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This paper investigates the limiting behavior of attractors for a two-dimensional incompressible non-Newtonian fluid under small
random perturbations. Under certain conditions, the upper semicontinuity of the attractors for diminishing perturbations is shown.

1. Introduction

Fluid flows arise in numerous scientific and industrial
endeavors such as aeronautical sciences, meteorology, ther-
mohydraulics, petroleum industry, and plasma physics. The
equations describing the motion of the fluid flows are deter-
mined by its extra stress tensor. If the extra stress tensor of the
fluid depends linearly on its symmetric part of the velocity
gradient, the fluid is called Newtonian. Otherwise, the fluid
is called non-Newtonian [1]. For instance, gases, water, motor
oil, alcohols, and simple hydrocarbon compounds tend to be
Newtonian fluids and their motions can be described by the
Navier-Stokes equations. Molten plastics, polymer solutions,
and paints tend to be non-Newtonian fluids, which may be
described by the following system:

Z_l;+(u-V)u+Vp=V-T(e(u))+9’ "

V-u=0,

where the vector function u(x, t) is the velocity of the fluid,
g is the external force, the scalar function p represents the
pressure, and 7(e(u)) = (13(e(w))) is the extra stress tensor of
the fluid.

Ladyzhenskaya [2] formulated a two-dimensional non-
Newtonian fluid model with the extra stress tensor:

)*DC/Z

7 (e(u) = Zyo(s +lef® e; =2 Aey, i j=1,2, (2)

ij>

where

1 aui au. 2 2
<>2<a_a—) = Yol @

ij=1

and py,, py, o, and € are parameters associated with the
fluid and generally depend on temperature and pressure. The
initial-boundary value problem of (1)-(2) on a 2D bounded
domain D (with regular boundary) can be formulated as
follows:

ou

e +Ww-VYu+Vp
B (4)
=V- <2H0(5 + |e|2) e - 2M1A€> + 9
V-u=0, x €D, (5)
u=0, T =0, x € dD, (6)
ul—o = U (7)

where T = 2y1(aeij/axl) (4, j,l = 1,2)and n = (n;,n,)
denotes the exterior unit normal vector to the boundary dD.
The first condition in (6) is the usual no-slip condition, while
the second one expresses the fact that the first moments
of the traction vanish on the boundary. This is a direct
consequence of the principle of virtual work. We refer to
[1-7] for more physical background. Recent results on well
posedness, regularity, and long-term behavior of solutions for
(4)-(7) are in, for example, [1-5, 7-10].
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Attractors are an important concept in the study of
infinite dimensional dynamical systems. There are numerous
works on the autonomous and nonautonomous equations
concerning this subject; see, for example, Chepyzhov and
Vishik [11], Hale [12], Robinson [13], and Temam [14].
However, external forces or time-dependent influences in
some fluid and materials phenomenon lead to the presence
of stochastic terms in the above model equations (see, e.g.,
15, 16]).

The fundamental theory of random dynamical systems
(RDS) was developed in 1990s by many people, including
Arnold [15], Crauel and Flandoli [17], Crauel et al. [18],
Flandoli and Schmalfuss [19], Caraballo, Langa, Robinson,
and their coauthors [20-24].

The motivation for the present paper is the desire to
understand the stability of attractors for the above two-
dimensional non-Newtonian fluid under vanishing small
random perturbations.

We investigate the relations between the random attractor
and its deterministic counterpart when the incompressible
non-Newtonian fluid is subject to a small random per-
turbation, whose strength is measured by a small positive
parameter €. Consider the problem (4)-(7) and the following
2D incompressible non-Newtonian fluid with an additive
noise:

due:{_(ue'v)ue_vp

+V- [2[40(5 + |e€|2)_a/zee - ZylAee] + g} dt )
+epdw (1),

V-u,=0, xeDcR?
where e, = (ee)ij = (1/2)((a(u€)i/8xj) + (a(us)]./axi)),
w(t) is an independent two-sided Wiener processes, and
¢ is a function satisfying some conditions to be specified
below. Caraballo et al. [25-28] proved the stability of the
attractors for a class of evolution equations under small
random perturbations and the results were applied to various
physical equations. We note that (4) is regarded as the
modified Navier-Stokes equations as the gradient [Vu| of the
velocity is relatively large [2]. Clearly, (4) reduces to Navier-
Stokes equations when « = p; = 0.

The main result in the present paper is the stability of the
attractor in the sense that

lin(}+ disty; (o, ;) =0  with probability one, (9)

where disty (-, -) is the Hausdorft semidistance on the metric
space H (see notation in Section 2) and &/, and </, are the
attractors associated with (8) and (4)-(7), respectively. Given
ad > 0, we prove that there exists an ¢, (depending on w, a
parameter event in a probability space (Q, #, P)) sufficiently
small, such that the random attractors o/, are inside the &
neighborhood of the global attractor &/, for all € € (0,¢,)
with probability one.

The paper is organized as follows. In the next section, we
introduce some notations and recall some results from [8, 10].
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Section 3 is devoted to prove the stability of solutions of the
perturbed random system to the unperturbed deterministic
system and then show the stability of the random attractor by
showing lim, _, -+ dist, (& (w), &/,) = 0 with probability one.

2. Global Existence
and Uniqueness of Solutions

In this section, we introduce some notations and recall some
results about non-Newtonian fluid dynamics. Define

7 ={p = (p1,9,) € (%So(ﬁ))z,v -9 =0inD,¢ =

0 on 0D},
H = closure of 7" in (LZ(ID))2 with norm || - || =
- gz
V = closure of 7 in (HZ(I]ZD))2 with norm |- [y =
-1l oy

H' = dual space of H, V' = dual space of V,

where (:,-) denotes the inner product in H and (-,-) stands
for the dual pairing between V and V'. If we identify H with
H',then V < H = H' < V' with continuous and compact
embeddings.

We also define the bilinear form

2 de;; (u) dej; (v)

“lv) = Z JD 0x,  0xp

i,jk=1

dx, w,veV. (10)

Lemma 1 (see [4]). There exist two positive constants ¢, and
¢,, which depend only on D, such that

o lully, < a(wu) < gluly, VueV. (11)

From the definition of a(-,-) and Lemma 1 we see that
a(-,-) defines a positive definite symmetric bilinear form on
V. As a consequence of the Lax-Milgram Lemma, we obtain
an operator A € Z(V, V'), via

(Au,v)y =a(u,v), VYu,veV. (12)

Moreover, let D(A) = {u € V: Au € H}, and then D(A) is a
Hilbert space. We have (see [8])

allully < Aul. (13)

For brevity, we use HS(ID) to denote (H(}(ID))2 in the sequel.
We also define a continuous trilinear form on HS(ID) X
Hé(ID) X HS(ID) as follows:

2

ov;
b(u,v,w) = Z J u,—lw, dx,

1
= Jp tox; / u,v,w e Hy (D). (14)

i,j=1 t
Since V' C HS(ID), b(-,-,-) is continuous on V x V x V and one
can check

b(u,v,v) =0, Vu,v,weV.

(15)

b(u,v,w) =-bWu,w,v),
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Now for any u € V,

(B(u,u),w) =bu,u,w), VYweV, (16)

defines a continuous functional B(u) from VxV to V. Finally,
foru € V, we set u(u) = 2u,(e + Ie(u)lz)ﬂx/2 and define N(u)
as

2
(N@w),v) =) JDy(u) e (We; (v dx, VveV. (17)

ij=1

Then the functional N(u) is continuous from V to V'. When
u € D(A), N(u) can be extended to H via

(N(u),v}=—JD{V-[y(u)e(u)]}-vdx, Vv e H. (18)

Eliminating the pressure p by a proper projection, we
have the weak version of problem (4)-(7) in the solenoidal
vector fields as follows (see [4, 9]):

ou
— +2u Au+B(u,u) + N (u) = g,
ot ! 19)
Ul 4o = Uy-
Lemma 2 (see [8,9]). Let g € H (independent of time't). Then
the semigroup {S(t)}s, associated with (19) possesses a global
attractor 9, in H satisfying
(1) (compactness) <, is compact in H;
(2) (invariance) S(t)el, = o, t > 0;
(3) (attractivity) for all RB C
lim, _, . dist;(S(t)%, o) = 0.

H bounded,

Moreover, o, is compact in space V and for any B* < V
bounded,

lim dist, (S (1) B”, of,) = 0. (20)

In this paper, we use the concepts concerning the metric
dynamical system (MDS), random dynamical system (RDS),
random closed set, and global random attractor from [15].

We now take Q = {w € €(R; H),w(0) = 0} and endow
it with the compact open topology (see Appendices A.2 and
A.31in [15]). Take P as the corresponding product measure of
two Wiener measures on the negative and the positive time

parts of ), and denote F, by the Borel o-algebra on Q. Let
bw(s) =w(s+t)—w(t), t,seR. (21)

To obtain the uniqueness and existence of solutions for
the problem (8), we need the following assumption.

Assumption A. If py, u;, € > 0, € (0,1),g € H,and ¢ €
D(A), then there exists a positive number § such that

(B (u,¢),u)| < Slul?, VueV. (22)

Remark 3. Since (B(u, ¢), u) = Zijzl fD u;(0¢;/0x;)u; dx, we
see that the assumption (22) is satisfied provided that the
function ¢ is Lipschitz continuous on D.

Using the notations and operators introduced above, we
can put (8) into the following abstract form:

du, = [-2p, Au, — B(u.,u.) — N (u.) + g] dt + e¢pdw (),
(23)

Uel = = tg. (24)

Let # > 0 be a constant and denote z by the solution of
the stationary solution of the Ité equation:

dz = —nzdt + dw (¢) . (25)

The solution is often called an Ornstein-Uhlenbeck process.
In fact,

() = [ =g (s). (26)

We now make the change
ve (t,w) = u, (t,w) — ePpz (t, w) . (27)

Then v (t, w) satisfies the following random abstract evolu-
tionary equation:
dv,
—= +2u Av, + B(u, u.) + N ()
dt (28)

+engz + 2ueA(dz) = g.
Now (28) can be studied for each w € Q.

Lemma 4 (see [10]). Let Assumption A hold. Then for P-a.s.
w € Q, the following results hold.

(1) Forallt, € Randv, = v.(0) € H, there exists a unique
solution v, € €([t,, +00); H) ﬂL%OC(tO, +00; V) of (28)
with initial value v,,.

(2) If vy €V, then the solution belongs to € ([t,, +00); V)N
L}, (£, +00; D(A)).

(3) Foreveryt > 0, v.(t) € €([ty +T,+00); V)N Lfoc(t0 +
T,+00; D(A)).

(4) Denote the solution by v (t,w;t,,v,). Then the map
vy = Ve(t w;ty, vy) is continuous for all t > ¢,

By Lemma 4 we see that for each € € (0, 1] there is a
continuous mapping from H into itself: v, — v (t, w; 1y, vy),
where v (¢, w; ty, v,) is the solution of (28) with initial value
v.(ty) = v,. Thus for each € € (0, 1], we can define an RDS
y.(t, w) associated with (23) and (24) in H by setting

v (tw)uy = u, (t,w) = v, (t,w) + epz (t, w)
(29)
= v, (t,w; 0,uy —€dz (0,w)) + e¢z (¢, w) .

We end this section with the concept of random attractor
for v, (t, w) in space H.

Definition 5. Let the RDS {y(t,w)}g4eq On (QF, P,
(0,),cr) be defined by (29) with state space H, if w — & (w)
satisfies the following:



(i) (random compactness) & (w) is a random compact set
of H fora.e. w € Q,

(ii) (invariance)fora.e.w € Qandallt > 0, S(t, w) < (w) =
A (0,w),

(ii) (attracting property) for any bounded subset % of H
anda.e.w € Q,

lim Disty, (S(t,0_0) B, o (w)) = 0. (30)

Then of/(w) is called a global random attractor for
{y(t, )}s0, weq in space H.

3. Stability of Attractors

We first prove the following lemma, which plays a key role
later on.

Lemma 6. The solution u (0, w;—ty,u,) of (23) and (24)
converges in HP-a.s. ase — 0" to the solution u(ty; u,) of the
unperturbed problem (19), uniformly on bounded sets of initial
conditions. That is, for P almost every w € Q, t, € R, and
P ¢ H bounded, the following convergence holds:

Tim o (0,5 ~tg,49) = 14 (t0s )| = 0. (31)

Proof. Let w,(t,w) = u (t, w) — u(t) be the difference between
the solutions of the perturbed and unperturbed equations
with the same initial condition u, at —t,. It is clear that w,
satisfies

dw, + [2p Aw, + B (u,, u,.) — B (u, u)
+N (1) = N (w)] df = eddw (¢), (32)
w, (~ty) = 0.
We now make the change of variables
z, = w, — €dw (t) (33)
and thus formally obtain

dz +2u Az, + 2pieA (dw () + B (u,, u,)
dt (34)

- B(u,u) + N (u.) - N (u) =0.

Taking the inner product of the above equation with z,, we
get

%gakJZ+2M(A4,4)+zyﬁ(wuyA¢zg
+(Bupu),2) - (Bwu),z) + (N (w),2)
-(N(u),z.) =0.

Therefore
2pme (@ (t) A z.) < 2uielw ()] | A |1z
o ©°

< ZMfezwz (t) ||A</5||2 + —
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By the property of the operator B(, -), we imply that

B(u,,u.) - B (u,u)
= B(w, + u,w, +u) - B (u,1)
= B (w., w,) + B(w,u) + B (u,w,) (37)
= B(z, +edw (1), z, + edw (t))

+B(z. + epw (t) ,u) + B(u, z. + epw (£)).
Thus,

(B (e u.) = B(uu), z.)
= (B(z. +epw (1), 2 +edw (1)) z.)
+(B(z +ew (t),u),z.) + (B(u 2 + e¢w (1)), z)
= (B(zor2 + g (1)), z.) + (B (edw (1), epw (1)) , 2.)
+(B(2eou),2) + (B(edw (1), u), z)
+(B(uegw (t),u),2.) .

(38)

We now estimate the right hand side of (38) terms by terms.
First note that

(B(zeepw (1), 2)) < elw I [(B(29) . 2.))|
< delw ()] |z,
(B(egw (1), e (1)), 2)
<&w’ (1) (B($9),2)
< €0" @) 8] o) IVl Nz

1/2 12y q11/4 3/4
< ce’” (1) 9]Vl ol lagl ™ =]

2
z
<l () [volrlagl + 1
(B o) 20 < <l I9ul 92
3
< Mo o v ervurle

(B(egpw (t) 1), z.)
<elo®[(B($u),z.)]|
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< el @)1 9]+ Vet ooy 12

[vél

1/2 1/2

IVal A |z

< celw®) ||l V] lully, + @

(B(u,edw (1)), 2.)
<elo®|[(B(1.9),2.)]

<elo®l 4]

< elo @) lull" |19l | Vo] [ag] " ||

2
< o OF 1l ety ol o 1401 + 2L
(39)
Then also note that
(N(u.)-N(u),z.)={(N(u.) - N @), u, —u-edw(t)).
(40)

By the nonnegativity of N(-) (see [4]), we conclude that
(N (u.) - N (u),u, —u) > 0. (41)

—af2
= 2uy(e + Is]*) o s, where

s, S

_ (51 $2
5_< )G%sz,

S3 4

4
Is|? = Zsf s;€R,i=1,2,3,4.

i=1

Set F(s)

(42)

Here /, , , denotes the matrix of order 2 x 2. Then the first
order Fréchet derivative of F(s) is

DEF (s)

= 2H0(5 + |s|2)70‘/2

2

as] as; s, S S3 oSSy
e+ |s|2 e+ |st e+ |s|2 e+ |s|2

s s, as, «S,S3 S5,

- 2 - 2 2 - 2

e+ s e+s| e+ s e+s|

« _as;Sy _as,s; B ocs§ _aszs,
e+ s e+ s e+ s e+ s

N «S,S, as3S, ocsi
- 2 - 2 - 2 1= 2

e+ s e+ s e+ s e+ s

(43)
Since 0 < « < 1, we have
aS;S; 5;S;
-—— —L1<1, i,j=1,234,
e+ s e+ s
2 (49)

as;
0< 1- S <1,
e+ s

i=1,2,3,4.

Consequently,

< 8upe ™%, Vse .,
(45)

—af2
IDF (5)]] < 8uq (e + IsI*)

Now for any a,b € R*,
F(b)—F(a):JIDF(a+T(b—a))(b—a)dT. (46)
0

Taking a = e(u,) = (e;(u,)), b = e(u) = (e;(u)), applying
the integration by parts first, and then utilizing the above
inequality about F(s), we have

(N () = N (u), epw (1))
i_ J [F (e (u) = F (e )] - € (egw () dx

< celw @) (|V (ue = w)]) Vo
< celw (0] |V (2. + epw (1)] [V

< B2 + e ) [V
(47)
Combining (35)-(40) and (47), we obtain
d
el <160l (48)

where
1() = ce [utew’ (1) |Ag]" + ew’ (1) [V Ag]”
+elo @)l 1Vl Iulf, + e | @) lul
<[Vull [Vg] g + e |o® )] | A]’]
G(t) = 2+ed|w(®)] +c|Vul’.

Then, by Gronwall inequality,
t t
le. O <1(t) + J 1(5)G(s) exp (J G (1) dT> ds. (50)
—ty s

By Lemma 2 we find that ||u(t)||%, is uniformly bounded with
the initial values belonging to a bounded set (see [8] for
details). Obviously, [u(t)ll < [u(®)ly, IVu@®l < lu@)lly-
Thus, I(t) — 0ase — 0" and by (50) we get ||Ze(t)||2

ase — 0" forallt > —t,. Therefore,

. 2 _ . 2 2 20 _
tim Ju, @ = lim 2|z + €[] * ) 0.
We complete the proof by taking ¢ = 0. O

Remark 7. The RDS (see (29)) is defined using the trans-
formation (27) into a random equation with the Ornstein-
Uhlenbeck process. The estimates in Lemma 6 are obtained



using a change of variable (33). It is just for the convenience
of computation. In fact, we can check that the functions given
by the two changes of variable satisfy the same equation (23).
Thus the solutions u, of the stochastic system (23) given by
the two changes of variables are the same.

Lemma 8. Let Assumption A hold. Then for each € € (0,1],
there exists a random attractor o .(w) for the RDS v (t, w)
associated with (23) and (24), and in addition there exists a
compact set K such that P-a.s.

lim dist, (o, (@), %) = 0. (52)

Proof. For each e € (0, 1], the existence of a random attractor
9 .(w) for the RDS y,(t, w) associated with (23) and (24) can
be found in [10]. Also, the existence of a compact set &
and (52) can be established, with a similar way to Lemma
4.3 of [10] by showing that [[u(0)ll, < r(w) (the radius of
random absorbing set in V) and lim, _, +r(w) < r; with
ry independent of w € (. The detailed proof is omitted
here. O]

By Lemmas 3.1 and 3.3 and Theorem 2 of [25] and
Theorem 1.1 of [8], we obtain the main result of this paper
as follows.

Theorem 9. Let Assumption A hold. Then for each € € (0, 1],
the random dynamical system generated by (23) and (24)
possesses a compact random attractor o . and the deterministic
dynamical system generated by (19) has a global attractor of
in H. Moreover,

lin(}+distH (A (w), ) =0 (53)

with probability one.
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