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Using conformable fractional calculus on time scales, we first introduce fractional Sobolev spaces on time scales, characterize
them, and define weak conformable fractional derivatives. Second, we prove the equivalence of some norms in the introduced
spaces and derive their completeness, reflexivity, uniform convexity, and compactness of some imbeddings, which can be regarded
as a novelty item. Then, as an application, we present a recent approach via variational methods and critical point theory to obtain
the existence of solutions for a p-Laplacian conformable fractional differential equation boundary value problem on time scale
T: T“(ITa(u)Ipsza(u))(t) = VF(o(t),u(o(t))), A-ae. t € [a, b]f, u(a) —u®) = 0, T,(u)(a) - T,(u)(b) = 0, where T, (u)(t)
denotes the conformable fractional derivative of u of order « at t, ¢ is the forward jump operator, a,b € T, 0 <a < b, p > 1,
and F : [0, T]; x RN — R. By establishing a proper variational setting, we obtain three existence results. Finally, we present two

examples to illustrate the feasibility and effectiveness of the existence results.

1. Introduction

A time scale T is an arbitrary nonempty closed subset of
the real numbers, which has the topology inherited from
the real numbers with the standard topology. In order to
unify and generalize continuous and discrete analysis, the
calculus on time scales was initiated by Hilger in 1990 (see
[1, 2]). In view of the fact that time scale calculus can be used
to model dynamic processes whose time domains are more
complicated than the set of integers or real numbers, it plays
an important role in various equations and systems arising
in economy, biology, ecology, astronomy, and so on (see
[1, 3, 4]). During the last decade, there has been a great deal of
interest in the study of dynamic equations on time scales and
the research in this area is rapidly growing, see [5-10] and the
references therein. Nevertheless, these studies are all about
integer order dynamic equations on time scales. The existence
and multiplicity of solutions for fractional dynamic equations
on time scales has received considerably less attention (see
(11, 12]).

It is well known that the fractional calculus refers to
differentiation and integration of an arbitrary (noninte-
ger) order. The theory is owed to mathematicians such as
Leibniz, Liouville, Riemann, Letnikov, and Grunwald. In
this day and age, fractional calculus is one of the most
intensively developing areas of mathematical analysis, includ-
ing several definitions of fractional calculus like Riemann-
Liouville fractional calculus, Caputo fractional calculus,
Grunwald-Letnikov fractional calculus, Hadamard fractional
calculus, Riesz fractional calculus, Weyl fractional calculus,
Kolwankar-Gangal fractional calculus and so on. Especially,
in [13], the authors introduce the conformable fractional
calculus on R. In order to unify and generalize the Hilger
calculus and the conformable fractional calculus on R, the
authors introduce the conformable fractional calculus on
time scales and study its properties in [14]. The generation
of fractional differential equations is born with the birth of
the fractional calculus. Fractional differential equations have
gained importance due to their numerous applications in
many fields of science and engineering including fluid flow,



electrical networks, probability and statistics, viscoelasticity,
chemical physics and signal processing, and so on, see [15-18]
and references therein.

On one hand, there have been many approaches to study
solutions of boundary value problems for the fractional
differential equations such as lower and upper solution
method, monotone iterative method ([19]), fixed-point the-
orems ([20]), Leray-Schauder theory ([21]), critical point
theory ([22]) and so on. But until now, as far as I am
concerned, no researchers have applied the critical point
theory to study conformable fractional differential equations
on time scales. Since it is often very difficult to establish
a suitable space and variational functional for conformable
fractional differential equations on time scales.

On the other hand, Sobolev spaces are regarded as one of
most fundamental tools, especially in the use of variational
methods to solve boundary value problems in ordinary and
partial differential equations and difference equations, see
[23-26]. Sobolev’s spaces on a closed interval [0,T] of R are
well known in [24]. For the sake of the study for differential
equations on time scales, the authors defined the Sobolev
spaces on time scales and studied some of their important
properties in [25]. In [26], Jiao and Zhou developed a Caputo
fractional derivative space and some of their properties which
can be used to study Caputo fractional differential equation
boundary value problems via critical point theory.

In view of the above reasons, our main purpose of this
paper is to construct fractional Sobolev spaces on time scales
via conformable fractional calculus and investigate some of
their important properties. As an application, we present a
recent approach via variational methods and critical point
theory to obtain the existence of solutions for a p-Laplacian
conformable fractional differential equations boundary value
problem on time scale T.

This paper is organized as follows. In Section 2, we
introduce the definition of conformable fractional calculus
and their important properties. In Section 3, we construct
fractional Sobolev spaces on time scales via conformable
fractional calculus and investigate some of their important
properties. Section 4, as an application of the fractional
Sobolev’s spaces on time scales, we present a recent approach
via variational methods and critical point theory to obtain
the existence of solutions for p-Laplacian conformable frac-
tional differential equations boundary value problem on time
scale T. By making a variational structure on the fractional
Sobolev’s spaces on time scales, we can reduce the problem
of finding solutions of a p-Laplacian conformable fractional
differential equation boundary value problem on time scale
T to the one of seeking the critical points of a corresponding
functional.

2. Conformable Fractional Calculus on
Time Scales and Their Properties

In this section, we introduce some definitions of conformable
fractional derivative and integral and study some of their
important properties.
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Throughout this paper, we assume a,b € T, 0 < a <
b. We start by the definitions of conformable fractional
derivative.

For convenience, we denote the intervals [a,b]y, [a,b)y
and (a,b]y in T by

[a,b]y = [a,b] NT,
[a,b)y = [a,b)NT, 1)
(a,b]t = (a,b]N7T,
respectively. Note that [a,b]} = [a,b]y if b is left-dense and
[a,b]} = [a,b)r = [a, p(b)]y if b is left-scattered. We denote

[a,b]% = ([a,b])", therefore [a,b]S = [a,bly if b is left-

dense and [a, b]}2 = [a, p(b)]7 if b is left-scattered.

Lett € Tand § > 0. We define the §-neighborhood of t as
7, = (t-8,t+8)NT. We begin to introduce a new notation:
the conformable fractional derivative of order o € (0, 1] for
functions defined on arbitrary time scales.

Definition I (Definition 1, [14]). Let f: T — R, t € T*, and
« € (0,1]. For t > 0, we define T, (f)(¢) to be the number
(provided it exists) with the property that given any € > 0,
there is a §-neighborhood 7/, ¢ T of £, > 0, such that

|[f @ @) - f©I™ =T, (/) ®) [0 () - s]|
Vse7,.

)
<elo(t)—s|

We call T,(f)(t) the conformable fractional derivative of f
of order « at ¢, and we define the conformable fractional
derivative at 0 as T, (f)(0) = lim,_, o+ T, ( f)(¢).

Definition 2 (Definition 23, [14]). Let € (n,n+ 1], n € N,
and f: T — R be n times delta differentiable at t € T We
define the conformable fractional derivative of f of order o

as T, (f)(t) = T,_,(f*)(t).

Definition 3 (Definition 26, [14]). Let f : T — R be a
regulated function. Then the a-fractional integral of f, 0 <
a < 1,isdefined by [ f(1)A%t = [ f(£)t° At.

Definition 4 (Definition 28, [14]). Suppose f : T — R
is a regulated function. Denote the indefinite «a-fractional
integral of f of order o, &« € (0,1], as follows: F,(t) =

Jf(t)A“t. Then, for all a,b € T, we define the Cauchy
a-fractional integral by Jj f(£)A*t = E,(b) - F,(a).

The A-measure y, and A-integration are defined the same
as those in [27].

Definition 5 (Definition 2.3, [28]). Let B ¢ T. B is called A-
null set if 4, (B) = 0. Say that a property P holds A-almost
everywhere (A-a.e.) on B, or for A-almost all (A-a.a.) t € Bif
there isa A-null set E, C Bsuch that P holds forallt € B\ E,,.

Definition 6. Assume f : T — R is a function. Let A is a A-
measurable subset of T. f is a-integrable on A if and only if

t*! f is integrable on A, and IA f(HA™t = JA fO* AL
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The conformable fractional calculus of f: T — R has the
following important properties. Before the statement of the
properties, we denote

Ca ([a:b]y,R) =
blr},

Co ([a,b]1,R) = {f:
with compact support in [a,b)7},

c ([a,bly,R) (3)

= {f is conformal fractional differentiable of order « on [a,

{f:[a,bly — R, f is rd-continuous on [a,

[a,bly — R, f is continuous on [a,b)y

b]wr and Ttx (f) € Crd ([El, b]T’R)} ’
Cora ([a: 6]y, R) = {f € C}y ([a,b]y,R) : f(a) = f (b) =0},
Cg,b;rd([a>b]T> R) = {f € Cyy ([a,b]7,R) : f(a) = f (B)}.

Lemma 7 (Theorem 4, [14]). Let € (0,1]. Assume f: T —
R and lett € T*. The following properties hold:

(i) If f is conformal fractional differentiable of order o at
t >0, then f is continuous at t.

(ii) If f is continuous at t and t is right-scattered, then f
is conformable fractional differentiable of order « at t
with

T, (f) ) = fA )t (4)

(iil) If t is right-dense, then f is conformable fractional
differentiable of order « at t if and only if the limit

imf O =) 1 5)

s—t t—s

exists as a finite number. In this case,

T () =1 O (6)

(iv) If f is conformable fractional differentiable of order o
att, then

fE®)=f@®)+u® Ty (f) @) (7)

Lemma 8 (Theorem 15, [14]). Assume f,g : T — R are
conformable fractional differentiable of order o. Then

(i) the sum f +g : T — R is conformable fractional
differentiable with T, (f + g) = T,(f) + T,(9);

(ii) for any A € R, Af : T — R is conformable fractional
differentiable with T, (Af) = AT, (f);

(iii) if f and g are continuous, then the product fg : T — R
is conformable fractional differentiable with T,(fg) =

T(f)g+ (f 2 0)T(9) = T(f)(g°0) + (/)T.(9);
(iv) if f is continuous, then 1/ f is conformable fractional
differentiable with

To(f) .
f(feo)

(8)

()

(v) if f and g are continuous, then f[g is conformable
fractional differentiable with

Ttx(f)g_fTa(g).

T, (i) - ©)
g g(geo)
Lemma 9 (Theorem 25, [14]). Let « € (n,n+ 1], n € N. The
following relation holds:
T, (f) (1) = 27 ). (10)

Remark 10. In (10), when n =
tfA 1), ae (0,1].

Lemma 11 (Theorem 30, [14]). Let o € (0, 1]. Then, for any
rd-continuous function f : T — R, there exists a function
F,: T — Rsuch that T,(F,)(t) = f(t) for allt € T*. Function
F, is said to be an a-antiderivative of f.

0, we have T,(f)(t) =

Lemma12 (Theorem 31, [14]). Lete € (0,1], a,b,c € T, A €
Rand f,g: T — R be two rd-continuous functions. Then,

W) [CLF@) + g@1a% = [ fOA + [1 g(HA™
(i) [ AF(A% = A [ f(0)A%
(i) J; FA% = - [} (A%
() [, fOat = [ foa't+ [ foas

W) [ foa =0
(vi) if there exist g : T — R with |f(t)] < g(t) for all
t € [a,bly, then | [0 FOA™] < [ g(H)As

(vii) if () > O for all t € [a,bly, then [ f(£)A% > 0.

Lemma 13 (Theorem 33, [14]). Let T be a time scale. If
T (f)(t) = 0forallt € [a,b]y, then f is an increasing function
on [a, bly.

Theorem 14. Let f : T — R be a continuous function on
[a, b]y that is conformal fractional differentiable of order o on
[a,b) and satisfies f(a) = f(b). Then there exist &, 7 € [a, b]}
such that T,(f)(§) <0 < T,(f)(1).

Proof. Since the function f is continuous on the compact
set [a, bly, f assumes its minimum 1 and its maximum M.
Therefore there exist §,7 € [a,b]; such that m = f(§) and
M = f(7). Since f(a) = f(b), we may assume that £,7 €
[a,b]}. By Lemma 13, we have T, (f)(§) < 0 < T,(f)(7). The
proof is complete. O

Theorem 15 (mean value theorem). Let f be a continuous
function on [a, bly which is conformal fractional differentiable
of order o on [a, b]}. Then there exist &, T € [a, b]} such that

S ) - f(a) (b) f (@) _

L (f) () < T,(f) (). ()



Proof. It follows from Lemma 9 that

17 0<a<1;
T, (t) = (12)
1, o =1.

Let h(t) = f(t) — f(a) — ((f(b) - f(a)/(b — a))(t — a).
Then, the function 4 is continuous function on [a, b]; which
is conformal fractional differentiable of order « on (a, b] and
h(a) = h(b). Combining Lemma 8 and (12), we have

T, (h)(t)
b) —
T, (f)(®) - %, =1 (13)
T, (f) () - Wﬂ’“, 0<ac<l.

Applying Theorem 14 to h, there exist &, 7 € [a,b) such that

T,(h)(&) <0 < T,(h)(7). That is

f(b) - f(a)
b-a

ETL ()@ < <T@, 04

The proof is complete. O

Similar to the [Definition 2.9, [26]], we give the following
definition of absolutely continuous function.

Definition 16. A function f : [a,b]l; — R is said to be
absolutely continuous on [a, bl (i.e., f € AC([a,b]}, R)), if
for every € > 0, there exists 8 > 0 such that if {[a, b ]};_,
is a finite pairwise disjoint family of subintervals of [a, b]y

satisfying Y} _, (b, —a) < 8, then Yi_, | f(p(by) - f(a)] <e.

Lemma 17 (Theorem 2.10, [28]). A function f : [a,b]ly —
R is absolutely continuous on [a, by if and only if f is delta
differentiable A-a.e. on [a, b)y and

fO=f@+ |

A (s)As, Vi€ [a,b]y. 15)
[at]y
Theorem 18. Assume function f : [a,bly — R is absolutely
continuous on [a,bly, then f is conformable fractional differ-
entiable of order o A-a.e. on [a, b]y and the following equality
is valid:

£ = f(a)+J[ TN elabl (6)

St

Proof. According to Lemma 17, f is delta differentiable A-a.e.
on [a,b]y. Then, by Remark 10, f is conformable fractional
differentiable of order « A-a.e. on [a, b]y. Therefore, Defini-
tion 4 implies that

fm=f@+L

a,t

T, (f)(s)A%s, Vtel[ably. (17)

The proof is complete. O
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Lemma 19 (Theorem 2.11, [28]). A function f, g : [a,bly —
R is absolutely continuous on [a,bly, then fg is absolutely
continuous on [a, bly and the following equality is valid:

J, (Ffarra)On=10g0)-f@g@
h (18)

= J (fg" + f29") () At
[ﬂ’b]v
Theorem 20. Assume function f, g : [a,bly — R isabsolutely

continuous on [a,bly, then fg is absolutely continuous on
[a, bl and the following equality is valid:

[ @ (Pa+ £r. (e ot

a

=f)g®) -f(aga) (19)
b
- [ UL+ T (g @ o,

Proof. The result is obtained by applying Lemmas 8 and
19 and Theorem 18 to the function f and g. The proof is
complete.

Definition 21 (Definition 2.4, [28]). Let E < T be a A-
measurable set and let p € R = [~co, +00] be such that p > 1
and let f : E — R be a A-measurable function. Say that f
belongs to LZ(E, R) provided that either

J If O At < +00 if p e R, (20)
E

or there exists a constant C € R such that
|f|]<C A-ae onEif p=+co. (21)

Definition 22. Let E ¢ T be a A-measurable set and let
p € R = [-00,+00] be such that p > 1 and let f : E —» R
be a A-measurable function. Say that f belongs to LZ) A(ER)
provided that either

J If O A% < +o0 if p € R, (22)
E
or there exists a constant C € R such that

|f| <C A-ae.onEif p=+oo. (23)

Lemma 23 (Theorem 2.5, [28]). Let p € R be such that p > 1.
Then the set L‘Z([a, bl1, R) is a Banach space together with the
norm defined for f € Li([a, bl R) as

||f||Li([u,b]v,[R)

= <|(-[[a,b]1T |f @) Af)l/p,

inf{CeR:|f| <C A-ace. on [a,b]y}, p=+c0.

peR; (24)

Moreover, LZA([a, bly, R) is a Hilbert space together with the
inner product given for every (f,g) € Lh([a,b]ly,R) x
L‘Z([a’ b]T’ R) b)’

<f’ g>L2A([a»b]v»R) = J[a,b]T f () g(t) At (25)
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Theorem 24. Let p € R be such that p > 1. Then the set
A([a bl R) (a = 0) is a Banach space together with the

norm defined for f € L? wa([a:b]r, R) as

1£ 12, ety

) (J-[a)b]T |f t)lpA t)l P’ peR; (26)

inf {C e R:|f| <C A-a.e. on [a,b]{}, p=+co.

Moreover, fo([a bly, R) is a Hilbert space together with the
inner product given for every (f,g) € L walla bl R) x
(x,A([a’ b]'[l': R) b)’

<f’ g>L§,A([a,b]T,R) = J[a,b] fg@®) A%t (27)

Proof. Let {u,},en C L? wn (@ bly, R) be a Cauchy sequence,
then we have

J |ty () = w,, (B)]F A%t
[ﬂ,b]v

J |ty (8) = 11, (D]F 57 A
[a)blwr (28)

= j |, () L7 — i, (1) t(""”“’|‘° At — 0
(abl:

(m,n — o).

From Lemma 23 and (28), there exists u, € L‘Z’A([a, bl R)
such that

J[a,h]v

CDIP gy (1) £V At — 0

(29)
(n — 00).
Therefore, we can get
[, = 1o J(ablR) = J |, (£) = up (1) A"t
& [ably
- J |, (8) — g (D] %7 At
[ably (30)

~up ()1 AL — 0

J la.bly

(n — 00).
Thus, the space L‘Z A([a,b]1, R) is a Banach space together
with the norm || - IIL;;)A([a)b]T,R).

Clearly, Li) A([a,b], R) is a Hilbert space together with

the inner product given for every (f, g) € L’ A([a bl R) x
L‘Zc,A([a’ b]'[l': R) bY

<f’g>fo,A([a,b]T,R) = J[a,b]v f®g) A%t (31)
O

Lemma 25 (Proposition 2.6, [28]). Suppose p € R and
p > L Let p' € R besuch that 1/p + 1/p' = 1. Then, if

f e L2 “([a,b],R) and g € Lp([a bl;,R), then f - g €
LIA([a bly, R) and

”f ! g"LlA([u,b]T,IR) < "f“L‘Z([u,b]T,R) : ”g"L‘ZI([a,b]W;R) . (32)

Theorem 26. Suppose p € Rand p > 1. Let p' € R be such
that 1/p + 1/p" = 1. Then, if f € L? ,([a,b]y,R) and g €

LY \((a,b]5,R), then f - g € L\, ,([a,b] 7, R) and
1 -l aprom < 1 Nee o ”gllL":A([a,b]T;R)' (33)

Proof. By Lemma 25, we assert
15 iy s = |, 1ol 2%
=, Vel
[ablr

|f|t(“ 1)/p)(| |ttx I/P)At

IN

1/p
(1 1)/P) At) (34)

L
Jun
(Jon
il

PyaIpg v Pl py v
|fI"t |g]
[ab]1I lably

= "f“LiA([a,b]T,R) ’ ”g"LﬁtA([a,b]T;R) :

The proof is complete. O

Lemma 27 (Proposition 2.7, [28]). If p € R and p > 1, then,
the set Cy([a, bly, R) is dense in L‘Z([a, bl R).

Theorem 28. Let f € L! wa ([, b]1, R) be such that the follow-
ing equality is true:

J[ ) FOu®At=0, VueCy([abl;,R), (35)

then
f=0, A-ae on [a,b]. (36)
Proof. For every € > 0, the density of Cy([a,b]}, R) in

L‘Z([a, bl, R) guarantees the existence of f; € Cy([a,b]y, R)
such that

J[ RUACEYICISEE 37)



and so, by Lemma 12, (35) and (37), we deduce that for every
u € Cy([a, bly, R), it is true that

J f(Ou®) At
[a,b]¢
- 38
< lulleqar, v J[ ) |fL (&) - f ()]t At (38)
a0t
= ea" ™ ullcqap, @ -
Because the sets
A ={telab)]| f;(t) 2 €},
(39)

A, ={telab)]| f;(t) < —€}

are compact and disjoint subsets of [a, b]}, Urysohn’s lemma
allows constructing a function u, : [a,b]y — R which
belongs to Cy([a, b], R) and it verifies

1, teA,,
ug (t) =

-1, teA,, (40)
u(®)| <1 on [ab]y

so that, by defining A = A, U A,, Theorem 15, (38), (39), and
(40), we have that

J |f1(t)|A“t=j fi () ug (£) A%t
[a,b]y [a,bly

- J f1 (O uy ) A"t
[a.blT\A (41)

+ J |fi ()] A%t
[a,blr\A
<ea® ' +2ea” " (b-a).

As a consequence of the arbitrary choice of € > 0, by (41), we
achieve (36). The proof is complete. O

Theorem 29. Let f € LL)A([a, bly, R). Then, a necessary and
sufficient condition for the validity of the equality

b
J FOT, () () A% =0, VheCy(lably,R) (42)

is the existence of a constant C € R such that
f=C A-ae on [a,b];. (43)
Proof. If f = C A-a.e.on [a,b]y, forany h € Cg‘)rd([a, bl R),

from Lemma 12 and the definition of Cg,rd( [a,b]1, R), one has

b b
J (T, (h) () A%t = CJ T, (h) (t) A"t
a a (44)

=C(h(b)—-h(a) =0.
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Conversely, take u € Cy([a,bly, R), by defining h, g
[a,b]; — Ras

I[u)bh u(s) A%s

u(t) - J s t €la,bly,
h(t) = [a.b]y
.[[u b, 4 () A%s . @)
_’Ti’ t=>b,
J’[a’bh 1A%s

g = J[a ’ u(s) A%,

the fundamental theorem of conformable fractional calculus
establishes that g ¢ Cg‘)rd([a, bl1,R) and so equality (42)

yields
o= | rwluo fiy 4O K
= Ol u@) - 22— t

(bl j[a)bh 1A%

J[ﬂ,b]v f (S) A‘XS o«
_ La)bh ( - T u(£) A%,

Thereby, Theorem 28 and (46) allow to deduce (43) with C =
I[ . f(s)A%s/ f[ . 1A%s. The proof is complete. O
a,bly a,bly

(46)

Next, we introduce the conformable fractional calculus
on time scales for vector-valued functions and study some of
their important properties.

Definition 30. Assume f : T — R" is a function, f(t) =
(F1 (), f2(),..., fN(t)) and let t € T*. Then one defines
TN® = OO T, ... T,(fN)®) (provided
it exists). One calls T,(f)(t) the conformable fractional
derivative of f of order « at t. The function f is conformal
fractional differentiable of order o provided T, (f) exists for
all t € T*. The function T, (f) : T* — R" is then called the
conformable fractional derivative of f of order a.

Definition 31. Let T be a time scale, « € (n,n+1], n € N, and
let f: T — RN be n times delta differentiable at ¢ € T, We
define the conformable fractional derivative of f of order o

as T, (f)(t) = To_,(f>)(t).

Definition 32. Assume f : T — RY is a function and
f) = (fl(t),fz(t),...,fN(t)). Let A be a A-measurable
subset of T. Then f is a-integrable on A if and only if
fi (i = 1,2,...,N) are a-integrable on A, and _[A f(OA™t =

([, oA [, A%, [, fN©A%).

From Definitions 30 and 32, we have the following
theorems.

Theorem 33. Let « € (0,1]. Assume f : T — RYN and let
t € T*. The following properties hold:

(i) If f is conformal fractional differentiable of order o at
t >0, then f is continuous at t.
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(ii) If f is continuous at t and t is right-scattered, then f
is conformable fractional differentiable of order « at t
with

1
Ta (f) ) =—

u () [f (o) - f®)]t ™ (47)

(iii) If t is right-dense, then f is conformable fractional
differentiable of order « at t if and only if the limit

lim [ () £ 9] (48)
exists as a finite number. In this case,
T(f) O =lim——[fO- O™ (9)

(iv) If f is conformable fractional differentiable of order «
att, then

flo@)=f@)+u® T, (f)®). (50)

Theorem 34. Assume f,g : T — RN are conformable
fractional differentiable of order «. Then,

(i) the sum f + g : T — RY is conformable fractional
differentiable with T,(f + g) = T,(f) + T,(9);

(i) for any A € R, Af : T — RN is conformable fractional
differentiable with T, (Af) = AT, (f);

(iii) if f and g are continuous, then the product fg
T — RN is conformable fractional differentiable with
To(f9) = To(f)g + (f ° 0)To(g) = Tu(f)(g° 0) +
(NTa(9)-

Theorem 35. Let o € (0,1], a,b,c € T, A € Rand f,g :
T — RY be two rd-continuous functions. Then,

) [[LF@) + g01a% = [} fe)at + [} g)as
(i) [ AF(A% = A [ f(0)A%
(i) [} f(Oa% =~ [ f0)A%
W) [0 fa% = [ foast+ [0 f0A
W) [ f@)a =0

(vi) if there exist g : T — R with |f(t)| < |g(t)| for all
telably then| [ FBA% < [ 1g®IA%,

Definition 36 (Definition 2.6, [25]). A function f: T — RN
is called rd-continuous provided it is continuous at right-
dense points in T and its left-sided limits exist (finite) at left-
dense points in T.

As we know from general theory of Sobolev’s spaces,
another important class of functions is just the absolutely
continuous functions on time scales. Similar to Definition
2.11, [23], we give the following definition of absolutely
continuous function.

Definition 37. A function f : [a,bl; — RN, f(t) =
(fl(t),fz(t),...,fN(t)). We say f is absolutely continuous
on [a,b]y (ie. f € AC([a,b]y, R™N)), if for every € > 0, there
existd > 0 such that if {[a, b ]}}_, isa finite pairwise disjoint
family of subintervals of [a, b]; satisfying Y;_, (b — a;) < 6,
then 30, | f(p(b) - fla)l <e.

Remark 38 (Remark 2.1, [25]). By Definitions 22 and. 30,
we have that f € AC([a,bly, RY) if and only if ' €
AC([a,b]1,R) (i=1,2,...,N).

Absolutely continuous functions have the following prop-
erties.

Combining Definitions 30, 36, Theorems 18 and 20, we
have the following theorems.

Theorem 39. Assume function f : [a,b]; — RY is absolutely
continuous on [a, bly, then f is conformable fractional differ-
entiable of order o A-a.e. on [a, bl and the following equality
is valid:

FO) = fla)+ j[ T (DO Ve labl. (D

Theorem 40. A function f,g : [a,bly — RY is absolutely
continuous on [a,bly, then fg is absolutely continuous on
[a, bl; and the following equality is valid:

J, (@5 ©.90)+ (570, Tg@) s
- (f©.9®) - (f @.9(@)

(52)

[ oo
(abls
(T () (0,97 @) A%

3. Conformable Fractional Sobolev’s Spaces on
Time Scales and Their Properties

In this section, we develop the fractional Sobolev’s spaces
on time scales via conformable fractional calculus and their
important properties.

For p € R, p > 1, we set the space

12, (b1 2Y)

(53)
= {u: [a,b]y — R : J

a,

If @) A% < +oo}

with the norm

e, = (], Vv’ e

We can obtain the following theorem.



Theorem 41. Assume p > 1 is a real number. Then the space
L‘Z)A([a, bly, RMN) is a Banach space together with the norm

[l "L‘Z,A . Especially, when p = 2, Li)A([a, blr, RY) is a Hilbert
space together with the inner product given for every (f, g) €
LZ,A([Q) b)'[[N) IRI\]) X Li)A([a) b]'[[) RN) b)’

(fade, =], FO90)8% )

a,
where (-, -) denotes the inner product in RY.

Proof. Let{u,} ey C L‘Z)A([a, by, RY) be a Cauchy sequence,
u,(t) = (u:l(t), ufl(t), e ufj(t)). Hence, one has

1/p
T (J{a’bh |t (8) = w0, (O] A“t)

/2 1/p
= (J[a,bh(g |u;(t)—uin(t)|2>P A"‘t) o (56)

(m,n — ).

It follows from (56) that

i i
—-Uu
m ""Li,A([a,bh,R)

< .[[a,b]w

|«

. ) 1/p
-1, 0 a°) - —0 (57)

(m,n — ©0)

forany i € {1,2,..., N}. Therefore, {u;}neN (i=1,2,...,N)
are the Cauchy sequences of Lﬁ) A([a, b]r, R). By Theorem 24,
there exist 7' € L‘Z’A([a, blr,R) (i=1,2,...,N) such that

i

"”n - ul“L};([a,b]T,R)

— 0 (n— 00). (58)
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We let u(t) = @'(t),7(t),..., 7" (t)). On one hand, we can

get
N \PP?
J |E|PA“t:J Yl A%t
[a.bly [ably \ i=1

< NP/ZJ i|ﬁ"|p A%t (59)
[ablr 137

_ Np/zzz\]: J’

—ip
|u" A%t < +00.
i=1 Jlably

Thus, 7 € Li([a, bly, RY). On the other hand, according to
(58), we have

I |u, (t) =7 (1)|F A%t
[a,b]v

N . . 2 pI2
= J'[a’b]T (Z |un t)-u (t)' )

i=1

N
< NP2 J Y Jul ) -7 (0)] A%t
labl; 1= (60)

N
- NP2y J[ b i, (6 -7 ()] A%
i=1 Jlablr

N . .
= Np/zi; "”;1 - al“L‘;’A([a,b]T,R) —0

(n— 00).

From (60), u,, — u in LP A(la, bl RY); therefore, the space

&,
L‘Z’ A([a,b]1, R") is a Banach space together with the norm
-l L‘;, N
Evidently, Li)A([a, by, RY) is a Hilbert space together
with the inner product given for every (f, g) € Li) Ala, b)yv,
RY) x L ([a,b]; R™) by

(Fo,=|  FO00)8 e
The proof is complete. O

Now, we introduce the conformable fractional Sobolev’s
spaces on [a, b]y. For the sake of convenience, in the sequel,
we will let u®(t) = u(o(t)) and

Cua ([a, blr, IRN) = {f [a,b]; — RN, f is rd-continuous on [a, b]T} ,

Ciy ([a,b]1,RY)

(62)

= { f is conformal fractional differentiable of order « on [a,b]y and T, (f) € Cy ([a, bly, RN)} ,

Copa (10,615, RY) = {f € Cy ([a,b]y,RY) : £ (a) = f (B}
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Definition 42. Let p € Rbesuchthat p > landu: [a,b]y —
RY. One says that u € WZ’ib([a, bl RY) if and only ifu €
L‘Z’A([a, bly, RM), Tu € L? A(la, bl RY), and there exists

o,

g:la,bl} — R" such that g € Li’A([a,b]T, RY) and
J[ MCCEACIONY

- J[ b] (g(®),¢7 (1)) A%, (63)

Vg e Coyy ([ b1, RY).
For p € R, p > 1, we denote

VZ;’:}, ([a, b]T,RN) = {M € AC([a, b]'[F’ RN) . sz (u) ( )
64
€ Li,A ([a> b]TrRN), u(a) = M(b)} .

Remark 43. Theorems 39 and 40 imply that for every p € R
with p > 1,

Vel (la by, RY) c Wi, ([a,b],RY).  (65)

Next, we will point out that both sets are, as class of
functions, equivalent. For the sake of this purpose, we prove
the following theorems firstly.

Theorem 44. Suppose f € LL)A([a, bly, RYN). Then, a neces-
sary and sufficient condition for the validity of the equality

J[ . O T ©) 4% =0,

(66)
Vh e Clyoq ([a:b]r, RY)
is the existence of a constant C € RY such that
f=C A-ae on [a,b]y. (67)

Proof. By Definition 30, f € Li([a,b];,RY), f(t) =
(f' @), f2@),..., fN () implies f' € Lj([a,b],R) (i =
L2,...,N).

Onone hand, If f = C = (CY,C?,...,CN) A-ae. on [a,
bly, for any h € Cy, 4([a,b]1, R), h(t) = (W (1), K2 (D), . . .,
(1)), Combining Theorem 35 with the definition of
Cz)b;rd([a, blt, R), Definitions 30 and 32, we have

b b N . .
[[Go.rm@as= [ Yer, (W) oa:

a =1

b ) N b
= J C'T, (h’)(t)A“t=ZC’J T, (h) (t) A"t (68)

a i=1 a

™M=

Il
=

™M=

I
—_

C' (K (b)-H (a)) = 0.

9
On the other hand, Vh, € Cg’b;rd([a, bl R), let h(t) =
(hy(£),0,...,0), then h € C%,_4([a,bly, RY) and

jwh (f (0, T, (h) () A% = 0. (69)
That is

Lbh frer, () e At =o. (70)

Because Cj 4([a, bl1, R) ¢ C7 ;. 4([a, bly, R), by Theorem 29,
there exists C' € R such that

f1 =C' A-ae on [a,b]y. (71)
Analogically, there exists C'eR (i=2,3,...,N) such that
f'=C A-ae on [a,b];. (72)
Therefore,
f= (CI,CZ,...,CN) A-a.e. on [a,b]y. (73)
The proof is finished. O

Now, we show the characterization of functions in
WZ;ib([% bly, RY) in terms of functions in VZ;Z&;([“’ by,
RM).

Theorem 45. Assume that u € WF ([a, blr, RYN) for some

Asa,b
p € Rwith p > 1, and that (63) holds for g €

L‘Z’A([a, bly, RN). Then, there exists a unique function x €
VA"‘;j’,b([a, bly, RYN) such that

X =1u,

Ta (x) = 9 (74)
A-a.e. on [a,b]y.

Proof. Let {e j}ﬁ.\i | denote the canonical basis of RYN. We can
takep = e ;in (63), which guarantees

J (g(),e;)A% =0 (j=1,2,...,N). (75)
[a,b]¢
So, it is easy to get that
J gt A*t=0. (76)
[ﬂ’b]v

We define function v : [a, b]; — RY as

v(t) = J g (s) A%s. (77)

[u)b]T

Equations (76) and (77) imply that v € VZﬁb([a, bl R™M) and
by Theorem 40, we assert that

J (v —u@),h® () A%

a,bly

[a.b] 78)
- - j[ T O - 90,1 @) At
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for every h € CZ,b;rd([a, by, RM). 1t follows from Theorem 44
and (78) that there exists C, € RY such that

v-u=C, on [a,b]y. (79)
As a result of the fundamental theorem of conformable

fractional calculus we can choose the function x : [a,b]; —
RY defined as

x({t)=v(@)-Cy telab]y. (80)

Then, the function x is the wunique function in
Vgﬁb([a,b]v,RN) for which (74) is valid. The proof is
complete. O

If we identify u € Wz’ib([a, blr, RY) with its absolutely

continuous representative x € szb([a, blr, RY) for which

(74) holds, then the set Wz’ib([a, bly, RY) can be endowed

with the structure of Banach space.

> 1. Then the set
Wz’fb([a, by, RY) is a Banach space together with the norm
defined as

Theorem 46. Suppose p € R and p >

oy,

1/p
- <j u” ()] A% + J I, () (1) A“t) @)
[a,b]y [a,b]y
Yu € WZ’ib ([a, bly, RN) .

Moreover, the set Hy,, = Wg’;b( [a,bly, RN) is a Hilbert space
together with the inner product

(V) | = J[a ., (U (£),7° (1)) A%t

+ J (To () (1), T, (v) (1) A, (82)
[a.b]r

Yu,v € Hi;a’b.
Proof. Let {u,},n be a Cauchy sequence in WZﬁb([a, bly,
RM). According to the definition of WZ’ib([a, by, RY), we

have {u,},eny C Li)A([a,b]T, R") and there exist g,
[a,b]" — RY such that {g,},en < LY ([a,b]y, RY) and

[ICICEACIONS
o PCICIEOISE (&)

Vg e Coyy ([ by, RY).
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Therefore, by Theorem 45, there exists {x,},y C
Vz.fb([ck b]‘[p RN) such that

X, = Uy

T, (x,) = 9, (84)

A-a.e. on [a,b]y.

Equations (83) and (84) imply that

J., . T @) @)
o (85)
- —j[ (T (5) 0,87 0) A%

forall ¢ € Cj, 4([a,bly, R™). On account of {u,},cx is a
Cauchy sequence in WZﬁb([a, by, RM), by (81), we can get

J [ug () - ul, )P A%t — 0
o (36)

(m,n — 00),
J T, (1) (8) = Ty (11,) (O A% — 0
(a.b]y )

(m,n — 00).

It follows from Theorems 33 and 35 and (86) and (87) that

J 14 (1) = 4y O A%t = J | () - w5, )
(@bl [ab)y

— O (T, ), (1) = Ty (), )] A%

<2/t J[ y [ug (8) - ul, (O)]F A%t (88)
ablr

+ 2017 (g () - a)? j[ 11,0

~ T, (), O] A%t — 0 (m,n — c0).

For another, from Theorem 41, (87), and (88), there exist
u,ge Li)A([a, bly, RY) such that

Iy~ — 0 (1— o),

(89)
| T, (), - 9||LI;,A — 0 (n— 00).
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Combining (85) with (89), one has

[ICCEACIOIN
.0y (90)
=—j (9(1),¢° () A%
[a,b]¢

forall ¢ € C¥ apra(lablr, RM). By (90), we claim that u €

Aab([a by, [RN ). Furthermore, it follows from Theorems
33 and 35 and (89) that

o 0 P A _
L{)bh|un ) —u® )" At L .

a, ]W

|, (8) — (1))

F O (T, (1) (0 - T, ) )| A%

| - ue)
[ﬂ,b]wr

(T, () 0 - g )] A% (o)

<2F! J |u, (£) —u (1) A%t
[ﬂ’b]v

+ 277D (g () - a)f j[ 1160,

g At —0 (n— ).

Hence, by Remark 43, (89), (91), and Theorem 45, there exists

x € Vol ([a, by, RY) ¢ WP ([a, by, RY) such that

||un - x”‘/"fﬁh — 0 (n— 00). (92)

So, W A . b([a bly, R™) is a Banach space.

Clearly, the set Hy,, , is a Hilbert space together with the
inner product

Asa,b

UV = J[a ) (W’ (t),v° (1) A"t

A CACIORACIO TS
[a»b]v
Yu,v € Hy, )
The proof is finished. O
Next, we will show some important properties of the
Banach space Wg’ﬁb([a, bly, RM).

Theorem 47. The space Wg’ﬁb([a, blr, RN is a reflexive and
uniformly convex Banach space when p € (1, +00).

11
Proof. By Clarkson inequality, we have
1,5 - 1, 4 of
ool oo,
’ (94)
1, o
LWl 2R pelreo),
e (u)+T(v))\ s w-rmf,
(95)
1
$§||Ta(”)||§p +—||T (V)HLP . pel2,+00),
1, 5 o l o .o q
"E(u +7) y;yfllz(” v) v,
(96)
L, s 1,4 -1
< (3 im+5||v ) peaa,
B R FCITE o,
1 1 q-1 (97)
<(FImewll, +51mol,)

pe(1,2],

where 1/p + 1/q = 1. Thus, Ve > 0, for any u,v €
WP ([a, bly, RY), luller, = IVlyer, = 1and lu=viyer >
€, if2 < p < +00, by (94) and (95), one has

ook,

u’ +v7)

T G
Aab 2 Loa

r
P
L oA

+]5 (T + T, 0)

1 1
< Il < 1L

1 p
*+3 [T (u)"LiA +
e

|5 @ - 1. 0)

1
Yo,
(98)

p
ILP

oA

1

p
== ull .,
27w

|;

1
p
+ VI
b WAl;f,h

2
P
_1—<E) ;
p 2

Asab
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if p € (1,2], by (96) and (97), we have

oL, =(Jsweoll, )"
<||2<u+v> ") = (o]

e, )

LP

q
N H% ww+t,m)|, ©
L

1 o o 1
=“—(u +17)
2 oA

1 p  Lpoe V(1 p
<310, +50) + (S 1T,

q

mer ) - e

P
La,A

S HACEAC) |

Combining (98) with (99), ngb([a, bl RN)isa uniformly
convex Banach space. By functional analysis, we know that
a uniformly convex Banach space is reflexive. The proof is

complete. O

Theorem 48. There exists K = K(p) > 0 such that the
inequality

el < K iy, (100)
holds for all u € Aub([a bly, RY), where lule, =
maxtE[O,T]Tlu(t)L
Moreover, zfj[ . u(t)A%t = 0, then
0]y
lulloo < K| To @) - (101)

Proof. Going to the components of u, we can suppose that
N=1.1Ifu e W b([a, ]T,R ), from Theorem 45, U(t) =
'[[a)th u(s)A%sis absolutely continuous on [a, b] ;. On the basis
of Theorem 15, there exists { € [a,b]y such that

u(l) < v -v (b; ::(a) max {bl_“, 1}

102
o 00 1) 1o

=—= J u(s) A%.
b-a [ably
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Hence, for t € [a, b]y, using Theorems 15 and 26 and (102),
we obtain

u ()] =

u(c)+jw T, () (s) A%| < |u Q)|

+ J[a)bh |T“ (u) (s)| A"s

max {bl_“, 1}

b-a

(103)

J u(s)A%s
[a»b]v

+ [max {a“_l, 1} (b- a)]llq

' <J[a,b]T HOR Aas)w’

where 1/p + 1/q = 1. If j[ab] u(t)A“t = 0, by (103), (101)

holds. In the general case, for t € [a,b]y, from Theorem 33
and Holder’s inequality, we have

max {bl_“, 1}

—a

|u ()] <

J u(s)A%s
[ﬂ’b]v

+ [max {a“_l, 1} ®- a)]l/q

( @O A“5>1/P S w
], wse max a1 00
( I (s)|f’ms)”” _ %lal}
J '” (s) = p () s T, (w) ()| A%s

+ [max {a“_l, 1} ®- a)]l/q

1/p bl_‘x,l
. <J IT, () (5)]" A“s) < max {b 1
[a,b]; b-a

- J [u? (9] A% +a" (0 (b) - @)
[a,b]¢

max {bl_"‘, 1} N
B S |T‘x (u) (s)l A"s
—a a,bly
+ [max {a“_l, 1} ®- a)]l/q

1/p
: (J IT, ) ()| A“s)
[a,b]y
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bl—zx’
< % [max {a‘x_l, 1} b- a)]l/q

1/p
<J |u” (s)|P A“s) +
[ﬂ’b]v

max {bl_“, 1}
' b-a

(f mworsy”

+ [max {a“_l, 1} (b- a)]l/q

a* (o ) - a)

1/q

“Litv-a)

[max {a

1/p
. <J IT, () ()| A%) < K lullyos
[a,b]'[( Asab

(104)
where K = (max{b'"™%1}/(b - a) + a* o) -
a)(max{b"" % 1}/(b - a)) + Dmax{a® 1} - a)]"i
By (104), (100) holds. The proof is complete. O

Remark 49. It follows from Theorem 48 that
M b([a b]T,RN) is  continuously immersed into

C([a, b]y, RY) with the norm | - [,

Theorem 50. If the sequence {u;}ien C ngb([a bly, RY)

converges weakly to u in W, Pb([a blr, RY), then {uten
converges strongly in C([a, bly, RY) to u.

Proof. Owing to w, — u in W2, ([a,b]7, RY), {u}iey is
bounded in W pb([a bly, R™M) and, hence, in C([a, bly, RM).

It follows from Remark 49 that ;. — u in C([a, by, RM). For
t1,t, € [a,bly, t; <t,, there exists C; > 0 such that

RG] N ACAIETS

< [max {&2 7,1} (1, - ¢,)]

1/
(., moor s

—1’ }1/'1

(105)

< (t, - tl)l/q max {t‘lx "”k”W“P

Y
<C(t,-t,)".

In view of this, the sequence {u};cy is equicontinuous.
According to Ascoli-Arzela theorem, {u;}, .y is relatively
in C([a,bly, RY). By the uniqueness of the weak limit in
C([a, by, RY), every uniformly convergent subsequence of
{ug}reny converges to u. Consequently, {u}icy converges
strongly in C([a, b], RY) to u. The proof is complete. O

Remark 51. It follows from Theorem 50 that W Aca, b([a,

bly, RY) is compact immersed into C([a, b]y, RY) with the
norm || - [l
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Theorem 52. Let L : [a,b]y % RY xRN - R, (4 x,y) —
L(t,x, y) be A-measurable in t for each (x,y) € RN x
RN and continuously conformal fractional differentiable of
order o in (x,y) for A-almost every t € [0,T]y. If there

exist a € CR" R, b « LL)A([a,b]T,RJ') and T €
L?X)A([a, bl1,R") (1 < g < +00) such that for A-almost t €
[a,b]; and every (x, y) € RY x RY, one has

IL(txy) <alx) (B + yf).

L (&%) <adlx) (@) +1y["). (106)

L, (6 )| <ale) (E@ + ),

where 1/p + 1/q = 1, then the functional ®
Wg’ib([a, blp, RY) — R defined by

®(u) = j[ L OO O.T,O)8% o)

is continuously differentiable on W, pb([a bly, RN) and

(0" (w),v) = J[ ! (L, (o @),u’ (), T, W) (1),

v (1)) A%t
(108)

] @00 0.1, 0). 7.0 0)
A%t

Proof. It suffices to prove that @ has at every point u a
directional derivative ®'(u) € (W: f »([a bl RY)* given by
(108) and that the mapping

o Wyt ([ably,RY) —
X (109)
(Waims ([ b1, RY))

is continuous.
As a matter of fact, on one hand, it follows from (106) that
® is everywhere finite on Wg’ﬁb([a, bly, R™N). We denote, for

uand v fixed in W', ([a,b]1, RY), t € [a,b]y, A€ [-1,1],

G(ML1)

= L(o @, 0+ 1 (1), Te ) (0 + AT, 00 0), 101

¥ () = J[ L GOt =),
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In the light of (106), we obtain
|DAG (L 6)| < |(DLL (0 (£),u” (1)
+ M7 (), Ty () (1) + AT, (v) (1)), V7 ()]
+|(DyL (o (), u® (1) + M (1), T, (w) (1)
+AT, ) (9), T, V) ®)| <a(ju’ ) + W @®))
(B 0+ 1T, ) () + AT, ) OF ) [ ) ()
a(lu’ @+ @) (& )+ |T, ) (1)

FAT, ) O ) T, ) 0] <@ (87 v)
+ (T @) O]+ [T, ) O ) 7 0] +a (€ @)
+(|T, @) @]+ T, ) O ) [T, )] 2d @),

where

a= ()Lte[rrlll]x[ a(lu@) +Av(@)). (112)

By the definition of function d, d ¢ Lt wn(la bly, RY).
Since b € L} ,([a,b], RY), (IT,w)| + |T,W)? € L} ,(a,
bl..R), ¢ e Lq wnla by, R™), one has

ID,G 1) <d (), (113)

¥ (0) = L , DiGO.0A%
a,0]y

= J (DL (0 (£),u° (£), T, (u) (), V" (t)) A*t (114)
[a,bly

+ ey, (DL (0 (0,67 (8), T, () (1), Ty () () A% .
On the other hand, (106) implies that

ID.L(c (1), u” (1), T, (u) ()]
<a(u O (5 O+ T w ) £ v o,
(115)
ID,L (o (®),u” (), T, (u) (1))

<a(l ONE O+ T, @O ") 29,0,
hence vy, ¢ LL)A([a,b]T,R+), Yy, € LZ()A([a,b]T,[RJr).

Therefore, from Theorem 48, (114), and (115), there exist
positive constants C,, C;, C, such that

L ; [(D;L (0 (), 7 (8), T, ) (1), (1))

+(D,L (o (t),u” (t), T, () (1)), T, (v) (116)

<(1))] A% < Cy IVlloo + C5 [T )]0

< Cy Wz
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and ® has a directional derivative at u and ®'(u) €
(WZfb([a, bly, RN))* given by (108).
Furthermore, (106) implies that the mapping from
Aub([a b]'[l': RN) lntO Ll A([a b]'[l': RN) X Lq A([aa b]'l]') RN)
defined by

— (D,L(~u’, T, w),D,L(~u’, T, (w))  (17)

is continuous, so that ®' is continuous from W b([a by,

RY) into (WAafb([a, bly, RN))*. The proof is ﬁmshed O

4. An Application of the Space WX f h([a,b]T,RN )

In this section, as an application of the Sobolev’s space

Aab([a b]y, RN). We present a recent approach via vari-
ational methods and critical point theory to obtain the
existence and multiplicity of solutions for the p-Laplacian
conformable fractional differential equations boundary value
problem on time scale T

T, (|ITy @) T, () (1) = VE (0 (1), u (0 (1)),

A-ae. t € [abl}, 18)

u(a)—u(®) =0,

T, () (@) — T, (w) (b) = 0,
where T, (u)(t) denotes the conformable fractional derivative
of u of order « at ¢, ¢ is the forward jump operator, a,b ¢
T,0<a<b p>landF: [a,b]y x RY — R satisfies the
following assumption:

(A) F(t,x) is A-measurable in t for every x € RY and
continuously differentiable in x for A-a.e. t € [a,b]y
and there exista € C(R*,R"), b € L wal[a bl RY)
such that

IE@t X)) <a(x)b),
~ (119)
IVE (t,x)| <@ (jx]) b (1)

forall x € RN and A-ae. t € [a, by, where VF(t, x)
denotes the gradient of F(¢, x) in x.

By making a variational structure on W/ b([a bly, RM), we
can reduce the problem of finding solutlons of (118) to the one
of seeking the critical points of a corresponding functional.

Problem (118) covers the p-Laplacian system (for when
T=R, a=1)

(| 0| (t)), —VF(Lu(t), aetelabl],
u(a)—u®) =0, (120)

u (@) -u (b) =
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and the second-order Hamiltonian system on time scale T
(forwhenp=2, a=1)

U™ (8) = VF (0 (1), u (0 (1)),
A-ae. t € [a,b]y, 121)
u(a)—u®) =
u® (a) - u® (b) =

as well as the second-order Hamiltonian system (for when
p=2 a=1 T=R)

u" (1) =VF(t,u(t)), ae telab],
u(a)—u() = (122)
u' (a)—u' (b) =

and the second-order discrete Hamiltonian system (for when
p=2T=7Z a=1, b-—a=3)

Au(t)=VE(tu®), telab-1]nZ,
u(a) —u() = (123)
Au(a) — Au(b) =0

Consider the functional ¢ :
defined by

Wzﬁb([a’b]'ﬂi RN) - R

_ l P A«
9=+ jwh IT, ) (1)]F A%t
(124)
+J F(o(t),u’ (£)) A%t.
[a.bly

We will show the following theorems.

Theorem 53. The functional @ is continuously differentiable on

Aab([a b]T,R ) and

<§0 (u),V>
- Lbh T, @) (T, () (£), T, (v) (1)) At 5)

+J (VE (o (8),u’ (1)), (£)) A°t
[a, ]W

forallv e WA‘xfb([a, bly, RM).

Proof. We choose L(t,x,y) = (1/p)lyl? + F(t,x) for all
X,y € RN and t € [a,b]y in Theorem 52. It is easy to
get that the functional ¢ is continuously differentiable on
Wg’ib([a, bly, RM) and

CAORY

_2 o
:J[u)b]TlTa(”ﬂp (T, (u) (t), T, (v) (£)) A"t (126)

+ J (VF (o (t),u’ (1)), (t)) A"t
[a»b]v
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forallv € W“ P b([a bly, RYN) by condition (A) and Theo-
rem 52. The proof is complete. O

Theorem 54. Ifu € szb([a bly, RN) is a critical of ¢ in

A o b([a bly, RM), that is, @ "(u) = 0, then u is a weak solution
of problem (118).

Proof. Since ¢’ (u) = 0, it follows from Theorem 53 that

J[ T, )P (T, (w) (), T, (v) () A%t

(127)
+ J (VE (o (t),u’ (1),v" (1) A"t =0
[ﬂ’b]v
forallv e W b([a blr, RY). That is
J., @l (0.1, 0 0) 8%
o (128)

= —J[ ) (VF (o (t),u’ (1)), (t)) A"t

for all v € Aab([a blr, RY). Using condition (A)
and Definition 42, we obtain that |T,(u)[P~ T L) €
A . b([a bly, RM). It follows from Theorem 45 and (74) that

there exists a unique function x € A%b([a, bly, RY) such

that
x=u,
T, (T, ()" T, (%)) () = VE (0 (1), % (1)) (129)
A-ae. on [a,b]}.
Equation (129) imply that
x(a)—x(b) =
(130)
T, (x)(a) - T, (x) (b) =

We identify u € Wz’fb([a, bly, RY) with its absolutely
continuous representatlve
x eV ab([a, bl RM) for which (129) holds. Then, u is

solution of problem (118). The proof is complete. O

In order to prove the existence and multiplicity of
solutions for (118), we need the following definitions and
theorems.

Definition 55 (see [24], Pg;). Let X be a real Banach space,
I € CY(X,R) and ¢ € R. I is said to be satisfying (PS),-
condition on X if the existence of a sequence {x,} € X such
that I(x,) — cand I'(xn) — 0asn — 00, implies that cis a
critical value of I.

Definition 56 (see [24], Pg;). Let X be a real Banach space
and I € C'(X,R). I is said to be satisfying PS condition on
X if any sequence {x,} < X for which I(x,) is bounded and
I'(x,) — 0asn — oo, possesses a convergent subsequence
in X.
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Remark 57. It is clear that the PS condition implies the (PS)..-
condition for each ¢ € R.

Lemma 58 (Theorem 4.7, [24]). Let X be a Banach space and
let ® € C'(X,R). Assume that X splits into a direct sum of
closed subspace X = X~ & X" with

dim X < oo,

sup @ < inf @, (131)
S x*
where Sy = {u € X~ : ||lul| = R}. Let
By={ueX :|ul <R},
M={h€C(B£,X):h(S)=SifSESl_z}, (132)

¢ = infmax ® (h(s)).
heM seBy

Then, if @ satisfies the (PS) -condition, ¢ is a critical value of
.

As shown in [29], a deformation lemma can be proved
with the weaker condition (C) replacing the usual PS con-
dition, and it turns out that the Saddle Point Theorem
(Lemma 58) holds under (C) condition.

For the sake of convenience, in the sequel, we denote |-|| =

Iy,
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For u € Wg’ﬁb([a, bl RY), let @ =
ray, 1A [y, (At and 1(6) = u(t) - Set Wb (la,
bl RY) = {u € WP ([a, b5, RY) : j[a’bh u(H)A%t = o},
then Wy, ([a,b];, RY) = Wyl ([a,b]r RY) @ RN and we

have the following theorem.

Theorem 59. In Banach space WZﬁb([a, bl RM), foru €
WP ([a,bl5, RY), [lull — oo if and only if
1/p
<|a|1’ + J T, () )| A“t) — 00. (133)
[ﬂ,b]wr

Proof. Firstly, we prove the necessity. Indeed, from Theorems
15 and 48, we get

Lmbh [u” )P A%t = J[u)bh lﬁ +u’ (t)lp A%t

< ZPJ (|ﬁ|p +
[ﬂ’b]v

u° (t)'P) A%t < 2P

P A opocl/p
nw=<LMHu;wxﬂ|At+Lwhw(ﬂ|At)

That is lul| — co = ([u|f + j[ . T, ()(1)[PA*H) P — co.
a,bly

Secondly, we prove the sufficiency. From Theorem 15 and
Holder inequality we get

-max{a*, 1} (b -a) (@l + J@)t,) <2f 139
- max {a‘x_l, 1} (b-a)
-QmP+KPj H;WMQVA%).
[ﬂ’b]v
This inequality implies
1/p
< <2P max {a*~', 1} (b - a) <|ﬁ|‘° +K? J T, () 1) A"‘t) + J T, (w) )| A“t) (135)
[a.bly [ably
a-1 Up (- N 1p
< ((2* max{a*", 1} (b —a) + KP) +1) <|u|P + J T, () (D]F A t)
[a»b]v
Therefore, we have
1/p
<|H|P + J T, (w) 1)) A“t)
[a,b]¢
-1
« o P A
8 ((J[u,b]T tA t) <J[u,b]Tlu (t)l A t)
(137)

-1
[u| = ‘(J 1A"‘t> J u’ (1) At
[a.bly [a.bly

-1/p 1/p
< <J 1A"‘t> <J |u” ()| A"‘t) :
[a.bly [a.bly

(136)

1/p -1
P A o
+ La’bh T, () ()] A t) < ((J{a’bh 1A t)

1/p
+ 1) lull .
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Thatis ([5l” + [, T, )(@®IPA*D"P — 0o = Jull - co.
a0t

This completes the proof. O

Theorem 60. Assume that (A) and the following conditions
are satisfied:

(F,) there exist 0 < u < p, M > 0 such that

(VFE (t,x),x) > uF (t, x) (138)
forall |x| > M and A-a.e. t € [a,b]y.
(F,) there exists g° € LL)A([a, bly, R) such that
F(t,x) < g(®) (139)

forallx e RY and A-a.e. t € [a, blt.

(F;) there exists a subset D of [a,bly with u,(D) > 0 such
that

F(t,x) — —0co0 as |x| — oo (140)

for A-a.e.t € D.

Then problem (118) has at least one solution.

Proof. We will use the Saddle Point Theorem (Lemma 58) to
prove Theorem 60. It suffices to prove that

(i) ¢ satisfies (C)-condition,
(ii) ¢(u) —» —coasu € RN, |lul - oo,
(iii) (1) — +oo asu € Wy, ([a,b], RY), Jlull — co.

Firstly, we prove (i).
Let {u,} ¢ Wz’ib([a, bly, RY) be (C)-sequence of ¢, that

is ¢(u,,) is bounded and (1 + IIMnII)q)’(un) — 0asn — oo.
Then there exists a positive constant Cs such that

lq) (un)l < CS’

(141)
(1 + “un“) “90, (un)“ < CS

for all n € N. In accordance with (A), (F,), (124), and (125),
we have

CS + pCS = (1 + “un") ||(P’ (un) - p(P (un)
2 <(P, (un) ’un> —pe (un)

_ j[ | (F e 0.00),1;0)
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— pF (o (8),uj (1)] A%t
= J [(VF (o ()1 (), (1)
{ug (1)>M}
— pF (o (8),uj (1)] A%t
* J [(VF (o ()15 (1) iy (1)
{ug (H)<M}
~ pF (o (1), uy ()] A%t = (p — p)
o Pewao)at-(pem)
{ug (1)>M}
maxa() [ B 04
|x|sM lably
(142)

for all n € N. This inequality gives that there exists a constant
Cy such that

J E(o@t),ul (1) A% > Cy (143)
{u; (1)>M}

n

for all n € N. From condition (A), we have

J F (o (t),u, (1)) A%t
{ug (<M}
> - J a(jus ))) b () A% (144)
{us (<M}
> —maxa (|x|) J b (1) A*t.
Ixl<M ably
Combining (143) with (144), one has
J F (o (t),u, (1)) A%t
[u)b]T
| e @)at (145)
{ug (H)>M}

+ J F(o(t),u (1)) A"t > C,,
{ug (=M}

where C, = 66 —max, < pa(lx|) J’[a’b]T Ea(t)A“t. Moreover, by
(124), (141), and (145), one has

1 «
Cs =2 ¢ (u,) = » L ) T, (u,) O] A*t+Cs (146)
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for all n € N. This shows that there exists constant C; such
that

J[a ) |T, () 0] A"t < C; (147)

for all n € N. It follows from Theorem 48 and (147) that there
exists constant Cq such that

"ﬁn“oo < C8 (148)
foralln € N.

Now, we will assert the sequence {u,,} is bounded. If not,
we may assume, without loss of generality, that [1,| — oo as
n— oo.Setv, = u,/lu,l =u,/llu,l+4,/llu,l =v,+7,, then
{v,} is bounded in Wz’ib([a, bly, RM). By Remark 51, there is
a subsequence of {v,} (for simplicity denoted again by {v,})
such that

v, —=v in Wy ([ably,RY),

(149)
v, — v in C([a,b];,RY).

Combining with (148), {#,} is bounded in C([a,b], RM),
hence, v € RN, v # 0. So lu,(t)] — coasn — oo for all
t € [a,bly. By (F;), we have

lim sup J F(o@),u, (1) A"t
[a»b]v

n—o00

(150)

n—o00

< lim sup J F(o@),u, (1)) A"t
D

+ J lg° ()| A%t — —o0,
[ﬂ’b]v

which contradicts (145).

Consequently, by Theorem 59, {u,} is bounded in
Wz’ib([a, by, RN ). Again, from Remark 51, there is a subse-
quence of {u,} (for simplicity denoted again by {u, }) such that

u, —~u in We? ([ably,RY), (151)

u, —u inC ([a, blr, RN) . (152)

According to (152), {u,} is bounded in C([a, by, RY), then
from condition (A), there exists positive constant C, such that

J[ | (TF (00,4 0), 4 () i ) &t
SJ \ |VF (o (t),u;, ()| |u” (t) — uj, ()] A"t
[a.b]y (153)

<C, J b () [u () - ul ()] A%t
[ﬂ’b]v

< Collu-u., j[a B o
SUIT
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Combining with (152), we get

| P @@ @) 0 - ul 0)a% — 0
[ﬂ’b]v

(154)
as n — 0o.
Be aware of
’ U=ty = T(X n t 2
(¢ @)uw) = 1) @)
(T, (u,) @), T, () ) = T, (u,) ) At
+ J [VF (0 (t),u’ (1)), u’ (£) (155)
[a»b]v
—u) ()] A",
<(p' (un),u—un> — 0 asn—> oo;
one has
| rw)or?
[a»b]v
(T, () (8, T, () () = T, (1,) () A% — 0 (19©)
as n — 0o.
Moreover, it is easy to derive from (152) that
J |u) (t)|‘D_2 (u) (1), u’ (t) —u; (1)) A"t — 0
(@bl (157)
as n — 00.
Define
— l p_ l o P g«
b=’ = (j[a’bh O %t
(158)
T, (u) (t)|° A“t) .
+ j[a,bh 1T, @) (@)
Then one has
’ u- _ T p-2
@ @)emw)= | 1) )
(T, (uy,) (), T, () () = Ty, (u,) () A"t
(159)
+ J | )P (S (1), u° (8) - ul () A%t
[ﬂ’b]v
— 0
as n — 00. By Holder inequality, we get
0. (gl = Haa) (oo = ")
(160)

< <q5' (u,) - (/5' (u),u, — u> .

This combined with (159) yields [lu, | — llul. It is easy
to derive from (151) and Theorem 47 that u, — u in
Wz;ib([a) b]'[[) RN)
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Secondly, we prove (ii).
For any u € RY, combining (124) with (F,) and (F;), we
have

¢ u) = F(o (1), u’ (1) A"t

F(o@®),u’ (t)) A"t + L - g’ () A"t
ably (161)

IN
o}

F(o(t),u’ (t)) A%t + L ! lg” )] A"t

— —00

as n — 00. This shows (ii) holds.
Thirdly, we prove (iii).
Fors € R,|x| > M and A-a.e. t € [a,b], we set

G(s) = F(t,5%),
H9=6'()-56(). e
Make use of (F,), when s > M/|x],
H(s) = é ((VF (t, sx), sx) — uF (£, 5x)) = 0 (163)
holds. In addition, using (162), G(s) satisfies
G'(9)=H()+ 56 (). (164)
So, when s > M/|x|,
F(t, sx) = s* (F (t, x) + J: TMH (1) dT) . (165)

Besides, depending on condition (A) and (163), for |x| > M
and A-a.e. t € [a,b], we assert

<%>#F(t x)>F<t x%>> aob(t) (166)
where g, = max,|.),@(|x|). This implies that
Ft,x) > aob(t)<<|;1|> +1) (167)
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for all x € RN and A-ae. t € [a, bly
Theorem 48 and (124), we obtain

. Moreover, by virtue of

@ (1)

o] P st
p [a.bly

Ay u nd o
- ()l L,,bh B () A%

_a, J 7 (6) A%
[ﬂ,b]wr

_ L P Ax
-5 La)bh 1T, () (O] A%

L J T, () (B A%
2p Jap);
% ) “ J b () A%t
~ (2 ) bl A
_%J 5 (1) A%
[u)b]T
1 P A 1 -p P
> _J IT, ) (0)]° A% + —K P Jul?,
2P [a,b]y 2P

_(&>||u||goj b (t) A%t
M# [ably

—ay J b (t) A%t
[u)b]T

(168)

1 J b’
> — T, (u) )| A%t
2p [a,bhl |

1 o -
+$K P(max{a 1,1}) IJ

[a»b]v

<“°K )n ||*‘j LGy

—ay J b (t) A%t
[u)b]T

|u” ()| A%t

> min {#, ﬁK_P (max {a‘x_l, 1})_1} lull?

aK ~0 «
( 0 )n ||“j CACIS

_a, J b7 (6) A%
[ﬂ,b]wr

forallu € WIA';([(J, by, RM). Since 0 < U < p, (iii) holds.
It follows from Lemma 58 and Theorem 54 that Theo-
rem 60 holds. O

Example 61. Let T = o [2k,2k + 1], &« = 1/2,a =
1, b = 2015, N = 5. Consider the 4-Laplacian conformable



20

fractional differential equation boundary value problem on
time scale T

Ty, (ITy, W Ty W) () = VE (0 (8) ,u (o (1)),

2
A-ae. t € [1,2015]% |
ae tel It (169)

u(l) —u(2015) =0,
T, (u) (1) - T, (u) (2015) = 0,

where F(t, x) = —|x|* - ((1,1,2,2,3), ).

Invirtue of F(t, x) = —|x|*-]((1,1,2,2,3), x)|, VF(t, x) =
-2x - (((1,1,2,2,3),x)/1((1,1,2,2,3), x))(1,1,2,2,3), all
conditions of Theorem 60 hold with p = 4, y = 3, M =
1, g(t) = 0.1t is easy to derive from Theorem 60 that
problem (169) has at least one solution. Moreover, 0 is not the
solution of problem (169). Thus, problem (169) has at least one
nontrivial solution.

According to Theorem 60, we have the following corol-
lary.

Corollary 62. Assume that (A), (F,), and the following
condition are satisfied.

(F,) F(t,x) — —o0 as |x| — oo uniformly for A-a.e.t €
[a,b]y.

Then problem (118) has at least one solution.

Theorem 63. Suppose that (A), (F,) and the following condi-
tion are satisfied:

(Fs) J’[a,bh F(o(t), x)A%*t — —00 as |x| — co.

(Fg) Assume that —F(t,-) is (B, y)-subconvex withy > 0 A-
a.e.t € [a,bl]y, that is,

F(t,B(x+y)zy(Ftx)+F(ty))  (170)

forallx,y e RY and A-ae. t € [a,b]y.
Then problem (118) has at least one solution.

Proof. It follows directly from (F;) that
@Wu) — —00 asuce RY, [lu]l — oo. (171)
Analogous to the proof of Theorem 60, we can obtain

0] (u) — 400
e (172)
asueW,,, ([a, b]T,RN) > JJull — oo.

Next, we will verify ¢ satisfies (C)-condition. Let {u,} ¢

Wgﬁb([a,b]T,RN) be a (C)-sequence; that is, ¢(u,) is

bounded and (1 + ||un||)go'(un) — 0asn — oco. Using the
same method as that of (145), (147), and (148) in the proof of
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(i) in Theorem 60, there exist constants C,,, C;; and C,, such
that

J F(o(t),u, (t)) A% > Cy,,
[u)b]T

(173)
J T, (u,) O A%t < Cyy,
[u)b]T
Il eo < Crz (174)
for all n € N. By means of (F;), we obtain
Cp < J F(o@),u, (1) A"t
[a»b]v
1 — \ aa
s—J F(o(t),pu,) A%t
Y [H)b]T
_ J[ E (o (), i’ () At (175)

<l j F(o (1), f7i,) A%t
Y Jiably

— maxa (|x]) J b (t) A%t
[x[<Cy, [a,bly

for all n € N, this conclusion shows that {u,} is bounded.
Combining with (174), we are sure {u,} is bounded. In a way
similar to the proof of (i) in Theorem 60 we can prove that
{u,} has a convergent subsequence, thus, ¢ satisfies condition
(©).

It follows from Lemma 58 and Theorem 54 that Theo-
rem 63 holds. O

Example 64. Let T = R, « = 1, a = 1, b = 21, N =
3. Consider the 5-Laplacian differential equation boundary
value problem

(| o] (t)), —VF(u(t), aete 2],

u(m) —u2m) =0, (176)

u (m)-u (2m) =0,

where F(t, x) = —|x|* - [((2014,2015, 2016), x)|.

In virtue of F(t,x) = —|x|° — |((2014,2015,2016),
x)|, and VF(t,x) = -=3|x|x — (((2014,2015,2016),x)/
[((2014,2015,2016), x)|) (2014,2015,2016), all conditions of
Theorem 63 hold p = 5 py = 4, M = 2.1t follows
directly from Theorem 63 that problem (176) has at least one
solution. Furthermore, 0 is not the solution of problem (176).
Therefore, problem (176) has at least one nontrivial solution.
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