u* [l ).
Moreover, by the Poincaré inequality, we have
ui+£l—1 _ ui (122)
[V( . Nz < C(l1h ) + 11halliz @) :

From (1.22), the weak convergence to a limit, denoted by ;A% follows (for a subse-
quence). Here, we show that ;1 satisfies (1.20). Multiply (1.21) by a test function ¢,

where ¢ has compact support in {y* > 0}, and then divide by ¢,

el _ A+
- f v( ) - Vdx = / (Xpeeino) = Xm0y PAX + f 1 Xis oy dx(1.23)
Q £ Q € Q

Assume that d is the distance between supp(¢) and I‘+(ui). If ui(x) > ¢d? then,

(since yr+eh _y ) for & small enough, we have

- - _ 2
|uk+ah(x) _ ux(x)l < Cl; ’

and so uX+gﬁ(x) > ng > 0. This means that, for each ¢, one can chose ¢ small

enough such that
(Xyivei=0) = X(wi=0)) = 0 in supp ¢.

In particular, passing to the limit in (1.23), we obtain that in the set {y* > 0}, equa-

tion
Aw;";’ =hy,
holds. Similarly, in the set {u)i > 0}, one has
Awh = —h,.

Now let %y be a one-phase regular point for ,* and x, r‘(ui’rsﬁ) where x, has mini-
mal distance to x,.

Assumption In what follows, we assume that the estimate (1.18) in Theorem 3.3 also
holds for one-phase points in our case. A straightforward calculation gives

Page 11 of 16
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yreh (xo0) — u (x0)

lim
e—0 £
i 1) # (e = 20) " V() + O((x — x0)?) — 1 (x0)

e—>0 &

T J+eh
— .V

- llm (xS xO) u (xs) _ 0’

e—0 &

which shows that ;A1 _ ( at one-phase regular points.

To complete the proof, let us assume that x, F”(u’_\)- Let v denote the normal to
the free boundary 1" (ui) at x,, that is v = |§3g3r Assume that B,(x,) is a ball centered
at xo where r is small enough. Since Vu(xy) = 0, then [ (ui) can be represented as («,

flx’)) where fis a C" * graph. We have
v=e,+0(%). (1.24)

Let Q, be the region between " (ui) and [ (u;\”;’). From (1.21) we obtain

J+eh X + _
u —u AT+ A
A( & ) = e XQS + th{ui+sﬁ>0} - hZX{ui+sﬁ<0}-

1 . "
The term ~ xq_ converges weakly as ¢ — 0, to a measure # with support on I'"(x).
o XS

For any ball B,(xg) with xg € T"(1), set
B;) =1 ! d
wu(Br) = 321(1) b e XQ. ax.

Estimate (1.19) shows that g is a finite measure, since

1 B, N
11(B;) = lim dy = Tim 27 7SR
e—0 B,NQ. € &—0 &

C.

We want to prove that

u(B(x))  _ wM(xo) 1.25
PO M [ (Br(%0)) Vi (xo)| "

Then, p can be written as (see [10], Chapter I)

1 = lim w(Br)

. anl .
—0 Hﬂ—l er/(ux) (BT)

Let d be the distance of x4 to I (u;\“’_l) in direction of v, using Taylor expansion, we
get

u;»+[:‘fl (x())

= - O(e). 1.26
[Vui+eh(x, )| ) ( )

Page 12 of 16
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In order to show (1.25), we have

1 1 ,
w(By) = lim/ xe.dx=lim d[B,|+O(" ") = by (1.26)
e—0 B, £ e—>0¢&
A+eh _ ,

i (R0) — (o) B + O("")

e—0 £ |vuk+€h(xs)|

AN

_ W) gL o,

[Vt (xo)]

where |B| is the measure of B, = B, N {x,, = 0}. In addition, we have

| a0 g [ V11902 < B 00,

Therefore,
w}"h(JCo) ,
i MBIV e ()
=0 [y dH by =0 B Vit (xo)|

We deduce that, " ¢ H} () satisfies (1.20).

[m]

Remark 4. If for all free boundary points Vu = 0, which means that I'(u) = I”(x), then

s in {u* > 0},
w=10 in{ut =0},

5

=

in {u* < 0},
where ghit is the unique solution of the elliptic equation

AS =h; in {u;\ > 0},

0 on B{u;\ > 0},
= —hy in {u;\ < 0},

§=0 on 8{u’_\ < 0}.

Remark 5. Consider the following two-phase problem in dimension one (n = 1),
where A,, A, are constants.

u = A Xu>0) — A2 X{u<0) in(—1,+1),
u(-1)=a<0, u(+1)=b>0.

Straightforward calculations show that if \/ b/\_l a4 \/ b/\_z 4 < 2, then the set {x € Q: u(x)

= 0} has a positive measure. In this setting, an interesting question is which conditions
in higher dimensions will imply that the zero set has positive measure in B;.
Example 1 Let % = (4,2), h = (1, 1). Consider the equation

u' = 4X{u>0} - 2X{u<0},
u(+1) =+1,u(-1) = —1.
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One can obtain

@+ 52— (@+e)1 -/ 2 1-/2 <x<1,

—(1+ ) @)1 - /2

w10 “1ey 2 sxs1-/ 2
(—l—g)xz—(2+e)(—l+\/2ia)x RETE TS
+(;)+\/238 +(2+¢)(—1 +\/235

Consequently, one computes

2
X 1 2
— l—\/ <x<l1,
el 2 2 2 V2
lim = 0 0<x<1- ,
e—>0 I — — 2
X2 x
—(.+.) —-1<x<0
2 2

By Weiss [1], we know that the Hausdorff dimension of I = d{u >0} U o{u <O} is less
than or equal to # - 1 and by Edquist et al. [2] the regularity of the free boundary is
C'. Let dI" denote the measure d[" = H{"~! T} the restriction of the (n - 1)-dimensional
Hausdorff measure "—! on the set I'. Moreover, let v; be the unit normal exterior to
o{u >0} and v, be the unit normal to o{z <0} exterior to {u <0}.

Theorem 3.5. Assume that the free boundary points are one-phase points, and let &
be the same as defined in Remark 4. Then, we have

Xpireh =0y — X{uh>0} L 1 96 dr-,
e A+ Oy

weakly in H(Q) as ¢ — 0. In addition

Xpivehco) — Xpi<op 1 08
& AT 31/2

ar-.
Proof. To begin with, observe that

i _
Au” = )‘+X{u5~>0} —A X{ui<0}’

AW = (W% + ey ) g e gy — (A7 + 8h2) Xyaesi ).

Then, for a test function ¢ € H} () one obtains

uXJrE}—z —
/ A( ) dx = / ha X pypecin 0@ dx—/ ha X e ) @ dx
Q € Q Q

A* AT
+/Q c (X{u3+e;;>0} - X{ui>01)¢ dx _/Q e (X{u?\+eﬁ<0} - X{ui<0})¢ dx.

(1.27)

The left-hand side of Equation 1.27 is

5\+£P_1_ A X+sﬁ_ X
/A(“ . )¢dx=—/ v T e dx.
Q 3 Q &

Page 14 of 16
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Let ¢ — 0, in (1.27); then, by the notations introduced in Remark 4, one has

—/ ViV dx=/ M X s 0)® dx—/ ha X i <oy ® dx
Q Q Q

. . A
+£1_I)I(l) . (X{u5~+5;l>0} - X{u;\>0})¢ dx — ll_l;% 0 € (X{u5~+5;1<0} - X{ui<0})¢ dx.

Integrating by parts gives

26
—/ Vqudx:/ qudx—/ ¢ do
Q (>0} =0y 01

95
+/ AS ¢ dx —/ ¢ do
{1 <0) <0y 02

=/ hlx{u;>0}qbdx—/ ha X i <0y dx
Q Q

+

+ ll_l;l‘(l) . (X{ui+sfx>0} - X{ui>0})¢ dx
tim [ % (o i<0))® dx

— SEI(I) o & (X{ui+sh<0} - X{u)\<0})¢ :

In the view of Remark 4, we have

. A* A
hm[/ e (X{ui+€;‘>0} - X{ui>0})¢ dx — / e (X{u;‘*gi'<0} - X{ui<0})¢ dx]
Q

e—0
Q

k) a8
= —/ ¢ do +/ ¢ do.
du=0y V1 Au=0) 02

Finally, we conclude that

i )»*( Yo dx / 8 a8 i
1m +eh - x = — o,
L S Xpreh=0p — X{uh>0) a0y V1
and
AT a8
lim feh o1 — Xiyh dx = do.
e20 g & (X{u’\ h<0) X{u"<0})¢ /a{u<0}¢8v2 o
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