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1 Introduction and motivation

Let D = {z: |z| < 1} be an open unit disk of the complex plane C and let A be a class
of analytic functions f normalized by f(0) = 0 and f'(0) = 1. Let wy be an interior or a
boundary point of a set D in C. The set D is starlike with respect to wy if the line segment
joining wy to every other point in D lies in the interior of D. If a function f € A maps
D onto a starlike domain with respect to origin, then f is a starlike function. The class of

starlike functions with respect to origin is denoted by S". Analytically,

. Y@
S .-{fe.A.Re Iie) >0}.

Robertson [1] took a leap forward with the characterization of the class S” and defined
the class S, of starlike functions with respect to a boundary point. Geometrically, it is the
characterization of a function f € S = {f(z) = 1 + diz + dyz* + - - - |f univalent} such that
f(D) is starlike with respect to the boundary point f(1) := lim,_1- f(r) = 0 and lies in a

half-plane. The analytic description given by Robertson was

. ! 1
Sy = {feSb :Re(ZZJj:(Z) + 1ii> > O}.
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This was partially proved in [1]. It was only in 1984 that the characterization was validated
by Lyzzaik [2]. Todorov [3] associated this class with a functional f(z)/(1 — z) and obtained
a structured formula and coefficient estimates in the year 1986. Later, Silverman and Silvia
[4] gave a full description of the class of univalent functions on DD, the image of which is
star-shaped, with respect to a boundary point. Since then, this class of starlike functions
with respect to a boundary point has gained notable interest among geometric function
theorist and also other researchers. Among them, Abdullah et al. [5] studied the proper-
ties of functions in this class. The distortion results for starlike functions with respect to
a boundary point were obtained in [6, 7]. The dynamical characterizations of functions
starlike with respect to a boundary point can be found in [8]. In the year 2001, Lecko [9]
gave another representation of starlike functions with respect to a boundary point. Also,
Lecko and Lyzzaik obtained different characterizations of this class in [10].

Following the studies on the class of starlike functions, many authors extensively studied
the class of spiral-like functions. For recent work on the class of spiral-like functions, see
[11]. Later, there was interest towards the class of spiral-like functions with respect to a
boundary point. See [12-15]. Aharonov et al. [16] gave a comprehensive definition for
spiral-shaped domains with respect to a boundary point.

Definition 1.1 A simply connected domain 2 C C, 0 € 9%, is called a spiral-shaped do-
main with respect to a boundary point if there is a number 1 € C with Re i > 0 such that,
for any point w € €, the curve e w, t > 0, is contained in €.

It was also showed in [16] (see also [17]) that each spiral-like function with respect to a
boundary point is a complex power of starlike function with respect to a boundary point.
In particular, if u € R in Definition 1.1, then 2 is called a star-shaped domain with respect
to a boundary point. The following was proved in the same.

Theorem 1.1 Let f be an analytic function with f(0) = 1, f(1) = 0, and let it be a spiral-like
function with respect to a boundary point. Then there exists a number p € Q:={A € C:
A —1| <1,A #0} such that

22zf'(z) 1l+z
Re(; f(z) +TZ> > 0. (1.1)

Conversely, if f is a univalent function with f(0) =1 and f(1) = 0 satisfies (1.1) for some
n € Q, then f is a spiral-like function with respect to a boundary point.

Elin [18] then considered the class of spiral-like functions of order 8 (0 < 8 < 1) with
respect to a boundary point and obtained interesting results including the distortion and
covering theorems.

On the other hand, Ma and Minda [19] gave a unified presentation of the class starlike
using the method of subordination. For two functions % and g in A, the function / is
subordinate to g, written

h(z) <g(z), zeD,

if there exists a function w € A, with w(0) = 0 and |w(z)| < 1, such that /(z) = g(w(z)). In
particular, if the function g is univalent in D, then %(z) < g(z) is equivalent to /(0) = g(0)
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and 4(D) C g(D). A function & € A is starlike if z/4'(z)/h(z) is subordinated to (1 +z)/(1 - z).
Ma and Minda [19] introduced the class

S'(p) = {h eA: @) < w(z)},
h(z)

where ¢ is an analytic function with a positive real part in D, ¢(D) is symmetric with
respect to the real axis and starlike with respect to ¢(0) = 1 and ¢'(0) > 0. A function
f € 8'(p) is called Ma and Minda starlike (with respect to ¢). The class S™(8) consisting of
starlike functions of order 8, 0 < 8 < 1 and the class S*(4, B) of Janowski starlike functions
are special cases of S™(p) when ¢(z) := (1 + (1 - 28)z)/(1 - z) and ¢(2) := (1 + Az)/(1 + Bz)
for -1 < B< A <1, respectively.

In the same direction and motivated mainly by [18] and [19], we consider the following
class.

Definition 1.2 Let f € S, f(0)=land u € Q:={L € C: |A - 1| < 1,1 #0}. Also, let ¢ be
an analytic function with a positive real part D, let ¢(ID) be symmetric with respect to the
real axis and starlike with respect to ¢(0) = 1 and ¢’(0) > 0. The function f € SZ(;,L,go) if
the subordination

22zf"(z) 1+z

@ T 0(z), zeD, (1.2)

holds.

For ¢(2) = (1+Az)/(1+Bz) (-1 < B< A <1), denote the class S, (i, ¢) by S, (11, A, B). For
0<B<1,A=1-2Band B = -1, denote S, (1, A, B) by S, (i, B).

The class SZ(;L, ¢) defined by subordination is investigated to obtain representation, es-
timates for f and f” and subordination conditions. We obtained some interesting result in
a wider context and our approach is mainly based on [19].

2 Representation for the class S, (i, @)
The following result provides an integral representation of functions belonging to the class

S, (i, @)

Theorem 2.1 The function f € S,(i,¢) if and only if there exists p satisfying p < ¢ such
that

L w [Fp@)-1
fm-uzww42A { @)

Proof Letf € S,(i,¢). Then define p: D — C by

_ zzf’(z) 1+z

L f@) 1-z

p(2)

Then f € S, (u, ¢) implies that p < ¢. Rewriting the above equation as

2@, 2 _pa)-1

2
w f(2) 12 z
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and integrating from 0 to z, it follows that

f(zﬁ)_ “pg)-1
°g<<1—z>2 - [ T

An exponentiation gives

= (l—z)zexp</ozl$d§>.

The desired result follows from this. The converse follows easily. O

=

f(2)

3 Estimates for f and ' in the class S, (1L, @)
Theorem 3.1 Let h, be an analytic function with h,(0) = 0, h,,(0) = 1 satisfying the equa-
tion zh,,(2)/h,(2) = p(2). If f € S, (11, 9), then

2l ) o < fpiagh | < 20
r r

-z |z[=r 3.1)
Proof Define the function % € A by

h(z) = f(z)%, zeD. (3.2)

Since f is univalent and f(1) := lim,_,1- f(r) = 0, it is clear that f(z) # 0 in D. Therefore, the
function / is well defined and analytic in D. A computation shows that

zh' (2) B zzf/(z) . 1+z
hz) nflz) 1-z2

(3.3)

Hence we have the relation f € SZ(M, @) ifand only if # € S™(¢). Ma and Minda [19, Corol-
lary 1'] have shown that for 4 € S™(¢),

_hgo(_r) = |h(Z)| = h(p(r)’ |z| =7.

Using this inequality for / in (3.2) gives

o

‘L _f@)i

_hgo(_r) < (1 ~ 2)2

<hyr), lzl=r

and hence the desired result follows. O

If S, (u, A, B) and hence

z(1+ Bz)%, B
h(p (Z) =
zexp(Az), B

#

0,
0,
then

1-2P(1-BnF <|f@)i| <1-2P1+BnF for B0,

|1 - z|>exp(-Ar) < [f(z)% | <[1-z]*exp(4r) forB=0.

Page 4 of 12
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If S, (u, B) and

z
hy(2) = m»
then
11—z V2 < |1 - z|?
1 +r)2- (1+7)228 = lf( | —r)2-28°

In particular, for 0 # 1 € R, the inequality reduces to the following inequality [18]:

-zt zI [1-z|"
(1+r lf( ‘_(1 PN

Theorem 3.2 Let ¢(z) = zh,(2)/hy(2) and f € S, (i, @). Then, for |z| =r,

f(Z)“ hy(2)
‘a (1 2) _2‘Z‘rarg z
For0#ueR,
f(2) [l hy(2)

Proof For a function % € S’ (¢), in the paper [19, Corollary 3'] it is shown that

h h
arg ﬁ < maxarg ﬁ, |z| =r.
z z|=r z
The result then follows easily as the relation (3.3) holds. O

Corollary 3.1 Iff € S;(;L,A,B), then for |z| =r,

1

" A-B
’arg ﬁ(;i);) =< B r‘nlax arg(l+Bz) forB#0

and
1
1
’a f@r < —maxargexp(Az) forB=0.
Sa-o|= 2%

Corollary 3.2 Iff € S, (1, B), then for |z| = r

BB

1
1-2)°
Theorem 3.3 Let ¢(z) = zh:ﬂ (2)/hy(2) and

min|g(@)| = ¢(-r) and max|p()| = ¢(r). (3.4)
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Also, let

H®
le_lulll 2" (hy(-r)\?( |1+z .
2r -r 1-z

<p(—r)>
+ <p(r)>.

and

1=zl (hy(r)\? (142
Hyy =
2r r 1-z

For n € R, if f € S, (1, ¢) then

[ = lf/(z)’ = Hgo2

Proof By Definition 1.2, for f € S, (., ¢), we have

2 zf'(2) z
;f(z) +ITZ<<p(z), zeD.

When (3.4) holds, the above subordination indicates that

2 zf'(z) 1+z ~
w(—r)s‘;f(z) o(r), lz|=r.
This shows that
1+z 2 zf'(z) 1+z
pieriace )_‘Mf(z) ==z e
or
lul (|1+z f’(z) 1+z
2r( ’1 2| T )> 7@ = (1 2 “"(’"’)‘

For i € R, Theorem 3.1 gives

-2 (252) < @] <n-ar (2

Combining (3.5) and (3.6), the desired results follows.
We have the following corollaries as (3.4) holds.

Corollary 3.3 Let ¢(z) = zh,,(2)/h,(2). For B #0, let

M —_, —
Hyt = ]l -z a Br)u(ggm |l+z N 1-Ar
2r 1-z 1-Br
and
Hys = []]1 =z 1+ B wan (|1+2 1+Ar '
2r 1-z 1+Br

(3.5)

(3.6)

Page 6 of 12
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For B=0, let
1-—z* —UA 1
Hy = |M||2r il exp( ,uz r)(_‘lij —rexp(—Ar))
and
1—z* A 1
Hg = %cxp(%)( 5 + rcxp(Ar)).
For p € R, iff € S, (1, A, B) then
H(pl = lf/(z)| §H¢2~
Corollary 3.4 Let ¢(z) = zh;,(z)/hw(z),
Ho o []|1 = z|* 1+z +1—(1—2ﬁ)r
L7 201 + e 1-z 1+7r
and
o plll—z* 1+z| 1+0-28)r
27 01—\ [1-2 1-r )

For n € R, iff € S, (1, B) then
H(pl = lf/(z)| SH(pZ'

4 Necessary and sufficient condition
Theorem 4.1 Let ¢ be a convex univalent function defined on D. The function f € S, (i, )
ifand only if forall |s| <1, |t| <1,

5(1_tz>2(j/f(sz)>i iy 52)
t\1-sz (tz) = h,(tz)’

where h,(2) = zexp([(((¢) - D/¢) dt).

Proof Ruscheweyh [20, Theorem 1] showed that for ¢ a convex univalent function, F as
in the hypothesis and & € A

zh ()
h(z)

<9(2)

ifand only if forall s| <1, |t| <1,

hsz)  hy(s2)
Wtz) ~ h(t2)

(4.1)

Page 7 of 12


http://www.journalofinequalitiesandapplications.com/content/2013/1/274

Haji Mohd and Darus Journal of Inequalities and Applications 2013, 2013:274
http://www.journalofinequalitiesandapplications.com/content/2013/1/274

From the relation (3.3), we know that f € S;(,u,,w) if and only if & € S'(¢). Substituting
(3.2) in (4.1), we have

sz

2
(l—sz)Zf(SZ) K h(p (SZ)
Ty ()

and hence the desired result follows. O

1+Az

is convex univalent on D.
1+Bz

The following corollaries hold for ¢(z) =

Corollary 4.1 The function f € SZ(/L,A,B) ifand only if forall |s| <1, |t| <1,

U(A-B)
1-tz\" [ f(s2) 1+Bsz\ 2B
(l—sz) (/(tz))<<1+Btz> Jor B0,
1-tz\" [ f(s2) wAz(s —t)
(iz) () <eo(*5577) orao

Let0 <pB<1,A=1-2p and B =-1in Corollary 4.1 and hence we have the result.

Corollary 4.2 [18] The function f € S,(i, B) if and only if for all |s| <1, |¢| <1,

1-tz\"f(sz) 1—tz\MP
(l—sz) f(tz) = <1—sz) '

Theorem 4.2 as well as Corollaries 4.3 and 4.4 below are respectively special cases of

Theorem 4.1 and Corollaries 4.1 and 4.2 when s =1 and ¢ = 0. However, we prove the

below without the convexity assumption on ¢.

Theorem 4.2 Iff € S, (i, ), then

f@)i ()

(1-2)? z

where h,(z) = zexp( [y (¢(¢) - 1)/¢) di).
Proof Clearly zh,(2)/h,(2) = ¢(2). It h € S (¢), then

' (z) . zh,(2)
h(z)  hy(2)

Therefore by [19, Theorem 1']

Let 4(z) be defined as in (3.2) and hence we arrive at the desired conclusion. O

Page 8 of 12
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Corollary 4.3 Iff € S,(u, A, B) then

(1f_(zz))u <1+ Bz)% forB#0

and

(1f_(ZZ))M < exp(MTAZ> for B=0.

When 0 < 8<1, A=1-2p and B = -1, the above corollary reduces to the following

result.

Corollary 4.4 [18] Iff € S, (1, B) then

f(@) 1
(1 — z)ﬂ = (1 — Z)#(lfﬂ) ’

5 Coefficient estimate for f € S;((p)
In particular, when u =1, (1.2) becomes

zf'(z) 1l+z 0@, zeD.

+ —

fle) 1-z

We denote the class satisfying the above subordination as S, ().

Theorem 5.1 Let ¢(2) =1+ Bz + Boz*> + -+ . If f € S,(¢), then the coefficients d, dy, d3

satisfy the following inequalities:

2

B
|d1|§?1+1,

B B, B B
|d2|§—1max 1, 22,22 + =,

4 B 2 2

B 6B +16B, B2+ 6B,B, + 8B B B, B
|d3|§—lH 1t 2, 17 OP152 ¥ 653 + 2L max 1,—2+—1 ,

6 831 SBl 4 Bl 2

where H(q1,q>)? is as defined in [21] (see also [22, Lemma 3]) and

%(% —(2v—1)%)+(2v +1)% +2v, v<oy,
|dy—vdi| < {8+ 2v+1)2 +2v, 01 <V <0y,

B B B B
2 (@v-1)F - B—f) +(2v+1)F +2v, v>o0y,

where
1

1 (B, 1
o] = — — -1 + -, Oy = —
B\ By 2 By

B, 1
—+1)+=.
B, 2

Proof Define the function g(z) =1+ g1z + g22> + - -- by

_ S
g(z)-(l_z), zeD.
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Then a computation shows that

zf'(z) 1+z

7g'(z) .
Zg(z) +1_2f(z) +1—z'

Since f € S, (¢), we have

zg'(2)
g(2)

2 +1 < ¢(2),

or there is an analytic function w(z) = wyz + w,z? + - - - such that

zg'(2)

2 +1=¢p(w(z)).
g(2) (w2)
Since
2Z§(S) +1=1+2gz+ (—2g12 + 4g2)z2 + (2g13 - 6219 + 6g3)z3 e
and
9 (W(2)) =1+ Bywiz + (Byw; + Biwa)2” + (Bsw} + 2Bowiwy + byws)2° + - -+,
we see that
_Bim
gl - 2 ’

—]i wy + §+& w?
£ 4 2 B, ) 1)

B, 6B? +16B, B} +6B1B; + 8B\
=—|\ws+| ———— Wt | ————— |wy ).
Bre\™ 8B, 1 8B, 1

In view of the well-known inequality |w;| <1, we have
B,
g1l < 5

Applying [23, inequality 7, p.10] and [22, Lemma 3] (see also [21]), we get

and

| | < BlH 63% + 1632 B:lg + 63132 + 8B3
&1=7g 88, 8B, ’

respectively. Also, we see that applying [22, Lemma 1] (see also [19]) to inequality

B B B
g2 — \)g12 = Z(Wz — <(2V — 1)? - E)W%)
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yields
Bi (B B
TI(B_f_(ZV_l)YIL USJI;
@ -ver| < 1 &, o1 <V <0y,
B B _ B
Bv-D8-%), v=o

for 01 and o as in the hypothesis. Todorov in [3] shows that for

g@) =1+ ignz”,
1
the coefficient
gi=l+di+dy+- - +d,
and hence from the above relation the desired results are obtained. O

Corollary 5.1 When ¢(z) = (1 +z)/(1 - z), our results coincide with [3, Corollary 2.3].

Remark 5.1 All the results for the special case when p =1 or the class starlike with re-
spect to aboundary point defined by subordination were presented at the 8th International
Symposium on GFTA, 27-31 August 2012, Ohrid, Republic of Macedonia and thereafter
published as [24].
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