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Abstract

In this paper, we establish some important properties of M-tensors. We derive upper
and lower bounds for the minimum eigenvalue of M-tensors, bounds for eigenvalues
of M-tensors except the minimum eigenvalue are also presented; finally, we give the
Ky Fan theorem for M-tensors.
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1 Introduction
Eigenvalue problems of higher-order tensors have become an important topic of study in
a new applied mathematics branch, numerical multilinear algebra, and they have a wide
range of practical applications [1-7].

If there are a complex number X and a nonzero complex vector x that are solutions of

the following homogeneous polynomial equations:
Ax1 = 1,

then A is called the eigenvalue of A and « the eigenvector of A associated with A, where

Ax"1 and -1 are vectors, whose ith component is

This definition was introduced by Qi and Lim [8, 9] where they supposed that A is an
order m dimension n symmetric tensor and m is even. First, we introduce some results of

nonnegative tensors [10-12], which are generalized from nonnegative matrices.

Definition 1.1 The tensor A is called reducible if there exists a nonempty proper index
subset J C {1,2,...,n} such that a;,;, =0,Vi €], Visy,...,i,, ¢ J. If Ais not reducible,

then we call A to be irreducible.

..... im

Let p(A) = max{|A| : A is an eigenvalue of A}, where |A| denotes the modulus of A. We
call p(A) the spectral radius of tensor A.
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Theorem 1.2 [f A is irreducible and nonnegative, then there exists a number p(A) > 0
and a vector xq > 0 such that AxJ'™' = ,O(A)x([)m_u. Moreover, if A is an eigenvalue with a
nonnegative eigenvector, then » = p(A). If A is an eigenvalue of A, then |A| < p(A).

The authors in [13, 14] extended the notion of M-matrices to higher-order tensors and
introduced the definition of an M-tensor.

Definition 1.3 Let A be an m-order and n-dimensional tensor. A is called an M-tensor
if there exist a nonnegative tensor B and a real number ¢ > p(B), where B is the spectral
radius of B, such that

A=cT-B.

Theorem 1.4 Let A be an M-tensor and denote by t(A) the minimal value of the real part
of all eigenvalues of A. Then t(A) > 0 is an eigenvalue of A with a nonnegative eigenvector.
Moreover, there exist a nonnegative tensor B and a real number ¢ > p(B) such that A =
¢ - B. If Ais irreducible, then t(A) is the unique eigenvalue with a positive eigenvector.

In this paper, let N = {1,2,...,n}, we define the ith row sum of A as Ri(A) =
Zl"z ,,,,, ipy=1 Fiip-ir» and denote the largest and the smallest row sums of A by

Rmax(-A) = .n}ax Rl(-A)r Rmin(-A) = inllinn Rl(-A)
i=1,..., n =1,..,
Furthermore, a real tensor of order m dimension # is called the unit tensor, if its entries

are §;,...;,, for i1,...,i,, € N, where

5 1, ifig=---=ip,,
i1im = .
" 0, otherwise.

And we define o (A) as the set of all the eigenvalues of A and

ri(A) = Z | @iisip | '{(A)= Z | @ity-.iyy | = Fi(A) = |

Sl‘izA,.l‘m =0 51','2“.,';,” =0,

Sjigereipy =0

In this paper, we continue this research on the eigenvalue problems for tensors. In Sec-
tion 2, some bounds for the minimum eigenvalue of M-tensors are obtained, and proved
to be tighter than those in Theorem 1.1 in [15]. In Section 3, some bounds for eigenvalues
of M-tensors except the minimum eigenvalue are given. Moreover, the Ky Fan theorem
for M-tensors is presented in Section 4.

2 Bounds for the minimum eigenvalue of M-tensors
Theorem 2.1 Let A be an irreducible M-tensor. Then

7(A) < min{a;..;}, 1)
Rmin(-A) = T(A) = RmaX(A)~ (2)
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Proof Let x > 0 be an eigenvector of A corresponding to 7(A), i.e., Ax" = r(A)xl"1,
For each i € N, we can get

(a,'...,» - r(A))xf"_l =— Z Aiiy iy Xy * * Ky = 0,

8 =0

iy iy
then
7(A) < min{a,...;}.

Assume that x; is the smallest component of x,

(as...s - t(.A))x:”_1 =— Z iy Xy * Kiyyy = 0.

Ssicy iy =0

That is,

T(A) < Z Asiy .y + s,

8 =0

Sin ---im

)
7(A) = Riax(A).
Similarly, if we assume that x; = {maxw;, i € N}, then we can get

(A= Y @uigeiy + Art = Reyin(A).

Btiy iy =0
Thus, we complete the proof. O

Theorem 2.2 Let A be an irreducible M-tensor. Then

min %{ai---i +aj..;— Vi(A) - A%}(A)}

ijeN j#i
1 . 1
< < —14;...; I — A2 , 3
<T(A) < max o {di +aj.; = ri(A) = AA)] (3)

where
Ai,j(A) = ((llz..i —aj.j+ }‘Jl(“él))2 - 4(,1””1‘;«]‘(_/4).

Proof Because t(A) is an eigenvalue of A, from Theorem 2.1in [15], there are i,j € N,j #,
such that

(J7(A) = aii| = (A [t (A) - aj.| < lag.;Ir(A).
From Theorem 2.1, we can get

(a,»...,» - ‘L'(A) - VJL(A)) (61,‘...1‘ - T(.A)) < —a,j...jrj(A),
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equivalently,

T(A)? = (@i + aj.; = (A T(A) + 4. (@i - (A) + ag.jr(A) < 0.

1 1

Then, solving for 7(A),

(A2 i+ - A - AYA) = min a4 - ALA)

ijeNj#i 2

Let x > 0 be an eigenvector of A corresponding to 7(A), i.e., Ax"' = t(A)xl"Y, x is
the smallest component of x. For each s,t € N, s #t, we can get

-1
(@ =T == D gy iy - Fiy, = (A (4)
‘Stlz “im =0
1 -1 1
(@sos —T(ANEI T == 3" gy iy - iy, — ] = (AN — a2
Btzz “im =0,
Bsigy-veipy =0
(5.5 = T(A) = r{ (A2l > g (5)

Multiplying equations (4) and (5), we get
(ari = T(A) (a5..s = T(A) = 1{(A)) = —ag...r(A).

Then, solving for 7(A),

T(A) < %{at...t +as.s—1i(A) - ts(A)} < max ;{tll’...i +dj.. —rf(A) - A%(A)}.

i,jeN j#i
Thus, we complete the proof. O

We now show that the bounds in Theorem 2.2 are tight and sharper than those in The-
orem 1.1 in [15] by the following example. Consider the M-tensor A = (a;) of order 4
dimension 2 with entries defined as follows:

ann =3, ayo = -1,

anun = -2, ann =2,

other a;; = 0. By Theorem 1.1 in [15], we have
2<tA) <4

By Theorem 2.1, we have
0<t(A) <2

By Theorem 2.2, we have

25 J—<r(A)< (5-+/5).

Page 4 of 9
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In fact, t(A) = 1. Hence, the bounds in Theorem 2.2 are tight and sharper than those in
Theorem 1.1 in [15].

3 Bounds for eigenvalues of M-tensors except the minimum eigenvalue
In this section, we introduce the stochastic M-tensor, which is a generalization of the non-
negative stochastic tensor.

Definition 3.1 An M-tensor A of order m dimension # is called stochastic provided
n
Rl(A) = Z Aiiy iy = 1, i= 1, B /N
12,5eeim=1

Obviously, when A is a stochastic M-tensor, 1 is the minimum eigenvalue of A and e is

an eigenvector corresponding to 1, where e is an all-ones vector.

Theorem 3.2 Let A be an order m dimension n irreducible M-tensor. Then there exists a
diagonal matrix D with positive main diagonal entries such that

m-1

.
7(A)-B=A-DY"™.D.....D,

where B is a stochastic irreducible M-tensor. Furthermore, B is unique, and the diagonal
entries of D are exactly the components of the unique positive eigenvector corresponding to

T(A).
Proof Let x be the unique positive eigenvector corresponding to t(A), i.e.,
Ax = T(A)xlm,

Let D be the diagonal matrix such that its diagonal entries are components of x, let us
check the tensor C = A- D4 .D..... D.Itis clear that fori = 1,2,...,n,

m-1

S Ciyoiy = (€)= (A- DO . D D), = 7(A).

Hence B = C/t(A) is the desired stochastic M-tensor. Since the positive eigenvector is
unique, then B is unique, and the diagonal entries of D are exactly the components of the

unique positive eigenvector corresponding to t(.A). O

Theorem 3.3 Let A be an order m dimension n stochastic irreducible nonnegative tensor,
w =mina;..;, » € o(A). Then

M-l <1-w.

Proof Let X be an eigenvalue of the stochastic irreducible nonnegative tensor A, x is the
eigenvector corresponding to A, i.e.,

Ax"71 = pxlm,
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Assume that 0 < || = max; |«;|, then we can get

m—1
A —a.s)xg = E AginwipgXiy * * * K+
8 =0

i im

Then

A —as.s| < Z siy iy = rs(A) =1-as.s

55[2"'im =0

and therefore,

A —w| < |\ -das.s+ as.s — 0|
<A =as.s| +as.s — o]
<(1-as.) + (a.s —w)

=1l-w. (6)
Thus, we complete the proof. 0

Theorem 3.4 Let A be an order m dimension n irreducible M-tensor, Q = maxa;..;, A €
o(A). Then

Q-1 <Q2-1(A).
Proof From Theorem 3.2, we may evidently take t(.A4) = 1, and after performing a similar-
ity transformation with a positive diagonal matrix, we may assume that A is stochastic.

Then, for 6 € (0,1), the matrix A(0) = (1 + 0)Z — 0 A is irreducible nonnegative stochastic,
by Theorem 3.3, if A(0) € o (A(9)), ®(#) = mina;..;(0), we can get

|A(6) - w(0)] <1 -w(®).
That is,

|1 +0—-01-(1+06- 9maxa,;,,,~)| <1-(1+6-09maxa,.;).
Then

Q-1 <Q-1
Transforming back to A, we get

Q-1 <Q2-1(A).

Thus, we complete the proof. d

Page 6 of 9
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4 Ky Fan theorem for M-tensors
In this section we give the Ky Fan theorem for M-tensors. Denote by Z the set of m-order

and n-dimensional real tensors whose off-diagonal entries are nonpositive.

Theorem 4.1 Let A, B € Z, assume that A is an M-tensor and B > A. Then B is an M-

tensor, and
7(A) < t(B).

Proof If x > 0, from assume that A is an M-tensor and condition (D4) in [14], we know
Ax"1 > 0.

Because 5 > A, we can get
Bx" > Ax™ s 0,

then B is an M-tensor.

Let a = maxj <<y B;...;, from Theorem 3.1 and Corollary 3.2 in [13], assume that
B=al -Cg, A=al -Cy,

where C 4, C are nonnegative tensors.
Because A, B € Z and B > A, then we can get

Cq>Cp.
From Lemma 3.5 in [12], we can get
p(Ca) = p(Cp).
Therefore,
(A) < t(B).
Thus, we complete the proof. d

Theorem 4.2 Let A, B be of order m dimension n, suppose that B is an M-tensor and
1Diy iy | = |ty iy, | for all iy # - - - # iy, Then, for any eigenvalue ) of A, thereexistsi € 1,...,n
such that |\ — a;..;| < b;..; — t(B).

Proof We first suppose that 5 is an M-tensor, t(B) is an eigenvalue of B with a positive
corresponding eigenvector v. Denote

W =diag(vy,...,vy),
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where v; is the ith component of v. Let

[m-1]

—_——
C=A-W"w...w

and let A be an eigenvalue of A with x, a corresponding eigenvector, i.e., Ax™ = A",
Then, as in the proof of Theorem 4.1 in [12], we have

C(wte)" ™ = (W lx)"

By the definition of C, we have c;..; = a;..;, i = 1,...,n. Applying the first conclusion of
Theorem 6 of [8], we can get

A —ci.il < Z |Ciiy iy |

8 0

iy i =

1—
=y, Z | @iiyiv Vi * Vi

1-
<v;" Z Biiyiy [Vig * =+ Vi

1-m m—1 §
= Vi <hi...l'l/ - biiz'“im Vi2 e V,'m)

il»»Jm =1

= bz’---z’ - ‘L'(B) (7)

Thus, we complete the proof. g
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