Ulusu and Savas Journal of Inequalities and Applications 2014, 2014:134 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2014/1/134 a SpringerOpen Journal

RESEARCH Open Access

An extension of asymptotically lacunary
statistical equivalence set sequences

Ugur Ulusu' and Ekrem Savas?

"Correspondence: ulusu@aku.edu.tr
'Department of Mathematics,
Faculty of Science and Literature,
Afyon Kocatepe University,
Afyonkarahisar, 03200, Turkey

Full list of author information is
available at the end of the article

@ Springer

Abstract

This paper presents, for sequences of sets, the notions of asymptotically lacunary
statistical equivalence (in the sense of Wijsman) of multiplicity L, strongly
asymptotically lacunary p-equivalence (in the sense of Wijsman) of multiplicity L and
strongly Cesaro asymptotically p-equivalence (in the sense of Wijsman) of
multiplicity L. In addition to these definitions, inclusion theorems are also presented.
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1 Introduction and background

The concept of convergence of sequences of numbers has been extended by several au-
thors to convergence of sequences of sets. The one of these such extensions considered
in this paper is the concept of Wijsman convergence (see [1-8]). Nuray and Rhoades [4]
extended the notion of convergence of set sequences to statistical convergence, and gave
some basic theorems. It should be noted that lacunary statistical convergence was studied
by Fridy and Orhan (see [9]). Ulusu and Nuray [5] defined the Wijsman lacunary statisti-
cal convergence of sequence of sets, and considered its relation with Wiijsman statistical
convergence.

Marouf [10] presented definitions for asymptotically equivalent sequences and asymp-
totic regular matrices. Patterson [11] extended these concepts by presenting an asymp-
totically statistical equivalent analog of these definitions and natural regularity conditions
for nonnegative summability matrices. Patterson and Savas [12] extended the definitions
which were presented in [11] to lacunary sequences and also, in [13], they studied an exten-
sion asymptotically lacunary statistically equivalent sequences. In addition to these defini-
tions, natural inclusion theorems were presented. Savas [14] presented Z-asymptotically
lacunary statistical equivalent sequences. Furthermore, Ulusu and Nuray [5] extended the
definitions presented in [12] to sequences of sets which is Wijsman sense. Also natural
inclusion theorems were presented.

In this paper we introduce the concept of strongly asymptotically lacunary p-equivalence
(in the sense of Wijsman) of multiplicity L and strongly Cesaro asymptotically p-
equivalence (in the sense of Wijsman) of multiplicity L by using the sequence p = (px)
which is the sequence of positive real numbers. In addition to these definitions, natural
inclusion theorems are presented.

Before continuing with this paper we present some definitions and preliminaries.
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Definition 1.1 [10] Two nonnegative sequences x = (x) and y = (yx) are said to be asymp-
totically equivalent if

Xk

lim— =1
k= Yk
(denoted by x ~ y).

Let (X, p) be a metric space. For any point x € X and any non-empty subset A of X, we
define the distance from x to A by

d(x,A) = ‘ilrelAfp(x,A).

Definition 1.2 [1] Let (X, p) be a metric space. For any non-empty closed subsets
A,Ar C X, we say that the sequence {A;} is Wijsman convergent to A if

lim d(x,Ax) = d(x,A)
k—o00
for each x € X. In this case we write W-limA; = A.

Definition 1.3 [15] The sequence x = (x) is said to be statistically convergent to the num-
ber L if for every ¢ > 0,

1im%’{k§n:|xk—L| ZEH =0
(denoted by st-limuxy = L).

Definition 1.4 [16] The sequence x = (xx) is said to be strongly Cesaro summable to the
number L if

1
Jim 3 11=0

lo1]

(denoted by xx — L).

Definition 1.5 [4] Let (X, p) be a metric space. For any non-empty closed subsets
A, Ar C X, we say that the sequence {A} is Wijsman statistical convergent to A if {d(x, Ax)}
is statistically convergent to d(x, A); i.e., for ¢ > 0 and for each x € X,

lim =|{k < n: |d(x, Ag) - d(x, 4)| = e} =0.

n—o00 11

In this case we write st-limy Ay = A or Ay — A(WS).

Definition 1.6 [4] Let (X, p) be a metric space. For any non-empty closed subsets
A,Ar € X, we say that {A;} is Wijsman strongly Cesaro summable to A if for each x € X,

g&%E:WWAH-dmAH:Q
k=1

In this case we write Ay — A([Wa1]) or Ax Wl g,
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By alacunary sequence we mean an increasing integer sequence 6 = {k,} such that k, = 0
and A, = k. — k,.; — oo as r — oo. Throughout this paper the intervals determined by 0

will be denoted by I, = (k,_1, k], and the ratio klzl

will be abbreviated by g,.

Definition 1.7 [5] Let (X, p) a metric space and 6 = {k,} be a lacunary sequence. For any
non-empty closed subsets A, Ay € X, we say that the sequence {Ax} is Wijsman lacunary
statistical convergent to A if {d(x, Ax)} is lacunary statistically convergent to d(x,A); i.e.,
for ¢ > 0 and for each x € X,

limhi|{k €l :|d(x,A) - d(x,A)| = e}| = 0.

In this case we write Sy-limy = A or Ay — A(WSy).
The next definition is natural combination of Definition 1.1 and Definition 1.7.

Definition 1.8 [6] Let (X, p) be a metric space and 6 be a lacunary sequence. For any non-
empty closed subsets Ak, By € X such that d(x, Ax) > 0 and d(x, By) > 0 for each x € X. We
say that the sequences {Ax} and {By} are asymptotically lacunary statistical equivalent (in
the sense of Wijsman) of multiplicity L if for every ¢ > 0 and each x € X,

{kel,:

wsk
(denoted by {Ax} ~! {Bx}) and simply asymptotically lacunary statistical equivalent (in

lim —

roh,

d(x, Ay) i
d(x BY) ‘L‘ 28” =0

the sense of Wijsman) if L = 1.
As an example, consider the following sequences:

{(x,y) eR*:a? + (y—1)* = 7}, if kg <k <ky + [V,] and
Ay = k is a square integer,
{(0,0)}, otherwise,

and

{(xy) eR*:a? + (y+1)? =1}, ifky <k<key+[Vh]and
By := k is a square integer,
{(0,0)}, otherwise.

Definition 1.9 [6] Let (X, p) be a metric space and 0 be a lacunary sequence. For any non-
empty closed subsets Ak, By € X such that d(x, Ax) > 0 and d(x, Bi) > 0 for each x € X. We
say that the sequences {Ax} and {B} are strongly asymptotically lacunary equivalent (in
the sense of Wijsman) of multiplicity L if for each x € X,

hfnhi, >

kel

d(x,Ak) _
(. By) 'L' =0

[WN1§
(denoted by {Ax} ~ ’ {Bi}) and simply strongly asymptotically lacunary equivalent (in
the sense of Wijsman) if L = 1.
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2 Main results
Let (X, p) be a metric space. For any non-empty closed subsets Ay, By € X, we define
d(x; Ax, By) as follows:

d(x,Ay)
, x¢ArUB;y,

(@ A By) = | 759 .
L, x € Ay U Bg.

Definition 2.1 Let (X, p) be a metric space, 6 be a lacunary sequence and p = (px) be a
sequence of positive real numbers. For any non-empty closed subsets Ay, Bx € X, we say
that the sequences {Ax} and {By} are strongly asymptotically lacunary p-equivalent (in the
sense of Wijsman) of multiplicity L if for each x € X,

1
lim > ld; A Bo) - L[ =0

" kel,

L
(denoted by {Ax} ~ {B(}) and simply strongly asymptotically lacunary p-equivalent

(in the sense of Wijsman) if L = 1.

. LEU A (v,
If we take p = pi for all k € N we write {Ay} ~ {Bi}instead of {Ax} ~  {Bi}.

Theorem 2.1 Let (X, p) be a metric space, 0 = {k,} be a lacunary sequence and Ay, By be
non-empty closed subsets of X; then

(WN1? wsk
(W) A}~ (B = (A} ~ (Bil,

} wsh (NI,
(ii) d(x,Ax) = O(d(x, By)) and {Ax} ~ {Bx} = {Ax} ~ (B}

L
[WNI,”
Proof (i) Let € > 0 and {Ag} ~* {Bi}. Then we can write

> ldwAnB) L = > |dxAkBo) - L]
kel, kel,
|d(x;Ap,Bi)-L|>¢

> & |{k el : |dx A B) - L] > ¢}|.
wsk
Therefore, {Ar} ~ {Bx}.
wsh
(ii) Suppose that d(x, A¢) = O(d(x, B)) and {Ax} ~ {Bi}). Then we can assume that
|d(x; A Br) = L| <M

for all k and for each x € X. Let ¢ > 0 be given and N, be such that

1
1 e\”r e
kel :|dx;A,B)—L| > | = < —
{ < fdles e B ’—(2> ”—210’

r

for all » > N, for each x € X. Let

Li= {k el |ds A B~ L > (%)F }
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Now, for all » > N; we have

1 1 1
. > d( A B - LI = i > Jd(s Ak B - LI + . > |dx A B) - LI

" kel, " keLy " kel

lhrer 1 ¢

> — +—h—.
~ h, 2KP h T2

NI

Therefore, {Ax} ~ {Bx}. g

Theorem 2.2 Let (X, p) be a metric space and Ay, By be non-empty closed subsets of X. If
0 = {k,} is a lacunary sequence and sup, px = H, then
L)

[WN]g ng
Ay~ {B«d = {Ax} ~ (B}

L
Proof Suppose that sup, pi = H and {Ax} ~" {By}.Lete>0be given. Then

1 1
=D ldwALBY LI = 3 |dls Ak B - L™
r kel, r kel,
“ Id(x;Ak,Z)—LIze

1
+ = d(x; Ay, Bx) — L|"*
h, Y |dwAkB) - L
kel
|d(x;Ax,By)-L|<e

v

1
= > ldwAnBy -1
r kel,
|d (A, Bi)-LI>e

1
= n Z (e)%
kel,
|d(x;Ap,Bi)-L|>¢
1 : in
=0 Y min{(e)", (e)"}
kel,
|d(x:Ag,B)-L|>¢
> - |{k €1+ dl A B - L] = ]| - min{ (€)™, 6)).
wsk
Hence, {Ar} ~ {Bi}. O

Theorem 2.3 Let (X, p) be a metric space and Ay, Bx be non-empty closed subsets of X. If
d(x,Ar) = Od(x, By)) and 0 < h = infy pr < supy px = H < 00, then

L
WN]H(‘D)

wsk [
Ay ~ Bdd = A~ Bk}

Proof Suppose that d(x,Ax) = O(d(x,Bx)) and € > 0 is given. Since d(x, Ax) = O(d(x, Bx))
there exists an integer M such that

|d(%; A Bl) - L| <M
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for all k and for each x € X. Then

1 1
) ldsAnBY -1 =~ 37 |dGs A, B - LI
" kely r kely
|d(x;A,B)-L|>¢

1
+— d(x; Ag, By) — LI
i > |dwAnB) - L
kel
|d(6AgBy)-Ll<e

1

< — max Mh,MH

LY maan
kel,

|d(x:Ak:Bi)-LI=e

+ hi Z max{(e)pk}

r kel,
|d(x:Ag,B)-Ll<e

1
=

< max{M", M"} kel :|dxALBy) - L| = e}

r

+ max{sh,sH}.

[WN]zw
Therefore, {Ax} ~  {Bx}. (I
Definition 2.2 Let (X, p) be a metric space. For any non-empty closed subsets Ay, By € X,
we say that the sequences {Ax} and {By} are strongly Cesaro asymptotically equivalent (in
the sense of Wijsman) of multiplicity L if for each x € X,

1
hrrlnz ;M(x;Ak,Bk) —L{ =0

(denoted by {Ax} e {Bx}) and simply strongly Cesaro asymptotically equivalent (in the
sense of Wijsman) if L = 1.

Definition 2.3 Let (X, p) be a metric space and p = (px) be a sequence of positive real
numbers. For any non-empty closed subsets Ag, Bx C X, we say that the sequences {Ax}
and {By} are strongly Cesaro asymptotically p-equivalent (in the sense of Wijsman) of
multiplicity L if for each x € X,

lim % > ld; A Bo) - LI =0
k=1

[Woy)]
(denoted by {Ax} N {Bx}) and simply strongly Cesaro asymptotically p-equivalent (in

the sense of Wijsman) if L = 1.

Theorem 2.4 Let (X, p) be a metric space and Ay, By be non-empty closed subsets of X. If
0 = {k,} is a lacunary sequence with liminf, q, > 1, then

W) (W,
{Ac} ~ {Bdd = {Ad ~ {Bih
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Proof Let liminf, g, > 1. Then there is § > 0 such that g, > 1 + § for all » > 1. Hence, for
[Woy,)]
{Ar} ~ {Bi},

r h Z d(xxAkak) L‘pk

r kel

kr krl
1
=h—§ | Ak, B~ L™ - - § |d(x; Aw, Bi) - L™
" k=1

Ky Dk kaf 1 - |7k
“alz Z\d(x,Ak,Bk) i) -S=1 ¢ Z|dx,Ak,Bk L|

ki k=1
Since &, = k, — k,_1, we have

k, 1+68

h_(S

this leads to

kr 1 kr
1
;ApB) — L™ and  — |d(x; Ar, Be) - L*
k,
k=1
( N]é“’)
converging to zero. Therefore, {Ax} ~  {Bi}. O

Theorem 2.5 Let (X, p) be a metric space and A, By be non-empty closed subsets of X. If
0 = {k/} is a lacunary sequence with limsup, g, > 1, then

L
]9(17)

[WN [Wo'(p)]
Ay~ (B«d = {Ad ~ (Bi).

Proof Let limsup, g, < 0co. Then there is an M > 0 such that g, < M for all » > 1. Let

L)
[WN]
{Ax} ~ (B} and & > 0. There exists R > 0 such that for every j > R and

Z‘d x,A/(,Bk L| k <e.
}kel

We can also find H > 0 such that A; < H for all j = 1,2,.... Now let ¢ be any integer with

satisfying k,_; <t < k,, where r > R. Then we can write

Z|d(x,Ak,Bk) LPF < — Z}d(x,Ak,Bk> L
k 1

<Z|d x; A, Be) — L|pk +Z|d x; A, Bi) — |pk

kel kel

bt Z‘d(x;Ak,Bk) - L‘pk>

kel

k,_

Page 7 of 8
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k1 /(2 - /(1 kR - kR—l
= — — A e ——— A
kr—l ¥ kr—l 2t * kr—l K

[
=

[suij

A
e,
w2
[=1
el
S
[S—;
+

This completes the proof. O
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