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1 Introduction
Through the paper we will use an interval Z C R with the non-empty interior Z°. Two
subintervals of Z specified by the point ¢ € Z° will be denoted by

Tese={x€l:x>c} and Ty ={xeZl:x<c}.

We say that a function f : Z — R is right convex if it is convex on Z,-, for some point
c € T°. A left convex function is similarly defined on the interval Z,.. A function is half
convex if it is right or left convex.

A combination

n
c= Zp,-xi 1.1)
i=1

of points x; and real coefficients p; is affine if the coefficient sum ) [, p; = 1. The above
combination is convex if all coefficients p; are non-negative and the coefficient sum is equal
to 1. The point citself is called the combination center, and it is important for mathematical
inequalities.

Every affine function f : R — R satisfies the equality

f (me) = pif %) (1.2)
=1 i=1

for all affine combinations from R. Every convex function f : 7 — R satisfies the Jensen
inequality

f(ZPm) < szf(xi) (1.3)
i1 i1

for all convex combinations from Z.
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If a,b € R are different numbers, say a < b, then every number x € R can be uniquely
presented as the affine combination
b-x x-a

x:b_da+b_ab. (1.4)

The above binomial combination of @ and b is convex if, and only if, the number x belongs
to the interval [a, b]. Given the function f : R — R, let {1;1;} : R — R be the function of the
line passing through the points (a,f(a)) and (b,f (b)) of the graph of f. Using the affinity of
f{ljzf‘;}, we get the equation

b-x x—a
g (a) + b_ﬂf(b). (1.5)

fran) () =
Assuming that f is convex, we get the inequality

flx) <firi(x) ifx € [a,b], (1.6)
and the reverse inequality

fx) > firs () ifx & (a,b). (L7)

A general overview of convexity, convex functions, and applications can be found in
[1], and many details of this branch are in [2]. The different forms of the famous Jensen’s
inequality (discrete form in [3] and integral form in [4]) can be found in [5] and [6]. Global

bounds for Jensen’s functional were investigated in [7].

2 Recentresults

The following results on half convex functions have been presented in [8].

WRCEF-Theorem (Weighted right convex function theorem) Let f(x) be a function de-
fined on I and convex for x > c € Z, and let p, ..., p, be positive real numbers such that

p=min{py,...,p.}, pr+--+py=1

The inequality

S (Zpixl) <> pifx)
i=1 i=1
holds for all x,,...,x, € L satisfying )", pix; > c if and only if the inequality

flpx+Q-p)y) <pf®) + QA -p)f )

holds for all x,y € T such that x < ¢ <y and px + (1 - p)y =c.

The WLCF-Theorem (weighted left convex function theorem) is presented in a similar

way. The final common theorem on half convexity reads as follows.
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WHCF-Theorem (Weighted half convex function theorem) Let f(x) be a function defined
on L and convex for x > ¢ or x < ¢, where c € L, and let p1, ..., p, be positive real numbers
such that

p:min{Ph---’Pn}; P1+"'+Pn:1-

The inequality

f (Z pm) <> pifx)
i=1 i=1
holds for all x,,...,x, € L satisfying Y, pix; = c if and only if the inequality

flpx+1-p)y) <pf®) +1-pf )
holds for all x,y € T such that px + (1 - p)y = c.

3 Main results

3.1 Half convexity with convex combinations

The main result is Lemma 3.1, which extends the right convexity of WRCF-Theorem to
all convex combinations, without pre-selected coefficients py, ..., p, and without empha-
sizing the coefficient p = min{p,...,p,}. Therefore, Jensen’s inequality for right convex
functions follows (using as usual non-negative coefficients in convex combinations).

Lemma 3.1 Letf:7Z — R be a function that is convex on L, for some point ¢ € I°. Then

the inequality

f (Zpixz) <> pifx) 3.1)
i=1 i=1

holds for all convex combinations from I satisfying > ., pix; > c if, and only if, the inequal-
ity

Sflpx+qy) < pf (%) + q¢f () (3.2)
holds for all binomial convex combinations from L satisfying px + qy = c.

Proof Let us prove the sufficiency using the induction on the integer n > 2.

The base of induction. Take a binomial convex combination from 7 satisfying px +qy > ¢
with x <yand 0 < p <1. If x > ¢, we apply the Jensen inequality to get the inequality in
equation (3.1) for n = 2. If x < ¢, we have x < ¢ < px + gy < y. Since px + qy lies between ¢
and y, we have some convex combination poc + qoy = px + gy with py > 0. Then the affine

combination

(3.3)
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is convex since ¢ lies between x and y, and hence

£0 = Zrw+ L) (3.4)
Po Po
by assumption in equation (3.2). Using the convexity of f on Z,-. and the above inequality,
it follows that
Sx +qy) = f(poc + qoy) < pof () + qof ) < pf (%) + qf (¥). (3.5)

The step of induction. Suppose that the inequality in equation (3.1) is true for all corre-
sponding n-membered convex combinations with # > 2. Take an (# + 1)-membered con-
vex combination from Z satisfying Z:’:llpix,- > c with x; = min{x;,...,x,} and 0 < p; < 1. If
x1 > ¢, we can use the Jensen inequality to get the inequality in equation (3.1) for # + 1. If
x1 < ¢, relying on the representation

n+l n+l

Y pxi=pam+1-p)y L
i=1 iy |

i (36)

n+l

we can apply the induction base with the points x = x; and y = ) ", p;/(1 - p1)x;, and the
coefficients p = p; and g = 1 — p;. Using the inequality in equation (3.5) and the induction

premise
n+l pi n+l pi
= X —f(x1), 3.7
f0) f(izz 1_plx)§§1_p1f(x) (37)

we get the inequality in equation (3.1) for the observed (# + 1)-membered combination.
O

Remark 3.2 The formula in equation (3.5) for the case x < ¢ in the proof of Lemma 3.1
can be derived with exactly calculated convex combination coefficients. If d = px + gy,
then we have the order x < ¢ < d < y. Using the presentation formula in equation (1.4), we
determine the convex combinations

y—-d d-c y—c¢ c-x

c+ ¥, C="——x+—).
y—c y-c y—x y—-x

d=

Applying the right convex function f, it follows that

—d d—
Fox+ay) = fd) < Z=2f(0) + Z=1(y)
y—c y—c
y—d[y-c c—x d—c
S = =
y—d d-x
=—f()+ fO) =pf () + qf ()
y—x y—x
since
d:y_—dx+—d_xy
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Following Lemma 3.1 we can state a similar lemma for left convex functions. So, if a
function f(x) is convex on Z,-,, and if the interval Z is symmetric respecting the point
¢, then the function g(x) = f(2c — x) is convex on Z,.. The function g verifies the same
inequalities as the function f in Lemma 3.1, wherein the condition Zle pi(2c—x;) > ¢
becomes > I, pix; <c.

Connecting the lemmas on right and left convex functions, we have the following result

for half convex functions.

Theorem 3.3 Let f : T — R be a function that is convex on Ly, or L. for some point

c € I°. Then the inequality

f(ZPiM) <> pfx) (3.8)
i1 i1

holds for all convex combinations from I satisfying y ., pix; = c if, and only if, the inequal-
ity

f(px + qy) < pf(x) +qf () (3.9)

holds for all binomial convex combinations from 1 satisfying px + qy = c.
Iff is concave on Tp>. or T, for some point ¢ € I°, then the reverse inequalities are valid
in equations (3.8) and (3.9).

3.2 Half convexity with support lines
The main result is Lemma 3.5 complementing a geometric image of a right convex func-
tion satisfying Jensen’s inequality for all binomial convex combinations with the center at
the convexity edge-point c. The graph of such a function is located above the right tangent
line at c.

Regardless of convexity, we start with a trivial lemma which can be taken as Jensen’s

inequality for functions supported with the line passing through a point of its graph.

Lemma 3.4 Letf:71 — R be a function, and let C(c,f(c)) be a point of the graph of f with
cel’.

If there exists a line that passes through the point C below the graph of f, then the function
f satisfies the inequality

f (me) <> pf) (3.10)
i=1 i=1

for all convex combinations from T satisfying > ., pix; = c.
If there exists a line that passes through the point C above the graph of f, then the reverse
inequality is valid in equation (3.10).

Proof Let f{lclfe be the function of the line passing through the point C. Assume the case

f{lc‘?e <f.If Y, pix; = c is any convex combination from Z with the center at ¢, then using
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Figure 1 Function supported by the line.

the affinity of f{lci?e, it follows that

/ (ZP> = fine (Zp) =3 pife)
i=1 i=1 i=1
S szf(xz):
i=1

concluding the proof in the case that the line is below the curve. O

The function f with the line passing through the point C below its graph is shown in
Figure 1. In what follows, f will be convex to the right or left of ¢, and the right or left
tangent line will be used as the support line at c.

If f is convex on Z,>, then the slope (f(x) — f(c))/(x — c¢) approaches the real number

kr =f'(c+) or to the negative infinity —co as x approaches c+.

Lemma 3.5 Let f:Z — R be a function that is convex on I, for some point c € I°. Let
k- € R be the slope of the right tangent line of the function f at the point c.
Then the inequality

Slpx+qy) < pf (%) + ¢f () (3.11)

holds for all binomial convex combinations from I satisfying px + qy = c if, and only if, the
right tangent line inequality

fx) =k (x—c)+f(c) (3.12)

holds for all points x € T.

Proof The proof of necessity. Since the tangent line of a convex function is the support line,
it is sufficient to prove the inequality in equation (3.12) for all x in Z which are less than c.
Take any such x. Then the c-centered convex combinations px + gy = ¢ from 7 include
only y > c. The inequality in equation (3.11) with these combinations can be adapted to the

form

f@=f©) _f0)-f©)

x—¢c =~ y-c
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Y

Figure 2 Right convex function supported by the right tangent line.

Letting y go to ¢ and p to 0 so that x stays the same, it follows that

J@-f) _ . SO =flO

xX—c T yoct y—c

f(c+) = k.

Multiplying the above inequality with x — ¢ < 0, we get the inequality in equation (3.12).
The proof of sufficiency. Using the convex function g : 7 — R defined by

_Jkx-c)+f(c) forx=<c,
RS for x > ¢,

gx)

we see that the inequality

Spx+qy) = g(px + qy) < pg(x) + qg(y) < pf (x) + 4f (¥)
holds for all binomial convex combinations from 7 satisfying px + gy = c. O

The graph of the right convex function f with the right tangent line at the point c is
presented in Figure 2.

Based on Lemma 3.5 and its analogy for left convex functions, and also on Theorem 3.3,
we have the following characterization of half convex and half concave functions.

Theorem 3.6 Let f : 7 — R be a function that is convex on Ly, or L., for some point
c € I0. Iff is right (resp. left) convex, let k, € R (resp. k;) be the slope of the right (resp. lef?)
tangent line at c.

Then the following three conditions are equivalent:

(1) The inequality

f(ZPixi) <) pfx)
i=1 i=1

holds for all convex combinations from I satisfying y ., pix; = c.
(2) The inequality

Spx+qy) < pf(x) +qf ()

holds for all binomial convex combinations from T satisfying px + qy = c.
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(3) The tangent line inequality
S&x) = k(x =) +f(c)

with k = k, or k = k; holds for all points x € L.
Iff is concave on L= or I, for some point c € I, then the reverse inequalities are valid
in (1), (2), and (3).

4 Application to quasi-arithmetic means
In the applications of convexity to quasi-arithmetic means, we use strictly monotone con-
tinuous functions ¢, v : T — R such that ¥ is ¢-convex, that is, the function f = ¥ o ¢!
is convex (according to the terminology in [2, Definition 1.19]). A similar notation is used
for concavity.

A concept of quasi-arithmetic mean refers to convex combinations and strictly mono-
tone continuous functions. The ¢-quasi-arithmetic mean of the convex combination

Yo pix; from 7 is the point

My (xipi) = 97" (ZP:"P(’Q)) (4.1)
i=1

which belongs to Z, because the convex combination Y, p;¢(x;) belongs to ¢(Z). If ¢ is
the identity function on Z, then its quasi-arithmetic mean is just the convex combination
Y1 Pii.

Right convexity and concavity for quasi-arithmetic means can be obtained using Lem-

ma 3.1.

Corollary 4.1 Let ¢,y : T — R be strictly monotone continuous functions, and J = ¢(I)
be the p-image of the interval L.
If ¥ is either p-convex on J,=q4 for some point d = ¢(c) € J° and increasing on T or

@-concave on J,>4 and decreasing on L, then the inequality
My (x5 pi) < My (x55pi) (4.2)

holds for all convex combinations from J satisfying Y ., pip(x;) > d if, and only if, the
inequality

My (%, y;p,q) < My (%,5;p,9) (4.3)

holds for all binomial convex combinations from J satisfying po(x) + qp(y) = d.

If ¥ is either p-convex on J,» () for some point d = ¢(c) € J° and decreasing on T or
p-concave on J,>q4 and increasing on L, then the reverse inequalities are valid in equations
(4.2) and (4.3).

Proof We prove the case that the function ¥ is ¢-convex on the interval 7,~, and increas-
ing on the interval Z. Put f = ¢ o .
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In the first step, applying Lemma 3.1 to the function f : 7 — R, convex on the interval
Jz>d, we get the equivalence: the inequality

f (me(&)) <> pif (o)
i=1 i=1

holds for all convex combinations from J satisfying Zle pip(x;) > d if, and only if, the
inequality

fpo®) +q9() < pf (0)) +af ()

holds for all binomial convex combinations from J satisfying po(x) + qo(y) = d.
In the second step, assigning the increasing function ! to the above inequalities, the

equivalence follows. The inequality
My (xipi) =" (Zpiw(x,-)) <y (Zmﬂm)) = My (xipi)
i=1 i=1

holds for all convex combinations from J satisfying Y -, pi¢(x;) > d if, and only if, the
inequality

M, (x,y3p,9) = 7 (po(x) + 40 (0)) < ¥ (o) + g9 (7)) = My (%, p,q)
holds for all binomial convex combinations from J satisfying po(x) + qo(y) = d. d

Combining ‘right’ and ‘left’ similarly as in Theorem 3.3, we get the following character-
ization of half convexity and concavity for quasi-arithmetic means.

Corollary 4.2 Let ¢,y : T — R be strictly monotone continuous functions, and let J =
©(Z) be the p-image of the interval T.

Ifr is either g-convex on Jy=q or J,<q4 for some point d = ¢(c) € J° and increasing on T
or @-concave on J;>4 or J,<q and decreasing on L, then the inequality

My (x5 pi) < My (x55p:) (4.4)

holds for all convex combinations from [J satisfying > i, pip(x;) = d if, and only if, the
inequality

My (%, 55p,q) < My (%,9;p,9) (4.5)

holds for all binomial convex combinations from J satisfying po(x) + qp(y) = d.

If ¥ is either p-convex on J,»y(c) or Jo<a for some point d = ¢(c) € J° and decreasing on
T or ¢-concave on J,>q or J,<q and increasing on L, then the reverse inequalities are valid
in equations (4.4) and (4.5).

For a basic study of means and their inequalities the excellent book in [9] is recom-
mended. Very general forms of discrete and integral quasi-arithmetic means and their
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refinements were studied in [6]. A simple transformation for deriving new means was in-
troduced in [10].

In further research of half convexity it would be useful to include the functions of several
variables. Their geometric characterization using support surfaces would be especially

interesting.
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