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This contribution reports the development of a time domain model of a three-phase voltage source converter (VSC) that can be
used in the transient and steady state analysis of nonlinear power systems including their associated closed-loop control schemes.
With this proposed model, the original discontinuous nonlinear power system can be transformed into a continuous system, while
keeping the underlying harmonic nature of the VSC and avoiding typical and undesirable numerical problems associated with the
large derivatives during the switching transitions. The development of this model was based on the dynamic Fourier series of the
switching functions under a sinusoidal PWM modulation scheme, which require the calculation of the switching instants at each
integration step; the switching instants and the dynamic Fourier series coeflicients are calculated by explicit mathematical formulas.
The proposed model of the VSC is suitable for the fast computation of the periodic steady state solution through the application of

Newton method. Simulations were carried out in order to illustrate the benefits of the proposed VSC model.

1. Introduction

This contribution describes a time domain model of the
voltage source converter (VSC) that can be used in the
transient and steady state analysis of nonlinear power sys-
tems including linear or nonlinear control schemes. With
the proposed model, the original discontinuous nonlinear
power system can be transformed into a continuous system
while keeping the underlying discontinuous nature of the
VSC and avoiding undesirable numerical problems associ-
ated with the large derivatives during the switching transi-
tions. Additionally, the computation of the periodic steady
state solution is obtained with a Newton method; in this
paper, an enhanced numerical differentiation method is used

1].

The VSC is the heart of many components in industrial
applications due to its modular design, controllability, and
the ability to build some multilevel topologies for low and
high power applications [2, 3], high voltage direct current
(HVDCQC) transmission system [4], electric motor speed
drives, interconnection of wind energy systems, and flexible
AC transmission systems (FACTS) [5], among others. For
these reasons, the three-phase VSC is the common building
block in FACTS technologies, custom power equipment,
active filters, variable speed drives, PWM rectifiers, HVDC
links, and power electronic interfaces for interconnection of
renewable energy sources. However, the analyses of electric
networks including VSC-based components still represent
important challenges, since the VSC-based components are
in general nonlinear and incorporate both continuous and
discontinuous time dynamics and discrete time events.
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FI1GURE 1: VSC circuit with ideal switches.

Several models have been presented in order to describe
more accurately the VSC: in [6] two mathematical repre-
sentations of the three-phase VSC for transient and steady
state solutions of nonlinear electric systems are proposed.
The three-phase VSC models in abc-frame proposed in
[7] can be used in a Newton-Raphson formulation for
the fast computation of the periodic steady state solution
and stability assessment of power systems with nonlinear
loads and control systems, as demonstrated in [8-12]. In
a previous contribution, an exact model for VSC in «af3-
frame is presented in [13]. Reference [14] presents a direct
harmonic method in the af3-frame for the computation of the
characteristic and uncharacteristic harmonic components of
the VSC. In [15], an iterative method based on a hybrid
time/frequency-domain approach is proposed to compute
the steady state of a PWM VSC in the aff-frame with a
closed-loop controller. In these previous contributions [13-
15], the models are only limited to linear switched networks
and also present some drawbacks for VSC with closed-loop
control; that is, the quadratic convergence characteristics of
the Newton-Raphson method for the fast computation of the
periodic steady state solution are degraded. Reference [16]
deals with a time domain method using a modified Newton
method for only one VSC with dq control; however, the size
of the resulting system increases with the switching frequency
and this approach does not address the stability problem.

This contribution deals with a powerful model of the VSC
based on the Fourier series for time domain simulation of
nonlinear power systems including VSC-based components
considering large time steps. This model will be described in
detail in the following sections.

2. Algebraic Model of the VSC

For reference, Figure 1 shows the circuit representation of the
well-known three-phase two-level VSC. This VSC contains
six bidirectional switches; each bidirectional switch is an
arrangement of an IGBT (GTO or MOSFET) in antiparallel
with a diode. In power system analysis, the engineers use the
ideal switch model to represent semiconductors [17]. Using
the ideal switch model, the original continuous nonlinear
dynamic system that represents the VSC becomes a set
of linear algebraic equations. The bidirectional switching
function is identified by S, and S, for each phase (x =
a,b,c), which can be on or off, r is the switch-on state
resistance, and S, is 1 or 0, corresponding to the on and off
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states of the switch, respectively. In addition, S, and S. are
complementary; that is, S, + S; =1
The voltage to ground at the ac side of the VSC is given by

) S Vdc (Sa + Sb + SC)
Vig = Tlg T V49, — >

3
V. (S, +S, + 8§
th=rib+VdCSb—@, (1)
Vi (S, +S, +S
vtC:riC+vchC——d°( “ 3 b C).

The switching functions S,, S, and S, are square wave-
forms and take values of 0 for some intervals of time every
fundamental period and values of 1 for the rest of the funda-
mental period. The time instants when the switching func-
tions change from 1 to 0 and vice versa are named switching
times. Please notice in (1) that the relationship between the dc
side and the ac side of the VSC is purely algebraic; thus, the
voltage variations in one side are instantaneously seen for the
other side and vice versa. The mathematical representation
(1) allows any modulation technique. In this contribution, the
proposed model is focused on the Sinusoidal Pulse Width
Modulation (SPWM) technique. The switching functions can
be written in terms of the complex Fourier series, as follows:

nmax

Sa =05+2 Z |Ca<k) | COoS (k(vot + ZCa(k)) N
k=1

Mmax

Sb =05+2 Z |Cb<k) I COS (ka)ot + ZCb(k}) s (2)
k=1

Mmax
Se=0.5+2 ) el cos (kg + ey ) »
k=1

where n,,, is the highest harmonic order.

The complex Fourier series coefficients of the switching
functions (¢;(y» Gy(ky> and ¢ k) strictly depend on the switch-
ing times; therefore, the switching functions can be described
analytically if the switching times are also described by
analytical and explicit expressions in terms of the modulation
parameters of the VSC. According to this idea, the next
step toward the proposed model is to develop analytical and
explicit equations for the computation of the switching times.

3. Symbolic and Explicit Equations for
the Computation of the Switching Times

The desired voltages at the terminals of the VSC are

v;;f = |V]cos (wyt — ), (32)
VL = V| cos (w,t — ), (3b)
Vil = [V cos (wyt — ¢) . (3¢)

In particular, for the balanced case, ¢ = 0 + 27/3, ¢ =
0 — 2m/3. The switching times can be computed as follows:
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- cos (agyw, - 0) . 0c <E 3_71)
R r 5 > )
sin (agyw, — 0) wy + (-1) (mp/mu)
ta(k) = 9 (43)
I cos (A 1ywo — 0) 0¢ <7T 371)
(er1y T 7 = ; ——
sin (age,qywp — 0) wp + (1) (mp/ma) 272
o cos (agywy — 0 — 27/3) . 0 ¢ [ 57 1171]
k > T |
® 7 sin (agywo — 0 - 21/3) wy + (-1) (mp/ma) L6~ 6 )
tb(k) = <
- cos (ay,ywo — 0 — 27/3) . fe [ 5m 1171]
er1y T 7 ; —— >
sin (@, ywo — 0 — 27/3) w, + (—1)F! (mp/mu) L6 6
- cos (agywy — 0 + 27/3) _ L 771]
k > T |»
7 sin (agywy — 0 +27/3) w, + (-1)F (mp/ma) L6 6
tc(k) = 9 6 ) (4C)
cos (A, ywo — 0 +27/3) n 7n
Akrry + o ; B¢ el
sin (a1 wo — 0+ 27/3) wy + (=1) (mp/ma) L
Equations (4a)-(4c) can be transformed into a Newton
process in order to increase the precision of the switching
times:
. ) k 0)
@ cos (ta(k)wo =0) + (1) (my/m,) (ag - tu<k>)‘ g (73T
atk) sin (tm w, —O)a) +(=1)F (m /m ) ' 272/
fitD) alky®o 0 p/a (5a)
alky — (i) k+1 (i)
o cos (ta(k)wo - 0) +(-1) (mp/ma) (61<k+1> - ta(k)). 0 ¢ <E 3_7T>
k . i > > >
"o sin (té’()k)wo - 0) wy + (1)F*! (mp/ma) 22
( (i) k (i)
(L, 908 (£330 90 = 0= 27/3) + (1" (my/ma) (ag) ~ tye) 0 ¢ [5—” 11_”]
b(k) : (i) k > > >
piD) _ sin (tb(k)wo -0~ 2”/3) @, +(=1) (mp/ma) 6 6 (5b)
b(ky i k+1 i
RO <05 (@ — @ = 271/3) + (D (my/ma) (ageeny ~ ty). 0 [5_71 11_71]
| bik) sin (téi()@wo -0- 271/3) wy + (—1)F*! (mp/ma) ’ 6 6 I’
( (i) k (i)
[, O (tc<k>“’0 —0+27/3) + (-1)* (m,/m,) (ag - tc(k)). 0 ¢ [E 7_71]
c(k) : (i) k > > >
ROSN sin (tc<k>wo -0+ 271/3) wy + (1) (mp/ma) 6 6 -
oy = ) k+1 i)
o, O (t(;(k)“’o '_0 +21/3) + ()" (m,/m,) (agay - tc(k))‘ 0 c [g 7_71]
| < sin (t&)mwo -6+ 27'[/3) wy + (~1)F*! (mp/ma) 6 6
The initial guess for the iterative equations (5a)-(5c) is " ag;  0¢ [%) 7?”] ,
0
fey = g™ 7 (6c)
Akr1)s € [——]
6 6
3
A 0 ¢ E, il R
RON e 22 (6a) Once the switching instants have been calculated, the
a{k) T 37 switching functions are automatically obtained as follows:
o0es 0¢(5.5)
Sa
’a 0 ¢ [57‘[ 117 ® 1+ (=1 3
o =, —, +(-1)* mo3my\
t<°) ] (k) 6 6 (6b) 5 ; 0 ¢ 5,7),Vk—1,2,...,2mf+1, (7a)
bl 57 1lm 1 ! 3
Aernys Ge[—,—, DT (”—"); =1,2,...,2m; +1
(k+1) 6’ 6 5 0¢ ) Vk=12,....2m +1,



4
Sb(k)
1+ (=D 5t 1lm
> H 9%[?,?];\7%:1, co2mpt+ 1, (7b)
= k+1
1+ D ; B¢ 5£,11n s Ve=1,...,2m, + 1,
2 6 f
Sc(k)
L+t 0¢[Z 7] vk=123,2m 41, (70)
2 > 6; 6 > — L4 Il f > C

—,—"]; Vk=1,2,3,...,2m; + L.
66

The kth state for switching function S, (;, takes place from
tyk-1) tof <t and so onand so forth, where x = a, b, c. By
definition, ¢,y = 0and team+ry = T for x = a, b, c. For some
phase angles as shown in (7a)-(7c), the switching functions
contain 2m ¢ + 1 states because for those angles the state of S,
from temy tot < Tis equal to the state of S, from ¢, to
t <t,q.If oneof the phase angles (6, ¢, and ¢) is equal to 77/2
or 37/2, then the associated switching function only has 2m
states in a full fundamental period. Only for this particular
case, the last state is different to the first state.

Equations (4a)-(6c) are the general expression for the
approximated computation of the switching instants. In (4a)-
(4€)s ta(ky» to(ky> and £, are the kth switching instants for the
switching functions of phases a, b, and c, respectively. In (5a)-
(5¢), t;’gk) , té’&c), and t§l<)k> are the kth switching instants of S,,,
Sp» and S, respectively, in the ith Newton iteration. 0 is the
phase angle of fundamental components of v and is within
0and 27; m , is the absolute slope of the triangular signal used
in the SPWM modulation technique and is equal to 4m /T;
T is the fundamental period of the control signals (3a)-(3c);
my is the frequency modulation ratio; m, is the amplitude
modulation ratio for each phase, and this is equal to |V|/v,;
wy = 27/T is the desired fundamental frequency; and a, are
the instants where the triangular signal is zero and these are
equal to T'(k — 1)/(2my) fork=1,2,... ,2myg + 1.

Example 1. In this example, the switching times for the phase
a are computed using (4a)-(6¢) with mg =9, m, = 0.6, T =
1/60s, and 8 = /7 rad. Figure 2 shows the SPWM process
for this case. The number of switching instants in the linear
modulation region is always 2m for each phase; therefore,
there are 18 switching instants for the phase a.

In Table 1, the switching instants are listed. In the first
column the kth switching instant is listed. In the second
column the initial guess obtained with (6a) is listed. In the
third column the computed switching instants obtained with
(4a) are shown, which correspond to the first iteration of
(5a). The fourth and fifth columns show the second and third
iteration of (5a), respectively.

3.1 Switching Instants for Odd Switching Functions in the
Balanced Case. In the case where the switching functions are
odd, for example, m; = odd, they have half-wave symmetry;

Mathematical Problems in Engineering

Time (ms)

FIGURE 2: SPWM for the phase a. Carrier signal (triangular),
modulation signal (sinusoidal), and switching function (square).

TABLE 1: Switching times in ms for Example 1.

K foy = ey fagy = taie it fatk

1 0.925925925 1.205235647  1.2037002983  1.203700251

2 1.851851851 1.575523283 15770181425  1.577018186

3 2777777777 2.99403724  2.9937987468  2.993798739
4 3703703703  3.526484448 3.5268901728  3.526890175

5  4.629629629  4.697973623  4.6979516465 4.697951646
6 5.555555555 5.578734411  5.5787334926  5.578733492
7 6.481481481 6.377189967  6.3772681085  6.377268108

8 7407407407 7.617080290  7.6164122547  7.616412247

9  8.333333333 8.093941268  8.0948938133  8.094893827
10 9.259259259 9.538568981  9.5370336316  9.537033585

11 10.185185185 9.908856616  9.9103514759  9.910351520

12 1L1111111 11.327837058  11.327132080  11.327132072
13 12.037037037  11.859817781  11.860223506  11.860223508
14 12.962962962  13.031306957  13.031284979  13.031284979
15 13.888888888  13.912067745 13.912066825 13.912066825
16 14.814814814  14.710523300  14.710601441  14.710601441
17 15.740740740  15.950413624  15.949745588  15.949745580
18 16.666666666 16.427274602 16.428227146  16.428227161

consequently, all even-numbered harmonics vanish. In addi-

tion,

T
La(kemg) = bx(y + >

Vk=1,2,....ms x=ab,c (8)

Using half-wave symmetry property, it is only necessary
to compute half of the switching times with analytical
equations (4a)-(6c). For example, from Table 1, it is easy to
show that t,.9y = t, + 1/120 for k = 1,2,3,...,9. For
the balanced case, the switching times can be computed for
one phase, and, for the other phases, these are obtained with
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the appropriate phase angle if m is odd multiple of three as atketm, /3 g; k=1,23,...,m,
follows: by = "
tb(k—mf)-‘-i; ksz+1,...,2mf,
2T 2my
ta(k+4mf/3fl) - ?; k=12,..., T +1, VO € [37”, HTT[:I u (g, 5?”),
Fogy = Ty
13 + = =——+2,...,2my,
alk=2m/3-1) T 3 3 f Earam, /3+1) ~ g; k=12,...,my,
t =
m llm bk) T
o t + —; k= +1,...,2my,
VO ¢ (2, . ] ble-mp) T 5 myg my
t 2 k=1.2 zﬂ VBE[S—ﬂ,3—ﬂ),
atkeam/3) ~ 375 K= L& 6 2
Fogry = T 2m (10a)
t o k=141 2m
ak-2mg/3) 3> 3 PR f _r]_—v‘ PR
(9a) Latkram, 13-1) 5 k=L2...my,
3 1lm m 57 Loy =
voe |2 22]u(3.2), ‘ T _
2 6 276 tc(k—mf)+5> k=mg+1,...,2my,
A
’ o 6" 2
2
t -—; k=12,...,— -1, T
_ ak+dm/3+1) 3 3 ta<k+2mf/3) - 5; k=1,2, 3,...,my,
T. B sz sz tC(k) = T
tu(kflmf/3+l) +§, = T,T‘Fl,...,sz, tc(kfmf)+5; k=mf+1,...,2mf, (lob)
5t 3
voe [, 3T), voe[Z2|u(Z, 2,
6 2 6 2 6 2
4m
f -=; k= cmy,
, ta(k+2mf/371) - g; k = 1, 2, ey T + 1, ; o = ta(k-ﬁ—me/CH}I)1 3 5 k 1,2,3, mf
ey = 4 ‘ . -
2T ¢ Loty + =3 k=m;+1,...,2mg,
tu(k—4mf/3—1) + ?; k= T +2»~--,2mf; alk=rmy) 2 f f
n 7
VO € ( = —] .
VO ¢ [23—") 276
6 2
4m With (10a), (10b), only the sixth part (m - switching
tatkram, %) ~ 7 k= 1,2,...,—f, instants) of the total switching instants (6m,) has to be
tey = ST Am 3 computed with (4a)-(4c) or (5a)-(5¢) and, consequently, the
tak-am,/3) + 5 k=—2 4 L....2my, (9b) computational effort is dramatically reduced.
v ¢ [ n g] U ( 7n 3m ) 4. Complex Fourier Series Coefficients of
62 62/ the Switching Functions
4m
taeram,3ey — =5 k=12,..., Iy, Once switching instants have been analytically calculated, the
tey = ! 23T dm 3 pulse train of the switching function is automatically obtained
tatheotm, 3oy + =3 k= o £ with (7a)-(7¢) in the linear modulation. The complex Fourier
! 3 3 series coefficients of the switching function are zero for even
Vo (rr 771] harmonic components if m; = odd. On the other hand, the
€ 276 1° odd complex Fourier series coefficients for m ;= odd are
my
If the half-wave symmetry is considered, then (9a)-(9b) o= L Z -1)"e jwokta
are “0 ik o
1 [
n .
ok =-— (—1)" sin (wokt ()
n=1 (11a)
2T
~ Lagsam /3-1y ~ 3 k=12....my my }
B T + 7Y (-1)" cos (wykt
tb(kfmf)-'—z; k:mf+1,mf+2,...,2mf, ]nZl ( 0 a(n))
m 1l T
voe (2,17, VO ¢ [——,—], k = odd,
f 2 6 22
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1 < n gty The following relationships between the complex Fourier
Ca(ky =~ ]7‘[_k Z (-1)"e series coeflicients are satisfied if additionally a balanced case
n=l is considered; that is, ¢ = 6 + 2/3 and ¢ = 6 — 27/3 in (2):

1 (& , N
" nk <Zl (1" sin {aoktyr) lCacis| = leoiio] = Iecio] = e
"= 11b
< ) Leygy = Lc 2k
. bk) — (ky 737
+7Y (=1)" cos (woktam))) a 3 (14)
n=1
4k
ch(k) = an(k) - .
vo ¢ |-2.7], k=odd, 3
. Observe that, in (11a)-(13b), the summation only includes
B i Ly ookt half of the switching times for each phase. Moreover, only half
Sy = ﬂT_kZ; (-1)"e of the switching times for one phase have to be computed.
" For example, half of the switching times are computed for
1 (L " . the phase a using (4a); then ¢, is computed using (11a),
R (=1)" sin (wokty(y) ) (11b); finally, g,y and ¢,y are computed using (14). Once
. n=l (12a)  the complex Fourier series coefficients have been obtained,
~ 1" (wgkty) (2) can be evaluated in order to compute the value of the
*J nZi (=1)" cos (@okty() switching function at the time ¢ given specific values of

mg, my, and 0. In the general case, m, and 0 vary in the
time since these parameters are the output of a control
system. Figure 3 shows the sequential process to evaluate the
L . switching functions at specific time f; this diagram represents
Gy = — —Z (—1)" ¢ T@otewm the proposed Fourier series model of a VSC. In particular
Jrk = for the SPWM technique, dominant complex Fourier series

A coefficients appear as sidebands, centered around the switch-
< (-1)" sin (woktb (n)) ing frequency and its multiples, and the rest of the nonzero
n=1 Cxy are very small and consequently can be neglected which

m; means that the)(r ar; rzot tit)omputed.l | -
. n Equations (11a)-(13b) are analytical expressions of the
i Z (=1)" cos (woktb<”))> Fourier coefficients of the switch}i,;g functions based on
the SPWM technique. Notice that these equations depend

VO ¢ [5_” 11_77] k=odd on the switching times, which are also described by ana-
lytical and explicit equations in terms of the modulation

parameters, such as the index modulation frequency, the

" 7k
(12b)

n=1

m
o= 1 Zf (=1)" ¢ ooktewn index modulation amplitude, and the phase angle. With the
R k& proposed model of a VSC in terms of the Fourier series, the
original time domain model is preserved and the undesired
1 (& . effects of the discontinuity such as stiffness and inconsistent
I Y. (=1)"sin (wokt () initial conditions are efficiently avoided. Additionally, this
n=l1 (13a) Fourier series model allows the direct application of fast

steady state solution such as Newton methods which also
gives information about the stability of the periodic solution
T 7 through the Floquet multipliers. An important additional
VO € [—, —] , k=odd, feature of the proposed model is that the small harmonic

66 components can be neglected in the analysis. It is important

ny
+ ]Z (—1)" cos (wokt .,y )

) time domain methods for the computation of the periodic
n=1

1< n_—jwokten to remark that this Fourier series model is for the analysis of
Ce(ky =~ jrk Z (=1)"e . nonlinear power systems with closed-loop control schemes.
n=1
(Y 5. Case Stud
- ~1)" sin (w.kt . Case Study
L(F e b
(13b)  With the purpose of showing the properties of the proposed

my
+ ]Z (=1)" cos (wpkt ()

tem is considered as a case study. This system is periodic,
n=1

discontinuous, and nonlinear, with a closed-loop control.
VO ¢ [E 7_77] k = odd The test case is shown in Figure 4, where the STATCOM
6 ’ ' includes the control system based on that described in [18];

) formulation of the VSC, a small but complex power sys-



Mathematical Problems in Engineering

Measurements

at the time ¢ References

I

I

: Control system of
: the VSC
I

I

Computation of ¢,
fork =1,2,...,mf with (4a)

l

Computation of ¢,
with (11a), (11b)

L

Computation of ¢
and ¢y with (14)

l

Computation of
Sa> Sp» and S, using (2)

Computation of the switching function using
the proposed Fourier series approach

FIGURE 3: Proposed Fourier series model: process for the computa-
tion of the switching function using the proposed approach at the
time £.

Control
system

Proposed approach
of the switching Ryar
functions
(Figure 3)
(Sa’ Sb’ Sc) ——— V¢

Lstat

FIGURE 4: Test system including a STATCOM.

Figure 5 shows the control system. The reference line-to-
line rms voltage is 200 Volts (Ivllref = 200+/2/3) at the
point of common coupling (PCC); the reference voltage for
the dc capacitor is v5' = 500 Volts. Table2 shows the
parameters of the test system. It is important to remark that
this case study is described by a set of highly nonlinear and
discontinuous ordinary differential equations. This case study

v V,
! abe o—p Low-pass |vi]

Vdﬁ
filter
Vuhc
9= atanZ( Vib = Vie 2V1a ~ Vb — V1c>

f
\/5 3 |V1|rﬂ\

2 2 2
Vy= g(cos(e)vla + cos(G - ?ﬂ)vlb + cos(@ + ?ﬂ)vlc)

FIGURE 5: STATCOM control system.

TABLE 2: Data of the test system.

Electric and

control Sources of voltage (line-to-ground)
parameters

R, =01Q

Ly =001H cos (27 ft)

lei _ ?):(2)12 H V, = ZOO\E cos (ant - %ﬂ) Volts
R, =015Q cos (271ft+ 2?71)
L,=001H

C,. = 1000 uF

R, =0.05Q

Ly, =0.005H

= 1m0 cos (27ft — 0.436)
f=60Hz Vg = 2oo\j % cos (ant - 2?” - 0.436) Volts
K., = 0.004 on

K, =16 cos (27rft t3 - 0.436)
Ky, =1.6x107°

Kg=6x107

is first carried out for low switching frequency and then is
repeated for a higher switching frequency in order to evaluate
the performance of the proposed approach.

5.1. Low Switching Frequency. In this case, the modulation
index is m =21 (1260 Hz). Figure 6 shows a comparison in
transient state between Simulink and the proposed model
with n, = 210 which is equivalent to 12.6 kHz or ten times
the switching frequency. Figure 6(a) shows the source current
of phase a (i, ), Figure 6(b) shows the STATCOM current of
phase a (ig,,), and Figure 6(c) shows the voltage across the
dc capacitor (v4.). Please observe that the obtained solution
with Simulink and the proposed model are in very close
agreement. However, Simulink requires an integration step of
1 ps; meanwhile the proposed model requires an integration
step of 39.7 us. According to the Nyquist-Shannon sampling
theorem, the largest integration step must be 1/(2 x 12600)
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or 39.7 us; otherwise, the total harmonic components below
12.6 kHz will not be taken into account in the simulation. In
the SPWM, there are around 1, /2 nonzero complex Fourier
series coefficients; however, most of them are very small
and can be neglected in order to reduce the operations and
thus to reduce the computational effort. For this case, there
are m,,,, /2 nonzero complex Fourier series coefficients (odd
components); however, there are only 81 dominant harmonic
components (>1 x 107%).

The steady state solution comparison is carried out as
follows. Firstly, a time domain simulation during one second
is carried out in Simulink in order to obtain the steady
state solution. Figure 7(a) shows the obtained solution with
Simulink for the voltage at the dc capacitor with three differ-
ent integration steps. On the other hand, Figure 7(b) shows
the last five full cycles of this solution; notice that the solution
is still varying regardless of the simulation time [7] and this
is highly affected by the integration step. This behavior is due
to the numerical error introduced by the discontinuities of
the ideal model of the semiconductors [7, 17]. One of the
advantages of the proposed formulation is that it can be used
in a Newton method, in order to compute the periodic steady
state solution and its respective stability. Figure 8 shows the
periodic steady state waveforms of vy, and igy,, for two
different integration steps in order to show that the proposed

TasLE 3: Convergence errors for n,,,, = 210 and m, = 21.

Tteration Error
At = 39.7 us At =9.92 us
5.8314 x 107* 5.9212 x 10~
2 5.5949 x 10°° 5.6916 x 107°
3 3.4122 x 107" 3.2503 x 107"

formulation can be used in simulations with large integration
steps. These periodic solutions were computed with a Newton
method based on the enhanced numerical differentiation
process [1]. Table3 shows the convergence error of the
Newton method for two different integrations steps.

5.2. High Switching Frequency. In practical applications of
low power systems, the switching frequency can be up to
100 kHz, but, in this case study, we consider a modulation
index of m; = 165 (9900 Hz); however, the proposed for-
mulation can handle a higher modulation index. For this
particular case (mf = 165), there are only 89 dominant
harmonic components (>1x107), which hardly represent
the 11% of n,,,./2. This consideration reduces almost 90% of
the computation effort. Figure 9(a) shows the source current
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of phase a (i, ), Figure 9(b) shows the STATCOM current of
phase a (i), and Figure 9(c) shows the voltage across the dc
capacitor (v4.). Please observe that the obtained solution with
Simulink and the proposed model are practically overlapped.
Simulink requires an integration step of 1 ys and the proposed
model requires an integration step of 5.05 ys; according to
the Nyquist-Shannon sampling theorem, this is the largest
integration step that can be selected.

Figure 10 shows the periodic steady state waveforms of
vq. and ig,, for two different integration steps in order
to show that the proposed formulation can be used in
simulations with the largest integration step. These periodic
solutions were computed with a Newton method based on the
enhanced numerical differentiation process [1]. Table 4 shows
the convergence error of the Newton method for two different
integrations steps. This case omits the transient comparison
since the conclusions are similar to the first case.

It is important to remark that the Newton method has
quadratic convergence since the full system is considered
in the solution; therefore, this model is able to trace the
stability boundary of power networks including VSC-based
components. For example, for this operating condition, the
maximum Floquet multiplier is 0.9522, which means stability

TaBLE 4: Convergence errors for n,,,, = 1650 and m, = 165.

‘max

Iteration Error
At = 5.05 us At = 4.17 us
6.2180 x 107* 6.3136 x 107
76696 x 107 78222 x107°
3.0805 x 107! 3.0823 x 1071

for the system. On the other hand, if the integral gain of
the amplitude modulation ratio, K,,,;, is changed from 1.6 to
0.32, the maximum Floquet multiplier is 1.0023 and now the
system is unstable.

Table 5 shows the convergence error of the enhanced
numerical differentiation process for this unstable condition.
To verify the instability, a time domain simulation is carried
out with K,; = 0.32. Figure 11 shows the time evolution of
the voltage across the dc capacitor (a) and the phase portrait
of i, versus iy, (b). From this figure, it is easy to see that the
solution is unstable since the phase portrait corresponds to a
torus instead of a limit cycle.
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TasLE 5: Convergence errors for n,,,, = 1650 and m, = 165
(unstable condition).
Iteration Error

At = 5.05 us At = 4.17 ps
1 1.7039 x 102 1.7041 x 107
2 23285 %107 23552 x 107*
3 1.8926 x 1078 1.9204 x10°®
4 3.4885 x 1071 3.5209 x 107

6. Conclusions

In this research, a comprehensive modeling of the voltage
source converter has been presented. The VSC model was
developed in terms of the Fourier series. Additionally, ana-
Iytical and explicit equations for the computation of the
switching times have been obtained and, based on these
equations, a set of analytical equations for the computation
of the complex Fourier series coeflicients of the switching
functions was developed. The balanced condition and the
properties of the Fourier series for m, equal to odd multiple
of three have been exploited in order to compute the three
switching functions only with the sixth part of the total
switching instants.

Also, the developed model based on the Fourier series
representation of the switching functions is suitable for the
application of fast time domain methods. In the case of

this contribution, a Newton method was applied in order to
obtain the periodic steady state solution of a power system in
an efficient way. The power system used in the case studies
includes nonlinear components with SPWM VSC and with
closed-loop control.

In order to prove the benefits of the proposed model,
a case study including a STATCOM with a control system
has been analyzed. A very important characteristic of the
proposed approach has been observed; that is, it is possible
to consider only the dominant harmonic components in
the solution, which means higher efficiency. For instance,
in the second case study, the total harmonic components
were 1650; however, only 89 dominant complex Fourier series
coeflicients were employed in both the transient and the
steady state solutions.

In summary, the VSC model developed in this contribu-
tion offers the following advantages.

(i) This proposal reaches the periodic steady state solu-
tion of a power system in an efficient way by using a
Newton method.

(ii) A system that is typically discontinuous is trans-
formed into a continuous one with all its advantages.

(iii) After the transformation, the nonlinear discontinu-
ous system reaches a nonlinear and continuous form
including the harmonic information of interest.
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