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Abstract

Let X, X, X5,.. be a sequence of independent and identically distributed random
variables in the domain of attraction of a normal distribution. A universal result in
almost sure limit theorem for the self-normalized partial sums S,/V,, is established,
where 8, = Y1, X, V2 =YL X2
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1. Introduction

Throughout this article, we assume {X, X,;},, « n is a sequence of independent and
identically distributed (i.i.d.) random variables with a non-degenerate distribution func-
tion F. For each n > 1, the symbol S,,/V,, denotes self-normalized partial sums, where
Sn=Y 1, X, V2 =) X% We say that the random variable X belongs to the domain

of attraction of the normal law, if there exist constants a,, > 0, b, € R such that

Sp—by d
—
an

N, 1)

where A/ is the standard normal random variable. We say that {X,},cn satisfies the
central limit theorem (CLT).
It is known that (1) holds if and only if

CP(X| > x)

= 2
%0 EX2I(1X] < x) ®

In contrast to the well-known classical central limit theorem, Gine et al. [1] obtained
the following self-normalized version of the central limit theorem: (g, — ES,)/V, 4 N
as n — oo if and only if (2) holds.

Brosamler [2] and Schatte [3] obtained the following almost sure central limit theo-

rem (ASCLT): Let {X,,},c n be iid. random variables with mean 0, variance 6> > 0 and

partial sums S,,. Then
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1 { Sk }
lim dil <xt=®(x) as. forallxeR, 3
t g, S]] -9 o

with dy = 1/k and D, = Y ;_; di, where I denotes an indicator function, and ®(x) is
the standard normal distribution function. Some ASCLT results for partial sums were
obtained by Lacey and Philipp [4], Ibragimov and Lifshits [5], Miao [6], Berkes and
Csaki [7], Hormann [8], Wu [9,10], and Ye and Wu [11]. Huang and Zhang [12] and
Zhang and Yang [13] obtained ASCLT results for self-normalized version.

Under mild moment conditions ASCLT follows from the ordinary CLT, but in gen-
eral the validity of ASCLT is a delicate question of a totally different character as CLT.
The difference between CLT and ASCLT lies in the weight in ASCLT.

The terminology of summation procedures (see, e.g., Chandrasekharan and Minak-
shisundaram [[14], p. 35]) shows that the large the weight sequence {d; k > 1} in (3)
is, the stronger the relation becomes. By this argument, one should also expect to get
stronger results if we use larger weights. And it would be of considerable interest to
determine the optimal weights.

On the other hand, by the Theorem 1 of Schatte [3], Equation (3) fails for weight dj
= 1. The optimal weight sequence remains unknown.

The purpose of this article is to study and establish the ASCLT for self-normalized
partial sums of random variables in the domain of attraction of the normal law, we
will show that the ASCLT holds under a fairly general growth condition on dj = k'
exp(ln K)*), 0 < o < 1/2.

Our theorem is formulated in a more general setting.

Theorem 1.1. Let {X, X}, n be a sequence of i.i.d. random variables in the domain of
attraction of the normal law with mean zero. Suppose 0 < o < 1/2 and set

exp(In®k -
dy, = p(k ):Dn = de- (4)
k=1
then
1 & Sk
li dpl = 8. f R.
Jim D, kgl: ke {Vk < x} (x) as. foranyxe (5)

By the terminology of summation procedures, we have the following corollary.

Corollary 1.2. Theorem 1.1 remain valid if we replace the weight sequence {dijrn by
any {diYeensuch that 0 < di < dy, Y 2, df = co.

Remark 1.3. Our results not only give substantial improvements for weight sequence
in theorem 1.1 obtained by Huang [12]but also removed the condition
nP(1X1] > nn) < c(logn)®, 0 <&y < 1 in theorem 1.1 of [12].

Remark 1.4. If FX2 < oo, then X is in the domain of attraction of the normal law.
Therefore, the class of random variables in Theorems 1.1 is of very broad range.

Remark 1.5. Essentially, the open problem should be whether Theorem 1.1 holds for
1/2 < o < 1 remains open.
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2. Proofs
In the following, a, ~ b, denotes lim,_,.. a,/b, = 1. The symbol ¢ stands for a generic
positive constant which may differ from one place to another.

Furthermore, the following three lemmas will be useful in the proof, and the first is
due to [15].

Lemma 2.1. Let X be a random variable with [EX =0, and denote
I(x) = EX2I{|X| < x}. The following statements are equivalent:

(i) X is in the domain of attraction of the normal law.

(ii) ¥*P(1X| > x) = o(I(x)).

(i) XE(IX] I(1X] > %)) = o(I(x).

(iv) E(IXI*I(IX] < x)) = o(x*~21(x)) for o > 2.

Lemma 2.2. Let {&, &,},en be a sequence of uniformly bounded random variables. If
exist constants ¢ > 0 and 6 > 0 such that

s
|E&&;| < C(f) , forl<k<j (6)
then
1
nll)rglo b deé‘k =0 as, (7)
" k=1

where dy and D,, are defined by (4).
Proof. Since

n 2 n
E(Z dkEk) <D GEE+2 Y dudi|E&]
1

k=1 1<k<j<n

n
=Y dEE +2 > dud | E& & + 2 > did; |E&E

k=1 1<k<j<mj/k=In*’D, 1<k<j<n;j/k<In®’D,
=1+ 2(Ty,2 + Tn3).

By the assumption of Lemma 2.2, there exists a constant ¢ > 0 such that |&| < ¢ for

1 a—1
any k. Noting that exp(In®x) = exp ( N o nz) du), we have exp(In” x), ¢ < 1 is a

slowly varying function at infinity. Hence,

n o0
exp(2In“k exp(2In®k
Ty SCZ P(k2 ) SCZ P(k2 ) <00
k=1 k=1
By (6),
k\° dd; cD?
T <c d;d(,) <c bo< T
" ' Z I\ . Z In’D, ~ In’D, ©)
1<k<j<m;j/k=In*’D, 1<k<j<m;j/k>=In*’D,

On the other hand, if o = 0, we have d; = e/k, D,, ~ e In n, hence, for sufficiently
large n,
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"4 kIn?°D,, 1 D2
T3 < CZ ) Z ; <cD,InlnD, < anInDn. (10)
k=1 j=k

If o > 0, note that
"exp(In®x Inn
D, ~ / p(x ) dx - exp(y*)dy
1 0

Inn _
~/ <6Xp(y"‘)+ ! ay‘“ eXp(y")>dy
0 “ (11)

lnn 1 ,
/ o (y'~* exp(y*)) dy

0

lnlfut

QL

nexp(In“n), n — oo.

This implies
aDy,
l-«
(InD,) «

InDy, ~ In%n, exp(In“n) ~ , InlnD, ~alnlnn.

Thus combining |&| < ¢ for any k&

n
Tps < Czdk Z dj

k=1 1<k<j<mj/k<(InD,)*?

n
< chk Z exp(ln“n)]l,

k=1 k<j<k(InD,)**

n
< cexp(In“n)InlnD, Y "dy
k=1
“c D2InlnD, '
(InD,,)1~)e

Since o < 1/2 implies (1 - 20)/(2a) > 0 and ¢, : = 1/(2) - 1 > 0. Thus, for suffi-
ciently large n, we get

D? InlnD, D? D?

<c < - L (12)
(ln Dn)l/(zot) (ln Dn)(172ot)/(2a) (lnDn)l/(20() (ln Dn) +£€1

TnS

1
Let T, := D Y i1 ke €2 := min(1, &1). Combining (8)-(12), for sufficiently large ,
n

we get

c
ET? < .
"~ (InD,)'**
By (11), we have D,,,; ~ D,. Let 0 <1 <&,/(1 + &), ny = inf{n; D,, > exp(k'™")}, then
Dy, > exp(k'™"), Dy,—1 < exp(k!™"). Therefore

< D”k ~ an_l
~exp(k!7T)  exp(k'7)

<1-—->1,
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that is,
Dy, ~ exp(k'™").

Since (1 - N)(1 + &) > 1 from the definition of 7, thus for any ¢ > 0, we have

ZIP(|Tnk
k=1

o0 o0 1
2
>¢g)<c E [Tnk <c E p(-m)(1+e2) < 00.
k=1 k=1

By the Borel-Cantelli lemma,

Ty, — 0 as.

Now for n; <n < np,1, by |&]| < ¢ for any £,

c np+1 D
s
Tl < [T | + E di§|Tnk|+c< s +1>—>0 a.s.
an j— an
i=np+1

Dy, _ exp(k+1)'")

Dy, exp(k!—")

e., (7) holds. This completes the proof of Lemma 2.2.
Let I(x) = EX2I{|X| < x}, b = inffx > 1; I(x) > 0} and

from =exp(R7((1+1/k)177 — 1)) ~ exp((1 — k™) — 1. L

l 1
nj=inf{s;szb+1, (;)5 } for j>1.
S ]

By the definition of 17;, we have jl(n;) < 7]]»2 and ji(n; - €) > (n; - ¢)® for any ¢ > 0. It
implies that

nl(n,) ~ ni, asn — oo. (13)

For every 1 <i < m, let
- - n - - n -
Xoi = Xl (1Xil <00), Su=) X Vi =) Xa
i=1

i=1

Lemma 2.3. Suppose that the assumptions of Theorem 1.1 hold. Then

1 « Sk — ES
lim del{ k k< x} =®(x) as. for any xeR, (14)

n—oo DN — \/kl(ﬂk) -

n k k
1113201)1 > dy (1 (U(|x,-| > m)) —EI (U (X > nk))) =0 as, (15)
" p=1

i=1 i=1

L 72 72\
Y, p, 2 (f (kl@@)‘w (kl(nk)))‘o a8 (e

where dy and D, are defined by (4) and f is a non-negative, bounded Lipschitz
function.
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Proof. By the cental limit theorem for ii.d. random variables and VarS,~nl(n,) as n

— o from [EX = 0, Lemma 2.1 (iii), and (13), it follows that

Su =Sy —d>N, as n — 0o,
V()

where A denotes the standard normal random variable. This implies that for any g

(%) which is a non-negative, bounded Lipschitz function

Eg (S\;r;(ff;) — Eg(N), asn— oo,

Hence, we obtain

tim g, s (Y ) <500

from the Toeplitz lemma.
On the other hand, note that (14) is equivalent to

[Egk
nlggoD de (\/kl( ))=[Eg(N) as.

from Theorem 7.1 of [16] and Section 2 of [17]. Hence, to prove (14), it suffices to

prove
1 ¢ Sk —ES S — ES
lim Zd;{ (g ( k k) — kg ( k k)) =0 as, (17)
n=oe Dn i V() V()
for any g(x) which is a non-negative, bounded Lipschitz function.
For any k = 1, let

- ( [E8k> [Eg<3k—[ESk)
VEI(m) VRI(e) )

S — ES
<J, note that 8 ( \;;kl( )k> and
Mk

IN
=~

For any 1

_ _ k
S —ES; — 3 (Xi — EX)I(1Xi] < nj)
i=1
g .
Vil(ny)

are independent and g(x) is a non-negative,

bounded Lipschitz function. By the definition of 1;, we get,
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Se—ESe) (§-ES
E&ig| = |Cov ,
|E&éj| = |Co (g(mm’z)) g(mm) ))’
- _ k
- |Cov g<5k—[53k> (S,—[ES]> §j = ESj = 3 (%~ EX)I(Xi] < )
V() Vil Jiln)
k
Xi — EX)I(IX;
<c (121( ) (l | = 7]])) B C\/klEXZI(lxl < r])-)
_ Vi) =T i)

B\ 12
]

By Lemma 2.2, (17) holds.
Now we prove (15). Let

k k
Zi =I(U(|Xi| > m) —EI (U(|Xi| > m) for any k>1.

i=1 i=1

It is known that I(A U B) - I(B) < I(A) for any sets A and B, then for 1 < k <j, by
Lemma 2.1 (ii) and (13), we get

P(IX| > n;) = o(1) (n,) = 0(.1). (18)
n} J
Hence
k j
|EZi2;| = |Cov (1 (U(lXi| >me) | I (Xil > ) )'
i=1 i=1

k j j
ov (1 (qulw > ),1 (U(|X| > ) —I(U (1l > nj)))‘
i=1 i=1 i=k+1
j j
I (U(|Xi| > m)) —I(U (IXil > nj))
i=1 i=k+1

k
< (U (IXi| > m—)) < kP(IX| > n))

i=1

<[E

k

= ..

J

By Lemma 2.2, (15) holds.
Finally, we prove (16). Let

Sk=1 Vi —Ef Vi for any k> 1.
k() kl(r)
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For 1 < k <j,

N V2 v
|[E§k§]} = |Cov (f (kl(nk)) S (]K’?})))‘

_ k
. 2 \7]_2 ij — ;XiZIUXi' <)
=l (kl(nk)) 7 (jl(n;)) -/ jiCm)

(X <
[E(EX,- I(1Xi| < 77])) REXCI(X] <) k()

=¢ i) O iy i)

By Lemma 2.2, (16) holds. This completes the proof of Lemma 2.3.
Proof of Theorem 1.1. For any given 0 <¢ < 1, note that

k

Sk _y) < S +I(V? + + i > >
1<kax>71<\/(1+s)kl(mc) ) I(V2 > (1 +&)kl(n)) 1<U\x1| n,a), for x > 0,

i=1
k

Sk _y) < Si +I(V2 —¢ + i > <
I<Vk’x>’l<\/(1—s)kl(nk) x) I(VZ < (1 —&)kl(m)) I(U\XA mz)), for x < 0,

i=1

I(S"<x>>1 S —I(V2 < (1= e)kl(m)) -1 CJ|X~|> )], forx>o0
v, = = \/(I—S)kl(nk) k Nk i Ne) | = U

i=1

1(3"<x> S x| —I(VZ < (1+e)ki(ne)) — I ij|x-|> )}, forx<o
Vi e k & 1L e ] '

i=1

Hence, to prove (5), it suffices to prove

Jirgo de (\/ knk <J1% sx) = d(v/1+ex)as, (19)
1 n k
lim > dil (U 1X;| > nk)) =0 as., (20)
e e o i=1
1 .
lim D, };dkz(v,f > (L+&)kl(m)) =0 as., (21)
1 .
lim D, ;de(v,f > (1—e)kl(m)) =0 as., (22)

by the arbitrariness of ¢ > 0.
Firstly, we prove (19). Let 0 <8 < 1/2 and /() be a real function, such that for any
given x € R,

I(y <v/1+ex—B) <h(y) <I(y < v1xex+B). (23)
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By EX = 0, Lemma 2.1 (iii) and (13), we have
’[Egk’ = ‘k[EXI(|X| < m)| = [REXI(IX| > m)| < KE X I(1X] > m) = o(v/kl(m)).

This, combining with (14), (23) and the arbitrariness of f in (23), (19) holds.
By (15), (18) and the Toeplitz lemma,

k n k
1 « 1
0< ., > dl (U Xl > Uk)) ~ o 2 dEl (U 1Xi| > m)
k=1 i=1 " k=1 i=1
1 n
<5 > dkP(IX] > m) —> 0 as.
" k=1

That is (20) holds.
Now we prove (21). For any u > 0, let f be a non-negative, bounded Lipschitz func-
tion such that

Ix>1+p) <f(x)<I(x>1+pu/2).

Form [E\_/,f = kl(nk),)_(m is i.i.d.,, Lemma 2.1 (iv), and (13),

=2 12 _ 52 o2 L M
P (vk > (1 N 2)kl(nk)) -P (Vk EV2 > 2kl(nk))
E(V; ~EVR)" _ EXI(X] < m)
R22(m) k12 (1)
_o()n;

= k() =0(1) — 0.

Therefore, from (16) and the Toeplitz lemma,

1 « - 1 « V2
0< dd (V7 > (1+p)kl(m)) < df( k )
m%" ¢ ‘ ng k()

n 2 n
~ de[Ef<kl‘(/f]k)> < o SGEITE > (14 p/2)k(m)
" k=1 " k=1

1 « _

-5 D dP(VE > (1 + p/2)kl(me))
" k=1

— 0 as.

Hence, (21) holds. By similar methods used to prove (21), we can prove (22). This
completes the proof of Theorem 1.1.
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