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A four-compartment computer virus propagation model with two delays and graded infection rate is investigated in this paper. The
critical values where a Hopf bifurcation occurs are obtained by analyzing the distribution of eigenvalues of the corresponding
characteristic equation. In succession, direction and stability of the Hopf bifurcation when the two delays are not equal are
determined by using normal form theory and center manifold theorem. Finally, some numerical simulations are also carried out

to justify the obtained theoretical results.

1. Introduction

In recent years, with the fast development and populariza-
tion of computer technologies and network, Internet has
offered numerous functionalities and facilities to the world.
Meanwhile, Internet has also become a powerful mechanism
for propagating computer viruses. Computer viruses are
computer programs which have serious effects on individual
and corporate computer systems in the network, such as
modifying data and formatting disks [1, 2].

In order to analyze the propagation laws of computer
viruses in the network, many epidemiological models have
been borrowed to depict the spread of computer viruses
because of the high similarity between the computer viruses
and the biological viruses [3-5]. In [6-11], Mishra et al. pro-
posed SIRS computer virus models in different forms. Yuan
and Chen presented the SEIR computer virus propagation
model in [12] and they studied the stability of the model.
Based on the the work in [12], Dong et al. proposed the
SEIR computer virus model with time delay in [13] and they
investigated the Hopf bifurcation of the model. There are also
some other different computer virus models which have been
proposed by other scholars in recent years and one can refer
to [14-18]. However, all the computer virus models above
which incorporate the latent status of the viruses assume
that the latent computers have no infection ability. This is

not consistent with the reality, because an infected computer
which is in latency can also infect other computers through
file copying or file downloading. Based on this fact, Yang et al.
established a computer virus propagation model with graded
infection rate in [19]:

% —u—BSEL(E) - BS(E)A(t) +aR (t)
—uS(t),
% =BSOLO+BSHAD -L®) -pL®), ()
di:lt(t) =eL(t) - yA(t) - pA (1),
% = yA(t) —aR () —uR (t),

where S(¢), L(t), A(t), and R(t) are the percentages of sus-
ceptible computers, latent computers, active computers, and
recovered computers on the Internet, at time ¢, respectively. y
is the rate at which external computers are connected to the
Internet and it is also the rate at which internal computers
are disconnected from the Internet; f; is the infected rate
of the susceptible computers by the latent computers; f3, is
the infected rate of the susceptible computers by the active
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computers; « is the rate at which the recovered computers
become susceptibly virus-free again; ¢ is the rate at which
the latent computers break out; and y is the rate at which the
active computers are cured by the antivirus software.

As pointed out in [9], one of the typical features of
computer viruses is their latent characteristic. Therefore, they
need a period to become active computers for the latent ones.
Likewise, the antivirus software needs a period to clean the
viruses in the active computers. Based on this and motivated
by the work about the dynamical system with delay in [20-
24], we incorporate two delays into system (1) and obtain the
following delayed computer virus model:

% =pu-BSEOLE) - BSE)At) +aR (t)
—uS (),

% = BiSE)L(t) + B,S (£) A () — eL(t - 7y) .
—uL(@®),

% =eL(t-n) - yA(t-7) —pA®),

% =yA(t-7) —aR () -~ uR(®),

where 7, is the latent period of the computer viruses and 7,
is the period that the antivirus software needs to clean the
viruses in the active computers.

The rest of this paper is organized as follows. In Section 2,
we present the existence of the viral equilibrium and con-
ditions for the local stability of the viral equilibrium and
existence of the Hopf bifurcation are derived. Direction and
stability of the Hopf bifurcation are studied in Section 3
and some numerical simulations are performed in Section 4
to justify the obtained theoretical findings by taking some
relevant values of the parameters in system (2) and using
the Matlab software package. Finally, we end this paper with
concluding remarks in Section 5.

2. Existence of Local Hopf Bifurcation

By a simple computation, we know that if (e+p)(y+p)/ (B, (y+
W)+ Bre) < land (e + p)(y + p)/e > ay/(« + p), then system
(2) has a unique viral equilibrium E(S,,L,,A,,R,), where

g - ru(erp
T Bi(ytu)+Boe
LoYrE,
&
R, =4,
o+ u
A*zh, 3)
AZ*
A _#_M(fﬂi)()“rﬁ)
1 — >
By (y +u) + B
AZ*:(€+M)(Y+#)_ ay

€ a+y

Advances in Mathematical Physics

Let S(t) = S(t) - S,, L(t) = L(t) — L,, A(t) = A(t) - A,,
R(t) = R(t) - R,. Dropping the bars, system (2) becomes

% =a;S(t) +a,L(t) +a;A(t) + a,R (t)
=BSELE) - B,S(H)A{),
% =a;S(t) +agL (t) + a,A(t) + bL(t — 7))
(4)
+ B SO L)+ LS () A1),
% A AWM+ bL(-1) At -1,),
dR(t) ~
= aR () + A (t-1,),
where
a; == (BiL, + BA, +u),
a, = _/315*’
as = _/325*’
a, = q,
615 = ﬁlL* +ﬁ2A*)
b =—¢,
as = BiS. — s (5)
a; = ﬁzs*)
ag = —l,
b, =¢
q=-)
ag=—(a+u)R,,
G =Y
The linear system of system (4) is
% =a;S{t)+a,L(t) +a;A(t) + a,R(t),
% =aS(t)+asL(t)+a,A(t) +bL(t-1,),
P (6)
PO A O +bL(t-m) +aA(-n),
dR(t) ~
= aR()+A(t-1,).



Advances in Mathematical Physics

The corresponding characteristic equation is
4 3 2
A"+ agA” + ag A"+ ag A + ag,

+ (bpsA + b A + By A+ by ) €

+ (et + oA + G + ) €7 ?
+ (dogA® + dog A+ dgg ) e 1) = 0,
where
ag = (a1a5 — a,a5) asa,
ag = (@05 — a,a5) (a + as) »
Ay, = a10g — aya5 + agag + (ay + ag) (a5 + ag),
ags = —(a; +ag +ag +ay),
boo = a,a3a0by + (a3a5 — a,a;) ash,,
boy = b, (a; + ay) = by (@105 + a0 + azas) ,
b = by (a + a5 +ag) —ab,,
bys = —by 8)
oo = (105 — 4,05) agcy,
1 = (@05 — a0 - a a5 — aga,)
Gz = ¢ (a; +ag +ag),
3 =~
doo = a1agbyc; + a,a5b,0,,
doy = =byc; (a, +ay),
dy, = bc.
Casel (1, =1, = 0). For 7, = 7, = 0, (7) becomes
M ra) +apA +apd+ay =0, 9)
where
1o = dgg + byo + o + doos
ayy = agy +byy + ¢y +dgy
(10)

gy = agy + by + 6oy + gy,
a3 = ag3 + byz + Go3-

Thus, according to the Routh-Hurwithz theorem, we
know that if conditions (H,;) a,, > 0, a;3 > 0, and a,3a,, >
a;; hold, then viral equilibrium E,(S,,L,,A,,R,) of system
(2) without delay is locally asymptotically stable.

Case 2 (1, > 0,7, = 0). For 7, > 0 and 7, = 0, we can get the
following from (7):

pas a23)t3 + azz)tz + an A+ ay W
11
+ (b23)t3 + b\ + by A+ bzo) et =,

3
where
o = Ao T o>
ay = ag T G
Gy = Ay T Cp»
dy3 = gz t+ Go35
(12)
by = byo + do»
by = by +dyy
by, = by, +dy,
b23 = Ys3-
We assume that A = iw; (w; > 0) is a root of (11). Then,
3\ . 2
(buwl - b23w1) sin Tyw; + (b20 - bzzwl) COS T,
_ 2 4
= GyWwy — Wy — dyps
(13)
3 2\ .
(buwl - b23w1) COS Ty, — (b20 - bzzwl) sin 7, w,
_ 3
= O3y — 4y Wy
which implies that
8 6 4 2
W) + Gy30; + Gy + Go1 @7 + Gog = 0, (14)
with
2 2
G20 = Gy — b3y
=a, —bl, -2 2b,b
G921 = Gy — 0y — 20y00y; + 205055,
(15)
2 2
9o = Gyy — by +2by1by3 — 205,05 + 205,
2 2
923 = Ay3 — byy — 2ay,.
Let wf = v,; then (14) becomes
Vi 3 2 =0 (16)
11 923V1 T 902V T 91V1 T G20 =0

Discussion about distribution of roots for (16) is similar
to that in [25]. Therefore, we directly assume that (H,,) (16)
has at least one positive equilibrium v,j,.

If (H,,) holds, we know that (14) has at least one positive
root w;, = /vy, such that (11) has a pair of purely imaginary
roots *iw;,. For w,

_ hyy (wio)
T)p = — arccos —————=

, (17)
Wy hy, (“’10



where
6
hyy (wy9) = (by, — az3b23) W
4
+ (a3, by3 + ay3by; — aybsyy — byy) )
2
+ (ay by, + aynbyy — a5 b)) W
(18)
— axby,
2 6 2 4
hy, (wio) = byywy, + (bzz - 2b21b23) Wio
2 2 2
+ (b21 - szobzz) Wiy + by

Differentiating both sides of (11) with respect to 7, one can
obtain

[ dA ]‘1 _ AP 43007 +2a,) + ay
A(

dr, M+ ay A + ayA? + ay )+ ay)
(19)

. 3byA% + 26,y A + by, T

A(D3A% + DA + by A +byy) A
Thus,
-1 ! *
Re[ﬂ] _ fl(vl)’ (20)
dry f=r, M (wy)

where v| = wfo and f,(v)) = 1/11 + g23vf + gzzvf + gV +
Ja0- Therefore, if condition (H,,) f/(v}) # 0 holds, then
Re[d)\/d‘rl];llzrw # 0. Based on the discussion above and

according to the Hopf bifurcation theorem in [26], we obtain
the following.

Theorem 1. If conditions (H,,)-(H,,) hold, then

(i) viral equilibrium E,(S,,L,,A,,R,) of system (2) is
locally asymptotically stable for T, € [0, T,);

(ii) system (2) undergoes a Hopf bifurcation at viral equi-
libriumE (S,,L,,A,,R,) when 1, = 1), and a family
of periodic solutions bifurcate from E,(S,,L,, A,,R,).

Case 3 (1, = 0,7, > 0). For 7, = 0and 7, > 0, (7) becomes

4 3 2
A"+ a7 +ap AT +ay A+ ag

(21)
+ (c33)t3 + oAl oA+ c30) e =,
where
a3 = Gy + byo
as; = ag, + by,
a3, = ag, + by
a3 = ag3 + bys, (22)

G0 = o + doo>
&1 = ¢ + o
Gy = G + dgp

G3 = CGo3-

Advances in Mathematical Physics
Let A = iw, (w, > 0) be aroot of (21). Then,
(c31w2 - c33w§) sin T,w, + (c30 - c32w§) COS T,

_ 2 4
= 030, — W, ~ Az,

(23)
(c31w2 - c33w§) COS Ty, — (c30 - c32w§) sin 7,w,
_ 3
= A330, — a3 ).
It follows that
8 6 4 2
W, + G330, + G3,0; + g3;0; + g39 = 0, (24)
with
) 2
930 = 30 ~ G5
=aX - -2 2630
31 = A3 — G — 203003, T 20305;,
(25)
2 2
G3p = O3y — G5y + 2631 C33 — 203,033 + 203,
2 2
g3 = d33 — by = 2a5,.
Let @) = v,; then, we have
S+ >+ 2+ +93 =0 (26)
Vo) T 933V, T 932V, T gs1Va t 930 = U

Similar to Case 2, we make the following assumption.
(H;;) (26) has at least one positive root v,,. If condition (Hj;)
holds, then there exists w,;, = /v, such that (21) has a pair
of purely imaginary roots +iw,,. For w,,

1 hyy (wy)
Tyy = — arccos ————, (27)
W hs, (“’20)
where
6
By () = (c53 = a35633) Wy
( ) @,
T (d31G3 = d3,63, + 033631 — G30) Wy
( ) w5
T (G306 — d31631 1 A35C30) Wy
(28)
— a30G30>
2 6 2 4
By (wy) = G33Wy T+ (baz - 2531533) Wy
2 2 2
+ (631 - 2530632) Wy T G-
In addition, we have
-1 3 2
[ dA ] 407 + 3a5507 + 2a5,A + ag,
dr, A (A% + az3A% + apA? +as A +ay) (29)

3eA + 2054 + ¢ T,
AMesA + A2 +ed +6) A

Further,

-1 ! *
Re[d—/\] _ £ (3) , (30)
dr, =Ty hs, (wyo)
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where v; = “’%0 and f,(v,) = 1/21 + g33v; + g32v§ + g3 ¥y +
Js0- Therefore, if condition (Hs,) f,(vi) # 0 holds, then
Re[dA/dTZ];ZIZTZU # 0. Based on the discussion above and

according to the Hopf bifurcation theorem in [26], we obtain
the following.

Theorem 2. If conditions (Hs,)-(Hs,) hold, then

(i) viral equilibrium E,(S,,L,,A,,R,) of system (2) is
locally asymptotically stable for T, € [0, T,,);

(ii) system (2) undergoes a Hopf bifurcation at viral equi-
librium E(S,,L,,A,,R,) when T, = 1, and a family
of periodic solutions bifurcate from E,(S,,L,, A,,R,).

Case4 (t, =1, =7 > 0). For 1, = 7, = 7 > 0, we have
A ag)’ +an)’ +agd+ay,
+(bygA® + bpA® + by A +byg ) e (31)

+(dpA’ +dy A +dye) e =0,

with
g0 = Ayo>
ay = Ayy>
Ay = Ayp>
Ay3 = Qo3>

by = byo + o>
by = by + G (32)
by, = by, + G

bys = by + G35

d4o = doo’
d41 = dop
d42 = doz-

Multiplying by €%, (31) becomes the following:

bsA? + bpA* + by A + by,

At

+ (/\4 + a43)t3 + a42/\2 +anA+ a40) e (33)
+(dph® +dy A +dy) e = 0.
Let A = iw (w > 0) be a root of (37); it is easy to get
a1 (W) cos Tw — gy (w) sin Tw = gy (0),
(34)

Gas (0) SINTW + g5 (W) cOS TW = gy (W),

5
where
gu (@) = w' - (ay +dy,) W + Ay + dyo,
I (@) = (a41 - d41) w = a43w3,
93 (W) = b42w2 = byps
. , (35)
Gas (@) = 0" = (ag —dy) 0" +ay —dy,
9ss (@) = (a41 + d41) w = a43w3,
Gs6 (@) = b43w3 - by w.
It leads to
oS Tw = Gaz (0) X gag (@) + g3 (W) X gy (w)’
9a1 () X gay (@) + gy (W) X gy5 (w) (36)
sin Tw = Ga1 () X gag (W) = g3 (W) X gy5 (w).
9a1 (0) X gay (@) + gy (W) X gy5 (w)
Thus, we can get the following equation with respect to w:
cos’Tw + sin’Tw = 1. (37)

Next, we make the following assumption. (H,;) (37) has
at least one positive root w,. Then, for w,, we have

Ty = —
0
Wy

(38)
92 (@y) X Gae (o) + g3 (@g) X gy (@)

9a1 (@g) X Gag (w)) + gz (w5) X gas (wp)”

+ arccos

Taking the derivative of A with respect to 7, we obtain

[am]‘l AN (39)

T
dr 9as (A) x
where
gy () = 3bgA + 26,4 + by
+ (4A3 +3a,0% +2a,) + a41) e
+ (2dpA +dy) e, (40)
Gug (A) = ()LS +agAt +aph’ +a A+ a40)t) e
— (dpA® +dy A +dyp)) e
Then, we can get that
Re [ @ ] B

dr =1,
(41)
hy (wp) X hys (@p) + hyp (@o) X hyy (wy)

- >

h3; (wo) + gy (o)




6
where
hay (@)
= (a41 +dy - 3a43w§) COS Ty,
-2 ((a42 —dy,) wy - ZwS) sin 7,0, + by,
- 3b43“’§’
hys (wp)
= (a41 —dy - 3a43w§) sin Tyw,
+2 ((a42 +dy,)wy - 2w3) €08 Tyw, + 2b,, Wy, (42)
hys (@)

= (6143“’3 = (ay +dy) wg) COS ToWy
- (“’g —(ag +dy,) “’(3) + (ag — dy) “’0) sin 7wy,
Ny (w,)
4 2\ .
= (a43w0 = (ag —dy) wo) SN ToWo
+ (wg —(ap +dy,) wg + (ag +dyg) wo) COS T,y
We assume that (Hy,) by (wy) X hygs(wy) + hyp(w) X
hy(wy) # 0. Clearly, if condition (H,,) holds, then we can
conclude that Re[d)\/dr];iro # 0. Therefore, according to the
Hopf bifurcation theorem in [26], we obtain the following.
Theorem 3. If conditions (Hy,)-(H,,) hold, then

(i) viral equilibrium E,(S,,L,,A,,R,) of system (2) is
locally asymptotically stable for T € [0, 1,);

(ii) system (2) undergoes a Hopf bifurcation at viral equi-
librium E,(S,,L,,A,,R,) when T = 1, and a family
of periodic solutions bifurcate from E,(S,,L,, A,,R,).

Case 5 (1) > 0,7, € (0,7,)). Let A = iwi be the root of (7).
Then,

! . ! ! ! !
951 (wl) SIN T Wy + g5, (wl) COST Wy = gs3 (wl) >

(43)
Is1 (w;) cos le; - 95 (w;) sin le; = gs4 (w;) ,
where
951 (w;) = bolw; — bys (w;)3 + dmw; cos Tzw;
- (doo —dy, (w;)z) sin 7,0},
952 (w;) = bOO - b02 ((L); )2 + do]CUi sin TZw;
+ (doo —dy, (wi)z) €Os T, W),
UL (“’;) = apy (w;)z - (w;)4 - dy,
(44)

(e s () i
(e - an (])") cos ],
54 (w;) = Ao (“’;)3 - aOlw;
/ \3 '
(ot~ (0))) conra

2\ . ’
+ (COO —Cp (wl) )sm W, .
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Thus, one can get the following equation with respect to w;:

gél (“’;) + ggz (“’;) = 95%3 (“’;) + g§4 (“’;) . (45)

Similar to Case 4, we assume that (Hs;) (45) has at least
one positive root wio. Then, for wio, we have

fom
0 i
! ! ! ! (46)
Is1 (“’10) X G54 (ww) + 952 (“’10) X gs3 (“’10)
- arccos > 7 > 7 .
g4 (@) + g3, (wlo)
Differentiating (7) with respect to 7,, we get
-1
[@] - =) I, (47)
dr gse (M) A

with

Gss (V) = 4X° + 300517 + 2a, A + ag; + (3by3A°
+2bp, A + b01) ey [(3503 — Ty62) A = Tacs )’

+ (2605 = TaGo1) A + o1 — Tzcoo] e "
+[(2dgy = Tydoy) A = Tydoy A2 + dyy — Ty (48)
e,

gse A) = (c03/\4 + A’ + e M+ Coo/\) e

+ (dopA” + dog A% + dpyh ) e M),

Then, we obtain

(2]

!
T1=Ty9

(49)
_ hs, (“’;o) X hs; (“’;o) +hs, (wio) X hs, (in)
hZy (wlo) + 2y (w]p)

>
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where

!
hs, (“’10) [Zb 2“’10 +(2dg, — 1,dy,) cos Tywy
+ d d . ! . ! !
“’10 o1 — Tadgo ) sin 1w | sin 7w,
2 . /
+(2dy, - Tydgy) sin T,

+ by - 3b03 “’10

+ + d d, ! ' W
&) “’10 01 ~ T26qp | COS Ty | COS Ty,
37 . i
[ 265, — T261) “’10 + T5C03 (“’10) ] sin 7w,
2 /
+ [C01 — 75600 — (3603 = To6p2) (“’10) ] COS Ty

;2
+dg, — 3ay; (“’10) >
hs, (wiy) = | 26y, + (2dg, — Tody;) '
52 \W10) = | 4002Wyg + (280, — T ) COS T
+d - 1,d,, )sinT,w!, | cos T !
10 o1 ~ 1280 2Wig 10%10
2
+(2dy,

w!
. !
bor - 3b03 “’10 — T,dy, ) sin Ty
w!

3 !
260, — To6p1) wlO + 72603 (“’10) ] COS T,y

- (n
-
+ (1 (o) + doy — Tadyg ) cos Ty | sin 7w
{ (50)

27 . l
Co1 — T26o0 — (3603 — Ta602) (“’10) ] SIN Wy,
o4 (w}o)’
T dpwyp — 2 (W) >
h Iy ’ 13
53 (W10) = [ CoW10 ~ G2 (@10
oo d ( /)3 AN
T\ GooWio — Aoz (Wyg) | €OS T1pWyg
d N2 L. . ! 1 \4
+do (“’10) SINTyyWyq | SIN ToWyq + | Co3 (“’10)
- (w’ )2 +(dyw —d (w' )3 sint !
Co1 \Wyg 00%W1 02 \ @10 10%10
1 \2 1o !
—dy, (wy) cosTj wi, | cos Tw) g
h Iy ’ 13
54 (W19) = | C0W10 ~ G2 (@10
dow —d ( l )3 ro
T\ GooWio — Aoz (Wyg) | COST1pWyg
d N2 ! 1 \4
+do (“’10) SINT oW | COSTHW g — | Co3 (“’10)
_ (,)2+d /_d(l)3.ll
G1 (@1 00W10 ~ G2 \Wyg) ) SN T Wy,
d 1 \2 ro NN
—dy, (“’10) COS T oWy, | SiN T,wy,.

We assume that (Hs,) hSI(wio) X h53(wi0) + hsz(wio) X
h54(wi0) # 0. Thus, we know that Re[dA/dT, + 0,

|
T1=Ty9

if condition (Hs,) holds. Therefore, according to the Hopf
bifurcation theorem in [26], we obtain the following.

Theorem 4. If conditions (Hs,)-(Hs,) hold and T, € (0, 7,),
then

(i) viral equilibrium E,(S,,L,,A,,R,) of system (2) is
locally asymptotically stable for 7, € [0,7},);

(ii) system (2) undergoes a Hopf bifurcation at viral equi-
libriumE,(S,,L,,A,,R,) whent, = T{O and a family
of periodic solutions bifurcate from E,(S,,L,, A,,R,).

3. Properties of the Hopf Bifurcation

In this section, we shall investigate direction of the Hopf
bifurcation and stability of the bifurcating periodic solution
of system (2) when 7, = 7}, and 7, = 1), € (0,1,) by using
the center manifold theorem and the normal form theory
which has been developed by Hassard et al. [26].

Let ) = 1)y + i, 4y = S(1yt), u, = L(1yt), uy = A(1yt),
u, = R(1;t), p € R. Then, y = 0 is the Hopf bifurcation value
of system (2) and system (2) can be rewritten as

u(t)=1L, (u) + F (1), (51)

where u(t) = (ul,uz,u3,u4)T e C = C([-1,0],R) and L,
C—> R*'and F: RxC — R*are given, respectively, by

L
! (52)
TO) + B¢ (- 1)>

1

=(r{o+u)<A $(0)+C ¢><

with

a, a, a; a,
as ag a;, 0
0 0 a O
0 0 0 g

[0 0 0 0]
0b 00
" lob 00

0000
(53)

[0 0 0 07
0000
0 ¢
100 ¢ 0]
Fy = =4, (0) ¢, (0) — B¢, (0) ¢5(0),
F, = B¢, (0) ¢, (0) + B¢, (0) §5 (0),

¢ = (6162 93.0s)" € C([-1,0],R*).

(=)
o




Using Riesz representation theorem, there exists matrix
7O, ) : [~1,0] — R* such that

0
Lg=| dn@we®, $cc(-LOLE). 6
In fact, choose

1 (6, )

(1o +#) (A, +B,+C,), 0=0,
T/
o] _ﬂ,o ,
[ o ) (55)

!
T
o (_1,_#),
T1o

0, 0=-1.

(T{O + y) (B' + C*),

(tlo + 1) B..,

For ¢ € C([-1,0], R*), define

d(ﬁl((f)’ ~1<6<0,
AWe=q |
j dn(6.u)$(0), 6=0, (56)
-1
0, -1<6<0,
R(p)¢ =
F(u¢), 6=0.

Then, system (51) can be rewritten in the following form:
i (t) = A(p) e+ R(p) . (57)

For ¢ € C([-1,0],R*), ¢ € C'([-1,0], (R*)"),
_dg(®)

ds ’
A () = (58)

JO d17T (500@(-s), s=0,
-1

0<s<l,

and bilinear form

(9. ¢) =9 (0)$(0)

0 0 (59)
[ [ se-omes@d

6--1Je

are defined, where #(0) = 7(6,0), A = A(0), and A™ are
adjoint operators.

Based on the discussion above, one can conclude that
iiwiorio are common eigenvalues of A(0) and A*. The
eigenvectors of A(0) and A* can be calculated correspond-
. .0 ! N ! .
ing to +iw;,7;, and —iw;,T;,, respectively. Let gq(0) =

(1,42, 43,q,) e
ing to +iw],7), and g"(f) =

.0
101010

% be the eigenvector of A(0) correspond-
K(1,45,45,q3)e“"™" be
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. * . A
the eigenvector of A™ corresponding to —iw,;,7;,. By some
complex computations, we obtain

a
_ G5
="
920
—it], 1
_ be M wq,
qs - — it o
iw), — ag — ¢ e”""0%0
.0 U
g = (Qe_""zo“-’wq3
4 — N >
iw;, — dg
. 60
N iw,, +a (60)
QD=
bl
2 a
SN b i‘r{owio *
. @ t(iwgtastbe q,
qs = - >
3 bze""llowin
% . ith w! %
. a; +a;q, + (“"10 +ag +c e 10) qs
9a (Qe"Tz,o“’;o ’
with
.0 !
—IT, W
o o b,e M0%10
Gao = i)y — ag — bje” 0 — ; &% ——. (61
iwy, — ag — ¢ e 0%
From (59), we get
T —k —_k —k
K=D+%%+%%+%%
! —iwiorio —% —%
+ T10€ 9, (b,q; +b,q;) (62)
! —iwin‘r{n ( — —*) -1
+ Ty€ 93 aq; +64q, >

such that (g",q) = 1. In what follows, we can obtain the
coefficients by using the method introduced in [26]:

920 = ZTI,OE @; - 1) (B9 + Bag3) »
9 = T{OE (éé‘ - 1) (B Re{g,} + By Re{gs}),
9oz = ZT{OE (@ - 1) (B, + Brds) »
N 1 _
91 = 271,0K (‘12 -1) (ﬁl <W1(11) 0)g, + sz%) 0)g, (63)
1
+ Wl(f) 0) + sz(g) (0)) + 5, <W1(11) (0) g5

1 _ 1
+§wgwm%+mﬁwm+zmﬁwm»,
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with
Wy (6) = Meir{"wioe + —lgofq (’O)e"'f{ow{oe
10%10 31150y
+ EIEZiT{‘]w;Ue,
(64)
W11 (0) = _Meiﬂ,o“’;og + Me—i‘r{ow;oe
! ! ! 7
10%10 T10%10
+ E,,
where
Ay« —a, —as —a, -1
—as A a; 0
E; =2 L
0 _bze_”'mwm ag., 0
0 0 —Qze_iTZIOw;(] ag*
B> — P45
Bia> + Bras
0 b
0
(65)
a; a, a, a, -1
E,=- as ag+b  a; 0
0 b a+q O
0 0 I ag
~B1Re{g,} — Br Re{qs}
Bi Re{q,} + B, Re {gs}
0
0
with
.0
ay, = 2iw,, — ap,
g, = 21'60;0 —ag — ble_ifinw{o’
(66)

— i) _iTzo“’io
ag, = 2w, —ag —cye ,

_2. !
Ag, = 2lWy) — dg.

Thus, we can compute the following coefficients:

. 2
i
PN (911920 -2 |911|2 - |9032| >

C] (0) =
2w},

4 9
2

P Re {C, (0)} (67)
2 Re{V (1))}

B, = 2Re{C, (0)},

_Im {C,(0)} + 4y Im {A, (T{O)}

! !
WyyT10

5 =

In conclusion, we have the following results in this section.

Theorem 5. For system (2),

(i) the direction of the Hopf bifurcation is determined by
Wy: if u, > 0, the Hopf bifurcation is supercritical; if
U, < 0, the Hopf bifurcation is subcritical;

(ii) the stability of the bifurcating periodic solutions is
determined by f,: if 3, < 0, the bifurcating periodic
solutions are stable; if B, > 0, the bifurcating periodic
solutions are unstable;

(iii) the period of the bifurcating periodic solution is deter-
mined by T,: if T, > 0, the period of the bifurcating
periodic solutions increases; if T, < 0, the period of the
bifurcating periodic solutions decreases.

4. Numerical Simulations

In this section, we present some numerical simulation results
of system (2) to illustrate our theoretical results. We choose a
set of parameters as follows: 4 = 0.001, 3, = 0.1, 3, = 0.15,
a = 0.05, ¢ = 0.05, and y = 0.02. Then, we get the following
system:

% =0.001 - 0.1S (£) L () — 0.155 (t) A (¢)
+0.05R (t) — 0.001S (t),
% = 0.1S(t) L(t) + 0.15S (t) A (t)
—0.05L(t — ;) — 0.001L (¢), (68)
% = 0.05L (t — ;) — 0.02A(t — 1)
~ 0.001A(t),
% =0.02A (f — 7,) — 0.05R () — 0.001R (¢) .

It is easy to verify that (¢ + u)(y + W)/(Bi(y + u) +
B,e) < land (e + u)(y + p)/e > ay/(ex + u), which ensures
the fact that system (68) has a unique viral equilibrium
E,(0.1116,0.2073,0.4936,0.1936).
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F1GURE 1: The phase plot of states S,, A,, and R, with 7, = 22.36 <
28.4522 = T,
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FIGURE 2: The phase plot of states S,, L,, and A, with 7, = 22.36 <
284522 = 1,,.

For 7, = 7, = 0, by direct computation by Matlab 7.0, we
can get a; > 0, a;3 > 0, and a,3a,, > a;, which means that
viral equilibrium E, (0.1116,0.2073,0.4936, 0.1936) is locally
asymptotically stable.

For 1, > 0,7, = 0, we obtain that (16) has a unique
positive root v;, = 0.0013 and (14) has a unique positive
root w;;, = 0.0363. Further, we get the critical value of delay
7o = 28.4522 and f/(v}) = 0.0612 > 0. Thus, we can
see that the conditions in Theorem 1 hold true. It follows
that viral equilibrium E,(0.1116,0.2073,0.4936,0.1936) is
locally asymptotically stable for 7, € [0,28.4522) and
system (68) undergoes a Hopf bifurcation at viral equilibrium
E,(0.1116,0.2073,0.4936,0.1936) when 7, = 28.4522. This
property can be depicted in Figures 1-4. Similarly, we can also
obtain w,, = 0.2756, 1, = 95.9606 for 7, = 0,7, > 0 and
w, = 0.7114, 7, = 24.2508 for 7, = 7, = T > 0, respectively.
The corresponding phase plots are depicted in Figures 5-8
and Figures 9-12, respectively.

For r;, > O and 7, = 6525 € (0,7,), we obtain
w{o = 0.0089, T{O = 18.6255. The simulation results can
be seen in Figures 13-16. In addition, we obtain C,(0) =
-0.2107 + 0.0062i, A'(;,) = 0.0031 — 0.1086i by some
complex computations. Further, we have y, = 67.9677 > 0,
B, = -04214 < 0, T, = 444907 > 0. Therefore, we
can conclude that the Hopf bifurcation is supercritical; the
bifurcating periodic solutions are stable; and the period of the
bifurcating periodic solutions increases.
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FIGURE 3: The phase plot of states S,, A, and R, with 7, = 29.49 >
28.4522 = T,
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FIGURE 4: The phase plot of states S,, L, and A, with 7, = 29.49 >
28.4522 = T,
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FIGURE 5: The phase plot of states S,, A, and R, with 7, = 58.48 <
95.9606 = .
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FIGURE 6: The phase plot of states S,, L,,and A, with 7, = 58.48 <
95.9606 = .
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FIGURE 7: The phase plot of states S,, A, and R, with 7, = 110.96 >
95.9606 = 7.
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FIGURE 8: The phase plot of states S,, L,,and A, with 7, = 110.96 >

95.9606 = 7.
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FIGURE 9: The phase plot of states S,, A, and R, with 7 = 21.35 <

24.2508 = 15,
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FIGURE 10: The phase plot of states S,, L,, and A, with 7 = 21.35 <

24.2508 = 15,
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FIGURE 11: The phase plot of states S,, A,, and R, with 7 = 25.47 >
24.2508 = T,.
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FIGURE 12: The phase plot of the states S,, L,, and A, with 7 =
25.47 > 24.2508 = T,.
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FIGURE 13: The phase plot of states S,, A,, and R, with 7, = 8.65 <
18.6255 = 1;, and 7, = 65.25.
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FIGURE 14: The phase plot of states S,, L,, and A, with 7, = 8.65 <
18.6255 = 1;, and 7, = 65.25.
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FIGURE 15: The phase plot of states S,, A,, and R, with 7, =
22.4057 > 18.6255 = 7, and 7, = 65.25.
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FIGURE 16: The phase plot of states S,, L,, and A, with 1, =
22.4057 > 18.6255 = T,y and 7, = 65.25.

5. Conclusions

In the present paper, an improved model for propagation
of computer virus propagation model in the network is
introduced and studied by incorporating the delay due to the
latent period of the computer viruses and the delay due to the
period that the antivirus software needs to clean the viruses
in the active computers into the model proposed in [19]. We
mainly investigate effect of the two delays on the model.

By choosing different combination of the two delays as
a bifurcation parameter, it has been found that both the
two delays can change the stability of the viral equilibrium
of the model under some conditions. When the value of
the delay is below corresponding critical value, the model
is locally asymptotically stable which indicates that the law
of propagation of the computer viruses in system (2) can
be predicted. However, when the value of the delay is
above the corresponding critical value, a Hopf bifurcation
occurs and a family of periodic solutions bifurcate from
the viral equilibrium, which suggests that the percentages
of susceptible, latent, active, and recovered computers in
system (2) will fluctuate periodically in a range. This is not
helpful in predicting the law of propagation of the computer
viruses. Therefore, we should control the occurrence of the
Hopf bifurcation by using some bifurcation control strategies
and we leave this as our near future work. Furthermore,
the properties of the Hopf bifurcation when 7, > 0 and
7, € (0,7,) have been investigated in detail. Finally,
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some numerical simulations are also included to support the
theoretical results obtained in the paper.
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