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A Dirichlet problem for a nonlinear wave equation is investigated. Under suitable assumptions,
we prove the solvability and the uniqueness of a weak solution of the above problem. On the other
hand, a high-order asymptotic expansion of a weak solution in many small parameters is studied.

Our approach is based on the Faedo-Galerkin method, the compact imbedding theorems, and the
Taylor expansion of a function.

1. Introduction

In this paper, we consider the following Dirichlet problem:

Uyt — %(,u(x, tLuyuy) = f(x, tu,uy,uy), 0<x<1, 0<t<T, (1.1)
u(0,t) =u(1,t) =0, (1.2)
u(x,0) =io(x),  w(x,0)=ii(x), (1.3)

where 1, 111, 4, and f are given functions satisfying conditions specified later.
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In the special cases, when the function p(x,t, u) is independent of u, u(x,t,u) = 1, or
u(x,t,u) = p(x,t), and the nonlinear term f has the simple forms, the problem (1.1), with
various initial-boundary conditions, has been studied by many authors, for example, Ortiz
and Dinh [1], Dinh and Long [2, 3], Long and Diem [4], Long et al. [5], Long and Truong
[6, 7], Long et al. [8], Ngoc et al. [9], and the references therein.

Ficken and Fleishman [10] and Rabinowitz [11] studied the periodic-Dirichlet problem
for hyperbolic equations containing a small parameter ¢, in particular, the differential
equation

Up — Uy = 200U + f (F, X, 1, Uy, Uy). (1.4)

In [12], Kiguradze has established the existence and uniqueness of a classical solution
u € C%*([0,a] x R") of the periodic-Dirichlet problem for the following nonlinear wave
equation:

Uy — Upx = g(E, 2, 1) + g1 (W) 1y, (1.5)

under the assumption that ¢ and g; are continuously differentiable functions (these
conditions are sharp and cannot be weakened). Moreover, it is shown that the same results
are valid for the equation

Uy — Upy = (E,x, 1) + @1 (W) uy + €q(E, x, 1, 1y, Uy), (1.6)

with sufficiently small € and continuously differentiable g.

In [13], a unified approach to the previous cases was presented discussing the
existence unique and asymptotic stability of classical solutions for a class of nonlinear
continuous dynamical systems.

In [8], Long et al. have studied the linear recursive schemes and asymptotic expansion
for the nonlinear wave equation

utt - uxx = f(x/ t/ u/ ux/ ut) + Efl (x/ t/ ur uxr ut)/ (17)

with the mixed nonhomogeneous conditions
1(0,5) — hou(0,) = go(t), (1,1 = gi (). (18)

In the case of go, g1 € C3(R,), f € CN*1([0,1] x R, x R3), f; € CN([0,1] x R, x R3), and
some other conditions, an asymptotic expansion of the weak solution u, of order N +1in ¢
is considered.

This paper consists of four sections. In Section 2, we present some preliminaries. Using
the Faedo-Galerkin method and the compact imbedding theorems, in Section 3, we prove the
solvability and the uniqueness of a weak solution of the problem (1.1)—(1.3). In Section 4,
based on the ideals and the techniques used in the above-mentioned papers, we study
a high-order asymptotic expansion of a weak solution for the problem (1.1)—(1.3), where
(1.1) has the form of a linear wave equation with nonlinear perturbations containing many
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small parameters. In order to avoid making the treatment too complicated without losing of
generality, at first, an asymptotic expansion of a weak solution u = u,, ., (x,t) of order N +1
in two small parameters €1, > for the following equation:

Uy — a%([‘uo(x, B+ e (o, t,u)ux) = folx, t) + eafi(x, b1, ux, uy), (1.9)

associated with (1.2), (1.3), with pg € C?([0,1] xR, ), 1 € CN*1([0,1] x Ry xR), po(x, ) > p >
0, pu1(x,t,z) >0, forall (x,t,z) € [0,1] xR, xR, fo € C}([0,1] xR,), and f; € CN([0,1] x R, x
RR3) is established. Next, we note that the same results are valid for the equation in p small
parameters €1, ..., £, as follows

P p
Uy — % [</4o(x, £+ > Eipi(x, t,u)>ux] = fo(x, ) + D i fi(x, b1, 10x,ws), (1.10)
i=1

i=1

associated with (1.2), (1.3). The result obtained here is a relative generalization of [5-7, 14],
where asymptotic expansion of a weak solution in two or three small parameters is given.

2. Preliminaries

Put Q = (0,1). Let us omit the definitions of usual function spaces that will be used in what
follows such as LP = LP(Q), H™ = H™(Q), H}" = H}"(Q). The norm in L? is denoted by || - ||.
We denote by (-,-) the scalar product in L? or a pair of dual products of continuous linear
functional with an element of a function space. We denote by || - ||x the norm of a Banach
space X and by X' the dual space of X. We denote L7 (0,T; X), 1 < p < oo, the Banach space of
real functions u : (0,T) — X measurable, such that ||u||rr,r:x) < +00, with

T 1/p
||u(t)||§<dt> , ifl1<p<oo,
lullro,r:x) = <'[0 (2.1)
esssupllu(t)||x, if p = co.
0<t<T

Let u(t), v/ () = ws(t) = u(t), u"(t) = uy(t) = it(t), ur(t) = Vu(t), ux (t) = Au(t) denote

u(x,t),0u/ot(x,t), 0*u/ot*(x, t), 0u/dx(x,t), ®u/dx*(x, t), respectively. With f € C*([0,1] x
R, x R%), f = f(x,t,u,0,w), we put Dif = 0f/0x,Dyof = Of/0t,Dsf = 0f/0u,Dsf =
0f/0v,Dsf = 0f /0w and D*f = Dy'DyDyDy'D’ f; a = (a1, a0, a3,a4,05) € Z3, |a| =
a+ar+az+ag+as =k, D(O’O""’O)f = f

Similarly, with u € Ck([0,1] x R, x R),u = u(x,t,z), we put D1y = 0pu/0x,Dop =
O/ 0t, Dyt = 0/ 0z and DPy = DY'DEDP g = (By, Bo, s) € 73, |l = P1 + o + i3 = k.

On H!, we will use the following norms:

1/2
ol = (Iol? + loel?) (22)

Then, we have the following lemma.
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Lemma 2.1. The imbedding H' — C°(Q) is compact and

lolco@) < V2lollm Vo e H. (2.3)

The proof of Lemma 2.1 is easy, hence we omit the details.
Remark 2.2. On Hé,v — ||o|lgr and v — ||vy| are two equivalent norms. Furthermore, we

have the following inequalities:

||U||C0(§) Slosl| Vo e H(% (2.4)

Remark 2.3. (i) Let us note more that a unique weak solution u of the problem (1.1)—(1.3) will
be obtained in Section 3 (Theorem 3.2) in the following manner.

FindueW = {u € L*(0,T; H nH?) : ' € L*(0,T; H}),u" € L*(0,T; L?)} such that u
verifies the following variational equation:

(u'(t), w) + (U, t,u(t)u(t), we) = (f C, tut), ux(t), ' (), w), Yw e Hy, (2.5)
and the initial conditions

M(O) = ﬁo, u'(O) = ﬁl. (26)

(ii) With the regularity obtained by u € W, it also follows from Theorem 3.2 that the
problem (1.1)—-(1.3) has a unique strong solution u that satisfies

ue C0<0,T; H1> ncl (0, T; L2> nL® (o,:r; H2>, u € L® (0, T; H1>, Uy € L (o,:r; L2).
2.7)

On the other hand, by u € 17\7, we can see that u, Uy, Uy, Uy, Uy, Uy € L®(0,T; L?) C

L*(Qr).
Also, if (up,u1) € (Hy N H?) x Hy, then the weak solution u of the problem (1.1)-(1.3)
belongs to H2(Qr). So, the solution is almost classical which is rather natural, since the initial

data (ug, u1) do not belong necessarily to C? (Q) x CH(Q).

3. The Existence and the Uniqueness of a Weak Solution

We make the following assumptions:
(H,) iy € Hy N H?, 7y € Hy,
(Hp) p € C3([0,1] x Ry x R), pu(x,t,2) > ps > 0, for all (x,t,z) € [0,1] x R, x R,
(H3) f € CH(Q xR, x R?).
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With p and f satisfying the assumptions (H,) and (Hj3), respectively, for each T* > 0
and M > 0 are given, we put the following constants:

Ky (p) = ”P‘”cZ(ﬁ;W)f 3.1)

KM(f) = ||f||c1(D;w)' (3.2)

wheref);\,I ={(xt,z):0<x<1,0<t<T" |z| < M} and D}, = {(x,t,u,v,w) eR, xR, xR3:
OSXSLOStST*;|u|/|U|/|w| SM}
ForeachT € (0,T*] and M > 0, we get

WM, T) = {veL=(0,T; Hyn H?) : v, € L=(0,T; Hy ), vy € LA(Qr),

(3.3)
with [0l L= ;002 10 L= 0,500 108 120y < M}/
Wi(M,T) = {v EW(M,T) : vy € L™ (o, T; L2> } (3.4)
where Qr = Q x (0, T).
We choose the first term uy = 11y € W1 (M, T). Suppose that
Up1 € Wi(M,T), m>1. (3.5)
The problem (1.1)—(1.3) is associated with the following variational problem.
Find u,, € W1(M, T) such that
(uh, (1), 0) + (U (t) Vi (t), VO) = (Fu(t),v), Yo € H, (3.6)
um(0) =iy, 1, (0) =i, 3.7)

where
Hn (1) = pO0 b U1 (D), Fun(8) = £ (0 U1 (0,8), Vit 1 (6,8), 1), (5,1). (38)

Then, we have the following theorem.

Theorem 3.1. Let ( Hy)—( H3) hold. Then, there exist two constants M > 0,T > 0 and the linear
recurrent sequence {u,,} C W1(M, T) defined by (3.6)—(3.8).

Proof. The proof consists of three steps.

Step 1. The Faedo-Galerkin approximation (introduced by Lions [15]).
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Consider a special basis {w;} on Hé s wj(x) = V2sin(jorx),j € N, formed by the
eigenfunctions of the Laplacian —A = -9%/0x?. Put

k
! () = en) (B, (3.9)
j=1

(k)

where the coefficients c,, J satisfy the system of linear differential equations

(i1l (1), w7 ) + (o () Vily) (1), Y20y ) = (B(),205), 1] <k, (3.10)
ul®(0) = figr, 1l (0) = i, (3.11)
where

k
ok = Za](.k)wj — il strongly in H} N H?,
j=1
(3.12)

k
Ui = Zﬂ;k)wj — 77 strongly in H&.
=1

Note that by (3.5), it is not difficult to prove that the system (3.10), (3.11) has a unique
solution ui,’f ) (t) on interval [0, T], so let us omit the details.

Step 2. A priori estimates. At first, put

0 =0+ 0+ [ [0 s
0

2
(Vg (O] (3.13)

P = | o] +

0 = [V o + [y 2 o]

Then, it follows from (3.9)-(3.11), (3.13) that

st (1) = s (0) + 2(V s (0) Vilok, Aoy +2(Fyn(0), Adigi)
t 1 5 5 t
+j dsf y%(x,s)('Vui,’f)(x,s)' + 'Auf,’f)(x,s)| )dx+2f <Fm(s),itgf)(s)>ds
0 0 0

+2 R% (Vi) Vs (5)), Ay (s)>ds = 2( V() Vit (1), Aufl (1))
0
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_ 2<Fm(t), Aui,f)(t)) +2 f;<%i;"(s), Auf,’f)(s)>ds + f; ||u,<j;>(s) ||2ds

7
= g (0) + 2V s (0) Viigr, Aigr ) + 2(F, (0), Afigr) + . 1I;.
=1 (3.14)

Next, we will estimate the terms I;,j = 1,2,...,7 on the right-hand side of (3.14) as
follows.

First Term I

We have
W (8) = Dopu(x, t, U1 (£)) + Dap(x, £,y (£) )14}, (£). (3.15)

From (3.1), (3.5), and (3.8), we have

|10, D] < (1+ M)K (). (3.16)
Hence,
t 1 5 9 B t
I = f dSJ‘ y’m(x,s)<|Vu£,lf)(x,s)) + |Au£,’f)(x,s)| )dx < ! ;MKM(;{)I s (s)ds.
0 0 * 0
(3.17)
Second Term
By using (H3), we obtain from (3.2), (3.5), and (3.13), that
t t
L= 2j <Fm(s),u£,’;>(s) >ds <TKZ,(f) + f p®) (s)ds. (3.18)
0 0

Third Term

The Cauchy-Schwartz inequality yields

|| =2 J‘t<% <Vﬂm(s)Vugf) (s)), Auf,lf)(s)>ds
0

2 J’ " o (k)
< Tm (S)\/ g’ (S)ds, (3.19)
VH Jo 1

where 7 (s) = [18/05(V i (s) Vil ().
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We note

180(6) = | Vi (i 5) + 5 (T () T 9

< (190l * <] 7m0 | )V o

(3.20)

On the other hand, by Vy,(x,s) = Diu(x,s, um-1(x,s)) + Dsu(x,s, um-1(x,s))
Viuy,-1(x, s), it is implies that

Vb (8) | oy < K () (1 + [V ttme1 () oy ) < 21 + M)Kr (p). (3.21)
Q) ()
Similarly, the following equality

0 /
gVﬂm(x, s) = D1D1p(x, s, um-1(x,8)) + D3D1pu(x, 5, m-1(x, 8))u,,_;(x, 5)

+ [D1Dsp(x, s, um-1(x,s)) + D3Dap(x, S, -1 (x, 8))utl,,_1(x, 8)] Vidy-1(x, s)

+ DSI’l(x/ S, Um-1 (x/ S))vulmfl (x/ S)

(3.22)
gives
” == Vin(s) < (1+3M + M) R (1) (3.23)
It follows from (3.20)—(3.23) that
i (s) < [2(1 + M) + M]IZM(M\/%. (3.24)
NS
Hence, we obtain from (3.19) and (3.24) that
< \/37 [2(1 + M) + M]K () f ) (s)ds. (3.25)
Fourth Term 14
By the Cauchy-Schwartz inequality, we have
L] = | <V;4m(t)Vu(k)(t) Au(k)(t)>| “Vﬂm(t)Vu(k)(t)” + [3”Au (3.26)
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for all § > 0. On the other hand

||v,¢m(t)w§,’;>(t) “ - “v#m(owﬁm{ + JZ % (v#m(s)vugp (s)>ds

(3.27)
t
< 9O eVl + [ i)t
0
Hence, we obtain from (3.26), (3.27) that
P 2 2 ~
|Ls| < i (1) + BIIV#m(O)IICD(Q)IIVuOkII
. (3.28)
—T[Z(l + M) + M] K%,I(y)f )(s)ds,
forall g > 0.
Fifth Term Is
By (3.5), (3.8), and (3.13), we obtain
(k) ® |7
15| = |-2( Fun(t), A (ﬂ>) ﬁnqum + pl|ausy @)
(3.29)
< %||Fm(0)||2 + 27 aF ds ‘o ﬁ s (t), VB>o0.

Note that

O 1) = Da st 11+ Ds st 1101 () + Dl 1191 (5 + Ds st 1101 (),

(3.30)
where we use the notation D;f[u,1] = Dif(x,t,um1(x,t), Vi 1(x,t),u, (x,t),i =
.,5.By (3.2), (3.5), and (3.30), we obtain
||—(t) < Kna(f)(1+2M + ||, (|- (3.31)
Hence, we deduce from (3.29) and (3.31) that
L5 < 2| (0|2 + ﬁTK (f)[ 1+2M) T+M2] ﬁ*sf,’;)(t), VB > 0. (3.32)
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Sixth Term I,

By (3.2), (3.5), (3.13)3, and (3.31), we get

|Ie| = U Au§§>(s)>ds

1/2
< Km(f) [(1 +2M)T + ﬁ<ﬂ |, (s) ||2ds> ]

<

<>Hd +

o ot s

t
+ lKM(f) f (1+2M + ||u;;1_1(s)||)q£,lf)(s)ds
Hx 0

< Km(f) [(1 +2M)T + ﬁM] + #lKM(f) ft(1 +2M + |l (s)|) g (s)ds.  (3.33)
* 0

Seventh Term I

Equation (3.10) is rewritten as follows:

<u,<,’:) (t),wj> - < aa <//Lm(t)Vu(k)(t)>,w]-> = (Fu(t),w;), 1<j<k. (3.34)

Hence, by replacing w; with i >(t) and integrating

b= [ o) as<2

|2 v )| as 2 [ wEnconpas

(3.35)
t a ) 2
<2 = <‘um(s)Vu (s)) H ds +2TK2,(f),
0
we need, estimate ||6/ax(;4m(s)VU,(,lf) sNII-
Combining (3.1), (3.5), and (3.13) yields
0
“ o (ym(s)Vum)(s H 'V‘um(s)Vugf) (s) + ym(s)AufJf)(s) ”
k k
<Hvﬂm®ﬂkmeVu<VﬁH+H#m®ka@HAu‘W@H
(3.36)
P (5) + ik (1) Vaw ()

ﬂ

k
sin)(s).

P
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Therefore, from (3.35) and (3.36), we obtain

I <2TK2,(f) + 278(1 + M)?K2, (1) j; s (s)ds. (3.37)

(3.28), (3.32), (3.33), and (3.37) that

Choosing f > 0, with 28/ p, < 1/2, it follows from (3.13), (3.14), (3.17), (3.18), (3.25),
L - - by 2 ()
s (1) < Cor + C1(M,T) + f <C2(M, T) + = Km(f) ||u;’n_1(s)||>sm (s)ds, (3.38)
0 Hx
where
éOk = éOk (ﬁ/ f/ H, ﬁOI ﬁlr ﬁOk/ ﬁlk)
= 250 (0) + 4(V py (0) Vg, Adlor ) + 4( F (0), Afig )
4 _ 4
+ anmm)ng(@) 1V ik ]|* + B||Fm(0>||2,
Ci(M,T) =Ci(B, f, M, T)
- 2<3 + %[(1 +2M)’T + MZDTK%w(f)
(3.39)
+2[M + (1+2M)VT|VTKu(f),
Co(M,T) = Co(B, f, 1, M, T)
=2+ 3(1 +2M)Knm(f)
Ho

+ %[(1+4\/ﬁ*)(1 + M) +2(1+3M + M?)| K (p)

+_
U

*

%T(Z(l + M)\/jts +14+3M + 1\/12>2 +9(1+ M)z] &2, (w).

By (H1), we deduce from (3.12), (3.39); that there exists M > 0 independent of m and
k, such that

~ 1
Cor < 5 M. (3.40)

Notice that by (H3), we deduce from (3.39),3 that

Jim CL(M, T) = lim TC,(M,T) = 0. (3.41)
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So, from (3.39) and (3.41), we can choose T > 0 such that

1 ~ ~ 2
(EMZ +C1(M, T)> exp (TC2(M, T) + PTOKM (f )ﬁM) <M?, (3.42)

kr = <1 + \/%) ﬁ\/41<§4( F) + 4+ M>2M2R2, ()" IHM/2Rn0] < 1 (3.43)

Finally, it follows from (3.38), (3.40), and (3.42) that

s (1) < M2 exp (—TGZ(M, T) - P%KM ( f)ﬁM)
t ’ (3.44)
~ 2 "
+ f (CZ(M, T) + #—OKM( f)||um_1(s)||)s$>(s)ds.

0

By using Gronwall’s lemma, we deduce from (3.44) that

s (1) < M2 exp<—T62(M, T) - EKM ( f)ﬁM)
Ho

T ~
< exp [ f (CQ(M, T) + %KM( £ ||u','n_1(s)||>ds:|
0 (3.45)

< M? exp<—T62(M,T) - EKM ( f)ﬁM)
0
~ 2 "
X exp [:cm(M, )+ K f)\/T”um_l”Lz(QT)] < M2,

Therefore, we have
u® e W(M,T), Vm,keN. (3.46)

Step 3. Limiting process.

From (3.46), we can extract from {uf,’f ) } a subsequence still denoted by {ugf ) } such that

wy) — uy in L%(0,T; Hy 1 H?) weak’,
a® oy in L (o, T; Hg) weak®, (3.47)
.. (k)

ily, — ul, in L*(Qr) weak,

ask — oo, and

U € W(M,T). (3.48)
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Based on (3.47), passing to limit in (3.10), (3.11) as k — oo, we have u,, satisfying
(3.6)—(3.8). On the other hand, it follows from (3.5), (3.6), and (3.47) that

Uy, = Vi Vit + o Aty + f (2,8, o1, Vidgoa, ), ;) € L (0, T; L2>. (3.49)

Hence, u,, € W1(M,T), and the proof of Theorem 3.1 is complete. O

Theorem 3.2. Let ( Hy)—( H3) hold. Then, there exist M > 0 and T > 0 satisfying (3.40), (3.42),
and (3.43) such that the problem (1.1)—(1.3) has a unique weak solution u € W1(M,T).

Furthermore, the linear recurrent sequence {u,,} defined by (3.6)—(3.8) converges to the
solution u strongly in the space

Wi(T) = {w €L® (0, T; Hg) LW € L® (0, T; L2> } (3.50)
with the following estimation:
[t = wll e 0,7;101) + ||24;,, — u,”LW(O,T;LZ) <CkY', VmeN, (3.51)

where kr < 1 as in (3.43) and C is a constant depending only on T, iy, iy and kr.

Proof. (i) The existence. First, we note that W1 (T') is a Banach space with respect to the norm
(see Lions [15])

||w||W1(T) = ||w||L°°(o,T;Hg) + ”w’”Lw(O,T;LZ)' (3.52)

Next, we prove that {u,,} is a Cauchy sequence in W1 (T). Let v, = 41 — ts,. Then,
vy, satisfies the variational problem

(O (0,10) + (s 070 (0, T0) = (5 [t ) = (1) V()] 0

+(Epa(t) - Fn(),0), VweH), &%
0(0) = 0,,(0) = 0.
Taking w = v}, in (3.53)1, after integrating in ¢, we get
t 1 t
Zu0) = [ 5 [ a6, 5)1T0(5) P +2 [ (Frvr () = Fo), v} (5)) s
o Jo 0
(3.54)

t 9 ! 3
+ 2f0<$ [(”mﬂ (S) - #m(s))vum(s)]'vm(5)>ds B ;L’
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in which

2

\/ Hm+1 (t)VDm (t)

and all integrals on the right-hand side of (3.54) are estimated as follows.

Zn(t) = |0, )| +

7

First Integral

By (3.16), we obtain

1+M ~ !
p K (p) J‘o Zm(s)ds.

*

|J1] <

<

t 1
f dsf Moo (%, ) [ Vo(s) P
0 0

Second Integral

By (H3)/

1Fme1(t) = Fn ()1 < 2Knt (f) [IVOm-1(D1| + (|07, D[|] < 2Kna () lom-1llw, 1)

SO
t t
2] <2 f0<Fm+l(s) = Fin(5),0,,(8))ds| < 4Knm (f)llom-1llw, () J‘OHU;n(S)”dS
t
< 4T, () lom sl + [ Zn(e)ds
Third Integral

Using (H,) again, we get

sl = ZUO% [ (5) = i (5)) V(5] 1 (5) s

t
SJ
0

2 t
ds+ f Zm(s)ds.
0

2 [(onnr(5) ~ pin($)) Vit ()]

Note that

2 [ Gnss () ~ pon(5)) Vit ()]

= (//lm+1(s) - #m(s))Aum(S)
+ (D1 plttn] = Dip[th1]) Vit (5) + (Dspt[ttm] = Dapt[ttnr]) | Vit (s)*
+ DSﬂ[um—l]va—l (5)Viy(s).

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)
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Hence,

H a% [(ms1(5) = pm(8)) Vitm ()] || < [ 1tmr1(5) = pm(8)[| co ) | At ()

+ ” (Dl,u[um] - Dl,u[um—l]) IICU(ﬁ) ”Vum(s)”

(3.61)
+ ” (Dl,u[um] - Dllf‘[um—l]) ”CO(ﬁ) ”vum(t)”éo(ﬁ)
+ ”D3P‘[um—1] ”cO@)”Vum(s)”cO@)”VUm—l ()|l
We also note that
||ﬂm+1(5) = Hm(S) ||co@ < IzM (ﬂ) ||wm—1||w1(T)/
||Di#[um] - Dipfum-] ”CO@) < IZM(/‘)”wm—lnwl(T)/ i=13,
(3.62)

1Vt (8)ll oy < V20Vt (8) g1 < VIV ()P + [ Aun ()| < 2M,

| Dspeltem] || oy < K (),

where we use the notation Djp[u,-1] = Dip(x,t, um(x,t)), i = 1,2,3. Therefore, it implies
from (3.61) and (3.62) that

< (4+ M)MEK p1 (1) [om-1llw, (r)- (3.63)

0
H o [ (a1 (5) = () Vit (5)]
Hence,
t
Jal < (4 + M)*M2TK?, () lom-lly, ) + .[0 Zm(s)ds. (3.64)

Combining (3.54)—(3.56), (3.58), and (3.64) yields

~ 1+M ~ !
Zn(t) < T[4K12w(f) + @4+ M)2M21<]2VI(#)] ||Um—1||€v1(T) + (2 + KM(y)> f Zn(s)ds.
* 0
(3.65)
Using Gronwall’s lemma, (3.65) gives
lomllw,ry < krllom-1llw,qy YmEN, (3.66)

where kr <1 as in (3.43).
Hence, we obtain from (3.66) that

m

||ty — um”Wl(T) < 1% —TkT 1 = wollw,ry Vm,p €N, (3.67)
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It follows that {u,,} is a Cauchy sequence in W1 (T). Then, there exists u € W1 (T) such
that

Uy, — u  strongly in Wi(T). (3.68)

On the other hand, from (3.48), we deduce the existence of a subsequence {u, } of
{tty,} such that

Up, — U in L” (O, T; Hg N H2> weak *,

u —u inL*® <O, T; Hg) weak *, (3.69)

mj

u','n}_ — " in L*(Qr) weak,

ueW(M,T). (3.70)

Note that

| () = e, (o, 1)) | < Kot () e = el vy, (1.

(3.71)
| F(t) = f (ot ut), e (8), 1/ (8)) || < 2Kt (f) 1ttt = wllyy, (1)
Hence, from (3.68) and (3.71), we obtain
Um — u(,-,u) strongly in L*(Qr),
(3.72)

Fp — f (-, t,u(t), ux(t),u'(t)) strongly in L” (O, T; L2>.

Finally, passing to limit in (3.6)-(3.8) as m = m; — oo, it implies from (3.68), (3.69),
and (3.72) that there exists u € W (M, T) satisfying the equation

(W'(t), w) + (u(, t,u(t)ux(t), Vw) = (f (-, tu(t), ux(t), u'(t)),w), Yw € H,,

(3.73)
u(0) = 1y, u' (0) = 7.
On the other hand, by (H>), we obtain from (3.70), (3.72),, and (3.73); that
u' = Dyp[uluy + Dap[u]ud + p[ulue + f(x,t,u,up, u') € L <O, T; L2>, (3.74)

thus u € W1 (M, T), and Step 1 follows.
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(ii) The uniqueness of the solution.

Let u1,u; € Wi(M,T) be two weak solutions of the problem (1.1)—(1.3). Then, u =
u1 — up satisfies the variational problem

('), 10) + (a0 (1)) = (55 ([ ) = o8]0, 0)

+(F(t) - F1(t),w), Yw € Hy,

u(0) =u'(0) =0, (3.75)
Hi(t) = p(x, t,ui(t)) = plui], Fi(t)
= f(o, tui(t), wix (), 1i(1)), i=1,2.
We take w = 1’ in (3.75)1 and integrate in f to get
t 1 t
pt) = f dsj Wy (x, s)us(x, s)dx + 2f (Fi(s) — Fa(s),u/(s))ds

o Jo 0

s s (3.76)
2 [ (o) ), )= S,
where
2

p(8) = [l O + ||/ ()| - (3.77)

We now estimate the terms on the right-hand side of (3.76) as follows:
t 1 1 B t o
pi(t) = J dsf Uy (x, s)u>(x,s)dx < ;(1 + M)Kn (p) f p(s)ds = pgw) J p(s)ds, (3.78)
0 0 * 0 0

t t
po(t) =2 fO<F1(s) ~ Fa(s),1/(s))ds < 4K (f) f (= [ @D s

(3.79)
< 4<1 + ! >KM (f) ft p(s)ds = p'? f p(s)ds,
- v/ H 0 Mo
t b ) t bo) ,
o) =2 [ (5 (5) = e is(90) 1 Yls <2 [ 12 ([ (49 = o)) 1 ) s
(3.80)

On the other hand

a% ([r1(5) = pa(s)]uax(5)) = [u1(s) = pa(s)] e (s) + (Drpa[u1] = Dapa[uz] )1z (5) (381)

+ (Dsp[u1] — Dapuz])uixtiox + Dap[un]uixtioy.
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Hence,

< ||ﬂ1(s) - #2(5)||C0(§)||u2xx(s)”

|2 (lirts) - s ets)

+ ”Dl,u[ul] - Dl/fl[uZ] ||C0(§)”u2x(s)”
+ || Dap[ur] — Dap[us] ||Co@)||u1x(5)||co(§)||u2x(s)”C0(§)
+ ”Dsll[uﬂ ”CO@)||ux(5)||”u2x(5)||co(§)

< (3+ M)MKn (w)lux(s)|.

(3.82)
It follows from (3.80), (3.82) that
1 - t t
p3(t) < (3+ M)MKp(p) f p(s)ds = pﬁ) J‘ p(s)ds. (3.83)
VHs 0 0
Combining (3.76)-(3.79) and (3.83) yields
t
p(t) < (pj(&[) + pg\i) + pﬁf) Lp(s)ds. (3.84)
Using Gronwall’s lemma, it follows from (3.84) that p = 0 that is, u; = u.
Theorem 3.2 is proved completely. O

Remark 3.3. (i) In the case of u = 1, f € C1(Q x R, x R3) and the boundary condition in [4]
standing for (1.2), we obtained some similar results in [4].

(ii) In the case of p = 1,f € Cl(Q x R, x R3), f(1,t,u,v,w) = 0, for allt >
0, for all(u,v,w) € R?, and the boundary condition in [8] standing for (1.2), some results
as above were given in [8].

Remark 3.4. By Galerkin method, as in Remark 2.3, the local existence of a strong solution
u € H*(Qr) of the problem (1.1)—(1.3) is proved.

In the case of u = p(x,t) and f = f(x,t), obviously, the problem (1.1)—(1.3) is linear.
Then, by the same method and applying Banach’s theorem [16, Chapter 5, Theorem 17.1], it
is not difficult to prove that the problem (1.1)—(1.3) is global solvability. To strengthen some
hypotheses, it is possible to prove existence of a classical solution u € C?(Qr) N C! (@T).

4. Asymptotic Expansion of a Weak Solution in
Many Small Parameters

In this section, we will study a high-order asymptotic expansion of a weak solution for the
problem (1.1)—(1.3), in which (1.1) has the form of a linear wave equation with nonlinear
perturbations containing many small parameters.
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The Problem with Two Small Parameters

At first, we consider the case of the nonlinear perturbations containing two small parameters.
Let (H;) hold. We make the following assumptions:

(Ha) po € C2([0,1] x R.), o € CNHL([0,1] x Ry x R), o > pia > 0, i1 20,

(Hs) fo € C1([0,1] xR.), fi € CN([0,1] x R, x R3).

We consider the following perturbed problem, where €1, ¢, are two small parameters
suchthat0<¢ <¢g,<1,i=1,2:

0
U — a(luﬂ (.X', t/u)uX) = Fsz(xr tr U, Uy, ut)/ O<x< 1’ O<t< T’

u(0,t) =u(l,t) =0,
u(x/ O) = ﬁo(X), ut(x/ O) = i:Zl (JC),
pe (x,t, 1) = po(x, t) + e1pr(x, t,u),
Fe,(x, t,u, e, us) = fo(x,t) + e2f1(x,t,u, ty, uy).
By Theorem 3.2, the problem (Pz) has a unique weak solution u depending on ¢ =
(e1,€2) : uz = u(ey, €). When?g = (0,0), (Pz) is denoted by (P,). We will study the asymptotic
expansion of 1 with respect to 1, ;.

We use the following notations. For a multi-index a = (a1, ap) € 72, and € = (e1,6) €
R?, we put

la| = a1 + ap, al = aylay!,

Rll=vers, 2 =ere, @)

a, e, a<fe=a;<pf Vi=12

We first note the following lemma.

Lemma4.1. Let m, N € Nand u, € R,a € 72,1 < |a| < N. Then,

<Z ua?"‘> = > Tl (4.2)

1<|al<N m<|a|l<mN
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where the coefficients Tg(tm) [u], m < |a| < mN depending on u = (u,),a € 72,1 < |a| < Nare
defined by the recurrent formulas

TV =u,, 1<|a| <N,

T [u] = > u“_ﬂT[gm_l) [u], m<|al|<mN, m>2,
peAl”

(4.3)

A;m)={/5ezizﬁga, 1<|a-p| <N, m—1s|ﬁ|s(m—1)N}-

The proof of Lemma 4.1 can be found in [6].

We also use the notations fi[u] = f1(x,t, u, uy, us), par[u] = p1(x, t,u).

Let uy be a unique weak solution of the problem (Pp) corresponding to € = (0,0) that
is,

ug_a%(ﬂo(x,t)uox) =f0(x,t), 0<x<1, 0<t<T,

u()(O, t) = uO(lr t) =0, (PO)
u(x,0) =1g(x), uy(x,0) =11 (x),
ug € Wi (M, T)

Let us consider the sequence of weak solutions u,, y € Z3,1 < |y| < N, defined by the
following problems:

" a
uy—a(ﬂO(x/t)”Yx) =F, 0<x<1,0<t<T,

uy(0,t) = uy(1,t) =0, -

(Py)
uy(x,0) = 1) (x,0) =0,
Uy € Wl (Mr T),
where Fy,y € Z2,1 < |y| < N are defined by the recurrent formulas as follows:
@) 0 ()
Fe=m[fi] + X a(/’v [P‘l]V”Y—V>I 1<|y[ <N, (4.4)

2<pl<|y| vy
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ith = ; W] = p [ - : 2@[f] =

with ps[p1] pﬁ[l’ll/{uy}y<6] Ps [p1] Ps [m,{uy}ysﬁ],yz—ﬁ[fl] ﬂ-é[fll{uy}ygﬁ]l [fi] =
(2) [fi; {1y} ,<5], 16] < N =1 defined by

p1uol, 6] =

pslu] =1 18l 4 o (4.5)
Z (DY [ T [u], 1<[6]<N -1,

p ] = ps-re, ], 6 = (61,62) € 22,

6 M (46
ps 1] = Py, [11] = p-16, 1] =0, if 61 =0,
filuol, 6] =
1 (m1)
—Dmfl [uo]Tu !
75 [f1] = I<imelsl (wpyieAmmNy T (4.7)

m:(ml,mz,mg)EZi a+f+y=06

x[u]TémZ)[Vu]TY(m) (], 1<|6|< N -1,

where m = (my,mp, m3) € 73, |m| = my + my + ms, m! = my!my!ms!, D™ f; = D" D" D" fj,
A(m,N) = {(a,B,y) € (Z3)° : my < |a| < myN,my < || < moN,ms < |y| < m3N},

Jl‘éz) [A] = 75,6-1[f1], 6= 1(61,60) € Z2,

2 5 (4.8)
x@1f] = 7@ 1] = 75,4 [f1] =0, if 6, =0.

Then, we have the following lemma.

Lemma 4.2. Let p,[p1], 7, [f1], |v| < N =1 be the functions defined by (4.5) and (4.7). Put h =
2yi<N uy_s;ﬂ, then one has

m[h]=||§;; 1Pv[#1 e+ VR, [ 2], (4.9)
f1[h1=||ZN] 1?fv[f1 + IEINRY, [£1,€), (4.10)

where ||1'§§\1])_1 (w1, €] ooz + ||R(1) 1 [f1, €] (1 oty < C with C is a constant depending only on
(0,T;L%) ( )
N/T/fll,ul/u)// |Y| S N

Proof. (i) In the case of N = 1, the proof of (4.9) is easy, hence we omit the details. We only
prove with N > 2. We write h = 1o + X1 ¢y<n uY?Y =up+ hy.
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Using Taylor’s expansion of the function p1[h] = p1[uo + h1] around the point ug up to
order N, we obtain from (4.2) that

N-1

1 1 _
paluo + ha] = pa [ue] + Zlm!Dgn,Hl uolh (N 1! f (1- G)N 1Dé\[.ul [1o +9h1]h11\]d9
1 (m) | (1)
+ Z%D ‘l/ll Z T u £ +RN—1 [#1,h1]
m=1 m<|v|<mN
N-1 4 o
= pafuol + D, %Dg”m [uo] >, T, [u]e”
m=1 m<|v|<N-1
+ Z Dmyl[uo] Z T [u £v+1§§\1[)_1 [p1, 1],
N<[v<mN
(4.11)
where
1
R, L] = oy [ (=00 DYl + 0, (112)
We note that

N-1 vl
—Dlwlw] Y, TOWE =Y <Z%D§wuo]ﬂ”[u]>?”. (4.13)

m=1""" m<|v|[<N-1 1<v|<N-1 \m=1

On the other hand, if we put

- N-1 1 - v _
R ] =120 <Z —Diwlw] > T[u]E +R§\1,)_1[#1,h1]>, (4.14)
=1 """ N<|v|<mN

then by the boundedness of the functions uy, Vuy,u), [y] < N in the function space
L*(0,T; H'), we obtain from (4.3), (4.12), and (4.14) that [|[R) [s1, 2 Elll oz < C, with

and C is a constant depending only on N, T, y1,uy, |y| < N. Therefore, we obtain from (4.5),
(4.11), (4.13), and (4.14) that

i
pafuo + h1] = pauo] + Z <Z — D' p [uo] T, > +|[Z|l R(l) €]

1<|v|<N-1 (4.15)

= > polwl @+ EITRY, [, 2]

[v|[<N-1

Hence, (4.9) in Lemma 4.2 is proved.
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(ii) We also only prove (4.10) with N > 2. Using Taylor’s expansion of the function
f1luo + h1] around the point uy up to order N + 1, we obtain from (4.2) that

filuo + h1] = filuo] + D3 f1[uo]h1 + Dyf1[uo] Vhi + Ds f1[ug]H)

1
Y D" filugl W (VR)™ ()™ + R [fi hu]
2<meN-1
m:(ml,mz,m3)€Zi

= f1 [u()] + D3f1 [uo]h1 + D4f1 [uo] Vhl + D5f1 [u()]”lll

1
+ D D 3 — D" fi (o] TI™) [u]Tgmﬂ [V ™ [u]€”
2<|m|<N-1 |m|<[v|<|m|N (a,f,y)€A(m,N) "
m=(my,my,m3)€L3 a+p+y=v
1)
+ Ry [fi, ]

= f1 [u()] + D3f1 [ug]h1 + D4f1 [uO]Vh1 + D5f1 [u()]hll

1
LD D D - v e i A T e
2<mEN-1  |m|<VEN-1 (aB,y)eA(m,N) T
m=(mi,my,mz)€Z a+pry=v
1
D YD VD Y- A T L W L L L e
2<mEN-1  N<p[<mIN (@ y)eA(mN) T
m=(my,my,m3)€L3 a+pry=v
N-1L/ 1,1 ], '
where
1) N ! N-1p+m m ™ (1™ g0
Ry [fi, ] = HZN — 0(1—(9) D™ £ [ug + Oy JH™ (Vhy )™ (H, )™ d6. W
ml=
m=(my,my,m3) €L’
We also note that

f1 [u()] + D3f1 [uo]h1 + D4f1 [u()] Vhl + D5f1 [u()]hll

1
3 3 > D" AT T [Vl T [T
2<m[<N-1  |ml<[p|<N-1(apy)eA(mN)" "
m=(my,my,m3)€L; a+p+y=v
1
= filuo] + 3 3 > D" Alu] T T [V T [ ]2

1<ImEN-1  mI<ivEN-1(apy)eAmN) T
m=(m,my,mz)EL3 a+pry=v
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_ 1 m ml) (m3) (m3)
= filuo] + > > > DAl T T [V Ty [
I<WEN-1  1<m<l (@ fy)eAm,N)
m=(my,my,mz)€Z3  a+f+y=v

- S mlAlE (4.18)

[v|<N-1

Similarly,

1
> > > D" filu T [Ty [V T [ ]2
2<|m|<N-1  N<|<|[m|N(a,B,y)eA(m,N) "
m=(my,ma,m3) €L a+pry=v (4.19)

+ RO [ ] = [E)1 YR [A,E]

where ||R() [fl, ]
N.

||L°°(OT 12 < < C, with C is a constant depending only on N, T, f1,uy, |y| <

Then, (4.10) holds. Lemma 4.2 is proved. O

Remark 4.3. Lemma 4.2 is a generalization of the formula given in [17, page 262, formula
(4.38)], and it is useful to obtain Lemma 4.4 below. These lemmas are the key to the
asymptotic expansion of a weak solution u = u(e1, €2) of order N + 1 in two small parameters
£1,€2.

By 2 = u(ey, £2) € W1(M, T) as a unique weak solution of (Pz), v = ”?_ZIHSN uY_sw =
1z — h satisfies the problem

" (/451 [0+ h]vx) = e2(f1lv + ] = fi[h] )+€1 < [(ulo + k] = plh])hi]
+Ez(x,t), O0<x<1, 0<t<T,
v(0,t) =v(1,t) =0,

(4.20)
v(x,0) =7'(x,0) =0,
He [‘U] = Ho t €11 [U] = Ho (xr t) + e (x/ £ ‘U),
filo]l = fi(x,t,0,0,,0"), mlv] = pi(x,t,0),
where
Ez(x,t) = Ezfl[ + 61 [(‘ul - [uo])hx] - Z Fy_é?y. (4.21)
1<fy|<N
Lemma 4.4. Let (Hy), (Ha) and (Hs) hold. Then
1Bzl oran < E<EN1N (4.22)

where E, is a constant depending only on N, T, fo, f1, po, p1, 4y, [yl < N.
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Proof. We only need prove with N > 2.
Using (4.9) for the function y; [h], we obtain

mlh] =pmlul+ > pulm]E +[[FIVRE, [, %], (4.23)

1<]v|<N-1

By (4.6), (4.8), we write

a(ulhl - mluwl) = Y polulere” +e €]V R, [, E]

1<|v|<N-1

= > peaml]E +alFINRE, [, 7] (4.24)

2<|v|SNv121

= > Al +alFITRY [

2<|v|<N

On the other hand, from (4.24), we compute

e1(pu[h] = p[uo]) < > o ] rallEl R [ ]>hx

2<v<N

=< > o [l > >, Vuie" +e[ 2 RY., [, E]hs

2<|v|<N |a|<N
= > ]V F TR [
2§\v|$N,\a\<N
= 3 A ] VuE B RY [, 7]
2§\v|5N,\zx\<N
= S A ]V &+ R [, F)

2<|y|<2N 25 [N, |[y-v|<N

= > > Py ] Vi e"

2<|y|<N 2<v|<N, |y-v|<N

+ D > A ] VB R TRY [ E
N+1<|y|<2N 2<|<N, [y-v|<N
= > X A ]V + 2 VTRY [, €

2<|y|<N 2<|vI<N, |y-v|<N

= X 3 Al VuE + ETRY [ 2],

2<[y|<N 2<p|sNv<y
(4.25)
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where

RO [11,%) = 2RO [0, €] b,

[
e ||N+1R§\21) [, €] = Z Z Pv [ﬂl]Vuy-v?Y + ||_5)||N+1R§\11) [11,€].

N+1<[y|<2N 2<pp|<N, [y-v|<N

(4.26)

Hence,

51%[(#1[ — p[uo] ) ha] = aa [ >3 Al Vu T + RINTRY _5)]]

2<[y|<N ZS\vISNnKY

d 5
DI VR [l Y A R [ e Sl 20

2<|y|<N 2<p|sNv<y

(4.27)
Similarly, we write
€2f1[h]=€z< > omlAlE +EN N R [ E ]>
Plsh=1 (4.28)
> w AT+ YR 17,
1<vI<N

where Ej\lj) [fl,_zs> = 52/||_>||R(1) fl,_g] is bounded in the function space L*(0,T;L?) by a
constant depending only on N, T fr,uy, Iyl < N.
Combining (4.4), (4.21), (4.27), and (4.28) yields

Ez(x,t) = &2 f1[h] +51%[(#1[h] —plwl)h] - >, Fe'

1<lylsN

= D, {|:71'1£2)[f1]‘F D a%[l’w(fl)[ﬂl]v“y—V]]‘Fr}?y

1<ly|N 2<v<N vy

N+1 /=) 0 ~ _
I (RY 1) + 5o R o 21)
N+1 /=D 0 5 -
= ”?” (RN [fl/ ] + &Rﬁ) [‘u1, £]>

(4.29)

By the boundedness of the functions uy,Vuy,u’Y, ly| £ N in the function space
L*(0,T; H'), we obtain from (4.26) and (4.29) that

I1E2 |t 0,7;2) < Ex ”_)”N+1 (4.30)

where E, is a constant depending only on N, T, fo, f1, Ho, pt1, ty, Y| < N.
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The proof of Lemma 4.4 is complete. O
Now, we consider the sequence of functions {v,,} defined by
v =0,

s~ (e [om1 + o) = €2(fulog 1 + ] ~ filh])

+51%[(#1[‘0m_1 +h] —p[h])he] +Ez(x,t), 0<x<1,0<t<T,

U (0,1) = v, (1, 1) =0,
Um(x,0) =0, (x,0)=0, m>1.

(4.31)

With m = 1, we have the problem

ol - a%(”gl [how) = E=(x,f), O0<x<1, 0<t<T,

v1(0,t) =v1(1,£) =0, (4.32)

v1(x,0) = v} (x,0) = 0.

Multiplying two sides of (4.32); by v}, we compute without difficulty from (4.22) that

\/ Hi,e (t) U1x (t)

2 t t 1
||v’1(t)||2 + = ZI (Ez(s), v (s))ds + f dsJ‘ My, (X, s)vi (x,s)dx
0 o Jo

t t 1

STEE”—&‘)”ZNQ +J ||v'1(s)||2ds +J‘ dsf 'y'llgl(x,s)|vfx(x,s)dx,
0 o Jo

(4.33)

where pi . (x,t) = pe, [R(x, 1)] = po(x,t) + e1p1(x, t, h(x, t)). By
,I’LILE1 (x/ t) = Al/l()(xl t) + €1 [DZ#l (xr t/ h(xr t)) + DSI’ll (xl t/ h(xl t))h,(xr t)] 7 (434)
we get

|I‘I1,gl (x, t)| < IZ(.MO) +(1+ MK, (1) =&, (4.35)

with M, = (N + )M, K(po) = llmoller g,
It follows from (4.33), (4.35) that

)

t t
oy (I + pallor ()2 < TE2 )2 + f Nei@IFds & f o1 (s) 12 ds. (4.36)
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Using Gronwall’s lemma, (4.36) gives

\/1PT*>\/TE*”?”N+] exp I:—(F*ZJF/EO)T:I' (4.37)

||U,1”L°°(O,T;L2) + ”leuL“(O,T;Lz) < <1 +

We will prove that there exists a constant Cr, independent of m and £, such that

N+1

||v;n||Lm(0/T;L2) + [Omsllpeor12) < Cr|[€]|"", with |[€]| <& <1, Vm. (4.38)

Multiplying two sides of (4.31); with v}, and after integrating in ¢, we obtain without
difficulty from (4.22) that

t t 1
IO + o O < TEEI™ [ ol @l ds | ds [ [, o9 )
t
262 [ fulons + 1= il e lds

|7 (s)||ds

+2¢; JZ”(% [(u1[vma + ] = pa [R]) s ]

=TE?

[FIPY2 | by (o)Pds + i)+ o) + o),
(4.39)

where py e, (x, 1) = pe, [Um—1 + h] = po(x, t) + e1p1(x, t, Vo1 (x, ) + h(x, t)). We will estimate the
integrals on the right-hand side of (4.39) as follows.

First Integral Ti(b)

We have
o e, (2,8) = o (x,8) + €1 [Dopiy (X, , Oy + h) + Dapiy (x, 1, 0y + h) (0, + 1], (4.40)
hence
|t (0, 0)] < K (o) + (1 + My) Ry, (1) = 1, with My, = (N +2)M. (4.41)

It follows from (4.41) that

t 1 t
10 = [ ds [ Vi, 900,510 < 1 [ o) (442)
0 0 0
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Second Integral To(t)

We note that
| filom + Bl = filh]]| < 2K, (fi)llom-1llw, (1)- (4.43)

Therefore,

t t
Ja(t) = 2&2 Jl)”fl [Om + h] = fa[h]||||2).(s)]|ds < Tx§||_€)||2||vm—1||€vlm + fo ||U;n(5)||2d5,

(4.44)
where 7 = y2(Mis, f1) = 2Kz, (f1).
Third Integral fg(t)
First, we need to estimate ||0/0x[(p1[Vm-1 + h] — p1[h]) he]|l-
From the equation
0
I [(ﬂl [Om-1+ h] — 1 [h])hx]
0
= (,ul [Om-1 +h] = [h])hxx + Fy" (//ll [Om-1+h] - [h])hx (4.45)
= (p1[vm-1 + h] — p1[h]) hax + (D1p1 [Om-1 + h] = Dipa[h]) e
+ (D3/41 [Um,l + I’l] - D3[/[1 [I’l]) (V'Um,l + Vh)hx + D3[,t1 [h] va,lhx,
it implies that
| 2 (Gatons + 11 - iiyn)
o H11Om-1 Hi x
< ”#1 [Om-1 + h] - H [h] ”C0(§) (1P|
+ || D1pa [0m-1 + h] = Dypa [H] ||C0(§>||hx|| (4.46)
+ || Dapr [vm-1 + h] = Dapa [R] || o IVOm-1 + Vhll o) l1 x|
+ ||D3.”1 [h]”Co@)”vmfluwl(T)”hx”cO(ﬁ)-
On the other hand, we have
”#1 [Om-1 + h] — pa[h] ”cﬂ@) < I%Ml* (#1)||Um—1||w1(T)r
| Djpr[vm-1 + h] = Djpa [] || oy < K, () lomallw, . 7=13, (4.47)

||D3141 [h] ||c0(§) < EMM (p1)-
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We deduce from (4.46) and (4.47) that

0 ~
| & LG toms + 11 - s ]| < 6+ 2M) My R, () ol (848)

Next, by (4.48), it follows that

t
_ 0 ,
() =221 [ || 2 [Galowr + 11 - pIaD ] |l lds
‘ t (4.49)
<TBIZ P lomalinin * | Nene|Fds,
where x3 = x3(Mu., 1) = (3 + 2M1.) M1 K, (j11).-
Combining (4.39), (4.42), (4.44), and (4.49) gives
oy (I + prllomse 17 < TE2Z Y + T (03 + 3) 12 1 lom1
t t
w3 In©IPds+ i [ TomolPds
. , (4.50)
<TEIE(™ ™ + T(X% + X%) 11 w1 v, r)
xi\ 2 2
e (32 [ (oI + el (s) ).
Using Gronwall’s lemma, we deduce from (4.50) that
lomllw, 1) < orllom-llw,qy +6, Ym=1, (4.51)

where

/ 1 T
or = X% + X%nT! 5= TZTE*|I—£>||N+1/ nr = <1 + \/—ﬂj)ﬁexp [E <3 + f{—i>] . (452)

We can assume that

or<1, (4.53)

with sufficiently small T > 0.

Lemma 4.5. Let the sequence {(,,} satisfy

Cn <Olma+06 Ym>1, =0, (4.54)

where 0 < 0 < 1,6 > 0 are the given constants. Then,
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Gm < VYm > 1. (4.55)

6
(I1-0)

This lemma is useful, as it will be said below, and it is easy to prove.

Applying Lemma 4.5 with ¢ = [|omllw, 1), 0 = or = \/XZ + X371T <1,6 =nrE, <l
it follows from (4.55) that

N+1

o
||vm||L°°(OTL2 + 1Omxll L= 01,12) = 1Omllw, 7y < =or) CT”_)”NH (4.56)

On the other hand, the linear recurrent sequence {v,,} defined by (4.31) converges
strongly in the space W1 (T) to the solution v of the problem (4.20). Hence, letting m — +oo
in (4.56) yields

1o/l * Noslimores < CrEIY™ 457
it means that
W- S Uz - Dl upc e’ <crf )™ (4.58)
r|sN L= (0,T;12) Irlsv L=(0T;L?)

Consequently, we obtain the following theorem.

Theorem 4.6. Let (H1), (Ha) and (Hs) hold. Then there exist constants M > 0 and T > 0 such that,
for every €, with |[€]| < e. < 1, the problem (Pz) has a unique weak solution u = uz € Wy(M,T)
satisfying an asymptotic expansion up to order N + 1 as in (4.58), where the functions uy, |y| < N
are the weak solutions of the problems (P), (ﬁy), 1 < |yl £ N, respectively.

The Problem with Many Small Parameters

Next, we note that the results as above still hold for the problem in p small parameters
E1,...,€p aS follows:

Uy — 83 [(yo(x, t) + Zsly,(x,t u)> ]

i=1
P
= fo(x,t) +Zsifi(x,t,u,ux,ut), O0<x<1, 0<t<T, (13_>)

u(0,t) =u(l,t) =0,

u(x/ 0) = ﬁO(X)/ ut(x/ 0) = ﬁ1(-7‘;)'
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For more detail, we also make the following assumptions:
(I/_I\‘l) H € C2([011] x IR+)/ Hi € CN+1([O/ 1] x IR+ X IR)/ Ho > Hx > 0/ Hi > O/ i= 1/21‘ - P
(Hs) fo € C([0,1] xR,), fi € CN([0,1] xR, xR3), i=1,2,...,p.

For a multi-index a = (ay,...,a,) € 7L, and € = (e4,..., gp) € RP, we also put

la|=a1 +---+a,, al=ar! --apl,

”—g>|| = \/£%+-..+E%, ?azg(itl.-.gzp, (459)

a,pe?, a<fpe=a<p Vi=1,...p.

Let 1 be a unique weak solution of the problem (Py), which is (=) corresponding to
€ =(0,...,0). Let the sequence of weak solutions u,,y € Z},1 < |[y] < N be defined by the
problems (INDY), in which F,,y € Z7,1 < |y| < N, are defined by suitable recurrent formulas.
Then, the following similar theorem holds.

Theorem 4.7. Let (Hl),(ﬁ4) and (ﬁ5) hold. Then there exist constants M > 0 and T > 0 such that,
for every €, with |[€]| < e. < 1, the problem (Pz) has a unique weak solution u = uz € Wy(M,T)
satisfying an asymptotic estimation up to order N + 1 as follows:

W - Y e <CrlFI™ @60

IrlsN

—
+ ||ty — Z uyx:sY

[y|<N

L=(0,T;L2) L= (0,T;L2)

The proof of Theorem 4.7 is similar the one as above let us omit it.

Remark 4.8. Typical examples about asymptotic expansion of solutions in a small parameter
can be found in the research of many authors such as [1, 3, 4, 8, 9, 17-19]. However, to our
knowledge, in the case of asymptotic expansion in many small parameters, there is only
partial results, for example, [5-7, 14], concerning asymptotic expansion of solutions in two or
three small parameters.
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