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We deal with the form of the solutions for the following systems of rational difference equations x,,,, = (x,_; ¥,,/(£X,_; £ ¥,.5)),
Vo1 = (X, ¥,/ (£Y,_1 £ x,,_,)), with nonzero real numbers initial conditions. Also we investigate some properties of the obtained

solutions and present some numerical examples.

1. Introduction

Our aim in this paper is to find the solutions form for the
following systems of rational difference equations:

Xn-1Vn

- >
i'xn—l * yn—2

y _ xnyn—l
n+l — ’
iyn—l + Xn-2

n=0,1,...,
4]

Xn+1 =

with nonzero real numbers initial conditions and then inves-
tigate the obtained solutions.

Difference equations appear naturally as discrete ana-
logues and as numerical solutions of differential and delay
differential equations having applications in biology, ecology,
economy, physics, and so on. So, recently there has been
an increasing interest in the study of qualitative analysis of
scalar rational difference equations and systems of rational
difference equations. Although difference equations are very
simple in form, it is extremely difficult to understand thor-
oughly the behaviors of their solutions. See [1-7] and the
references cited therein.

The periodicity of the positive solutions for the following
system of rational difference equations

_m _ Dby
n+l = yn’ Yn+1 X1 Yo (2)

X

was studied by Cinar et al. [8].

Ozban [9] has studied the positive solutions for the
following system:

a byn—?v
Xnt1 = > Yne1 = .
n-3 xn—qyn—q

3)

The behavior of the positive solutions for the following system

Xp-1 yn—l

X > Yne1 =
1 +xn—1yn 1 +yn—1xn

n+l = (4)
has been studied by Kurbanli et al. [10].

Touafek and Elsayed [11] studied the periodicity and gave
the form of the solutions for the following systems:

Vn Yoo = *n
> 1~ .
Xn-1 (il * yn) " Yn-1 (il * xn)

Yalcinkaya [12] investigated the sufficient condition for the
global asymptotic stability for the following system of differ-
ence equations:

X

(5)

nel =

t,z,,+ta z,t,

= LTy 2 TS ()
! tn + 2 ! n n-1

Yang [13] investigated the positive solutions for the system

= A+ Yn-1

xn—l
, Yp=A+——— (7)
xn—pyn—q

n .
xn—r y}’l*S
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Clark et al. [14, 15] investigate the global asymptotic stability B fbd)"!
of the following difference equations: Yon-a = T2 (id + b) (ib + f)
Xy n n—1
xn+1 = 4 yn-f—l = : (8) = e(ae)
+ b+d -3 = :
G In T P2 T 2 Gave) (+ e +0)
Camouzis and Papaschinopoulos [16] studied the global (12)
asymptotic behavior of the positive solutions of the system
of rational difference equations as follows: Now, it follows from system (10) that
X, , Xon-4)on-3
= 1 n N = n _ = -—-—_—m—__mmomm_
it " Yn-m Jnt Xn-m (9) a2 Xon-4 t Yan-s
. ¢ (ae)™!
2. On the System: x, ., =x,_,9,/(X,_1 + V,_5), = ( — . )
Vo1 = xnynfl/(ynfl + xn72) Hi:o G +e) e +¢)
n-1
In this section, we study the existence of analytical forms of x ( e(ae) >
the solutions for the following system of difference equations: H?:_oz (ia+e)(i+1)e+c)
n—1
xn+1 = xnfly” > yn+1 = x”y”*I > n= 0’ 1) e X ( ( C(ae) )
Xn-1t Vna Yn-1 1 Xy (10) H::OZ (1a + e) (1e + C)
e(ae)"™> B
with nonzero real initials conditions x_,, x_;, X, ¥_,, ¥_1,and + ( - ) >
Yo- [T5, Ga+e)((i+1)e+c)
In the sequel we assume that ]_[i_:lOAiBi = 1, for any real cae)”
numbers A; and B;. = ( ;) )
[T, (ia +e) (ie + ¢)

Theorem 1. Suppose that {x,, y,} is a solution for system (10), s .
then forn =0,1,2,..., one obtains o ((caH,-_o (ia+e)((i+1)e+c) >

[T (ia + e) (ie + )

c(ae)”
x2n—2 = n-1,. . > n-2,. . -
[1i=y (ia +e) (ie + c) s (Hi:o (ia +e)(( + 1)e+c)))
b(bd)" [T, ia + e)((i + Ve +¢)
Xon-1 = n-1 ,. . >
-1 15, (d+b) (G+ 1) b+ f) " - ( c(ae)" )
f(bd)" 15 (ia + e) (ie + ¢)
y n-2 = n— . . 4
"I, Gd +b) (ib+ f) x ((@((n—-1)e+0))
ot = e(ae)” F (n=2a+e)((n-1)e+c) "

1) Ga+e)((i+1)e+c)

wherec =x_,,b=x_,a= xp f =y 5 e=y_,andd = y,. =

(c(ae)"/]_[?z_o2 (ia + e) (ie + c))
(n-1e+c)(a+((n-2)a+e))

Proof. Forn = 0 the result holds. Now suppose that# > 0 and n T2 .
that our assumption holds for # — 1. That is, - (c(ae) MMy lia + ) (e + C))

(n=1e+c)(n-1)a+e)

o b(bd)" > c(ae)’
2n-5 — n-3 ,. R > -
[T, (d+b) (G+1)b+ f) = T Ga+e) e +0)
_ c(ae)"! _ Yowm-4%m-3
Fancd H:':oz (ia +e) (ie +¢) ) Pon2 = Yon-a T X2 5
o b(bd)"" - ( fbay" )
P Gd + ) (G+ Db+ f) "\ ZGd+b) b+ f)
e(ae)"? ( b(bd)" ™ )
Yon-s5 = n-3 ,. . > x n-2 ;. .
[T (la+e)((i+1e+c) 12 Gd+b) (G +1)b+ f)
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(i)
152 (id + b) (ib + f)

N ( b(bd)"> ))“
150 Gd +b) (G + 1) b+ f)

_ < f(bd)" )
1722 (id + b) (ib + f)

x(d((n-1)b+ f)
+((n=2d+b)((n-1b+ f))"

(ST Gd + b) (ib + f))
C(n=-1)b+ f)[d+((n-2)d +b)]
_ f(bd)"

15 Gid +b) (ib + f)

Also, from system (10), we see that

X3
Xop-1= —— .
Xom-3 t Von-a

( b(bd)"! )

[T Gd +b) (G + 1) b+ f)

" ( fod)" )
15, d +b) (ib + f)

()
152 Gd +b) (G + 1) b+ f)

(o))
[T (id +b) (ib + f)
~ ( fbdb(bd)"™ >
-\ Gd +b) (G + Db+ f)
x (bf (n—1)d +b)
+f((n=Dd+b)((n- Db+ )

(bbd)" [TTSs (d +b) (G + )b+ £))
(n-1)d+b)[b+(n-1)b+ f]
~ b(bd)"
I Gd+b) ((+ )b+ f)

Yan-3%an-2
Yon-3 t Xon4

Yon-1 =

_ ( e(ae)” )
[T Ga+e)((i+1)e+c)

><(e((n—1)a+e)+((n—1)a+e)((n—1)e+c))_1

_ e(ae)”
M5 Ga+e)((i+1)e+c)

(14)

The proof is complete. O

Lemma 2. Every positive solution for system (10) is bounded,
and lim x, = lim =0.

n—oo0"'n n—»ooyn

Proof. It follows from system (10) that

X, X,
Xy = n-1n < n-1)n = Yo
Xn-1 + o) Xn-1
(15)
X _ X _
Vsl = nyn 1 < nyn 1 = x,,
Yn-1 + Xn-2 Yn-1
(13)
for n large, we see that
Xn+1 < yn < Xn-1> yn+1 < Xn < yn—l' (16)

Then the subsequences {x,,_;},20> {X2n}roor {¥an-t1}roo>
and {y,,},, are decreasing and so are bounded from above
by M, M, N, and N, respectively, where M = max{x_;, x,}
and N = max{y_;, y,}. O

The proofs of the following theorems are similar to that
of Theorem 1 and will be omitted.

Theorem 3. Assume that {x,,, y,} is a solution for the system

Xn-1Vn XnYn-1
Xpp1 = Ypn = - 17
' Xp-1 T Vn-2 ' Xn—2 = Vn1 a7
Then forn =0,1,2,...,
N c(ae)”
T (e tia) (c—de)|
b(bd)"
x2n—1 = n—1 . . >
[T b —id) (f + (i +1)b)
(18)
_ f(bd)"
Yon2 = 1 ; PR
[T (b —id) (f +ib)
B e(ae)"
P T T e via) - i+ De)
Theorem 4. The solutions form for the following system:
Xn-1n XnYn-1
Xpp1 = > Yner = ——— 19
' Yn-2 =™ Xn-1 ' Yn-1 1 Xy ( )



are given by the following formulas:
c(ae)"
[T (e —ia) (c +ie)’
b(bd)"
(b+id)(f-(@i+1)b)

fbd)"
[T (b +id) (f -

Xon-—2 =

Xop-1 = Hn_l
i=0
(20)

Yon-2 = ib) >

e(ae)”
M5 e—ia)(c+ i+ 1)e)

Theorem 5. Let {x,, y,} be a solution for the following system
of difference equations

Yon-1 =

xn—lyn xnyn—l
Xnt1 = el = - 21
+1 Yn-2 = Xn-1 Il X = Vn-1 ( )
Then forn =0,1,2,...,
N c(ae)”
"R (e —ia) (c —ie)|
b(bd)"
x2n—1 = n—1 . R >
[T, b-id)(f -G+ 1)b)
(22)
_ f(bd)"
Yoan-2 = ot ; 3
[T= (6—id) (f - lb)
e(ae)”
y2n—1 =

M5 e—ia)(c—(i+1)e)

Example 6. We consider an interesting numerical example
for system (10) with the initial conditions x_, = 0.18, x_; =
-0.4,x, = 0.2, y, = 0.03, y_, = 0.5,and y, = 0.26. See
Figure 1.

3. On the System: x,
Y1 = xnyn—l/(yn—l - X

In this section, we obtain the solutions form for the following
system of two difference equations:

xn—lyn/(‘xn—l + yn—Z)’

n—2)

Xn-1Vn
bl
Xp-1 + yn—Z

_ xnyn—l
Yn+1 = >
Yn-1 = Xn—2

Xn+1 =

(23)

with nonzero real numbers initial conditions x_,, x_;, Xo, ¥_,,
y_;,and y, provided that x_, # y_, and x_; # y,.

Theorem 7. Suppose that {x,,, y,} is a solution for system (23).
Then forn =0,1,2,...,

Xan-2

- (ae)Zn

" e- o' Qia+e)(Ri+1a+e)

x(n), y(n)

Plotof X(n+1) =
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Xn-1)Yn)/(X(n-1)+Y(n-2)),Y(n+1) =
Xm)Yn-1)/(Y(n-1)+ X(n-2))
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FIGURE 1
Xan-1
bn+1d2n
(d b1, ((21+1)b+f)((21+2)b+f)
x4n
_ a(ae)™
e o)1 (Qi+1)a+e)(Ri+2a+e)
x4n+l
bn+1d2n+1
(b+f) @d-b)"T1 (2i+2) b+ ) (Qi+3) b+ f)
y4n—2
_ fbnerl
(d-b)'TT5 (@b + f) (@i+ )b+ f)
Yan-1
e(ae)™
c”(e - ]—L o (2)a+e)((2i+1)a+ e)
Yan
bnd2n+l
(d b1, ((21+1)b+f)((21+2)b+f)
Yan+1
_ (ae)2n+1
ce— o) I (Qi+1)a+e)(Ri+2)a+e)

(24)
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Proof. Forn = 0 the result holds. Now suppose that# > 0 and
that our assumption holds for n — 1. That is,

x4n—6
_ (ae)Zn—Z
e —o)" 2 Qia+e) (2i+1)a+e)
x4n75
bndZn—Z
(d WM (Qi+ )b+ f)(Qi+2)b+ f)
Xan-4
_ a(ae)Zn—Z
le— o) MM (Qi+ a+e)(2i+2)a+e)
x4n73
bndZn—l
(b+f)(d b T2 (Qi+2)b+ f) (2i+3)b+ f)
Yin-6
fbnfleIfle
T @b I (@b (@it )b+ f)
Yian-5
B e(ae)ZrIfZ
e —co)" I (Qi)a+e) (Qi+1)a+e)
Yan-4
bnflen—l
T @b (@it )b+ f) (it )bt f)
Yan-3
B (ae)Zn—l
" Ye-o)" T2 (Qi+1)a+e)(Ri+2)ate)

(25)

Now, it follows from system (23) that

Xan—2

_ Xap-4)Yan-3
Xgn-at Van-s

_ < a(ae)Zn—Z )
e o) I (Qi+ 1 a+e)((2i+2)a+e)

X( (ae)an )
" e-o) ]_L o (2i+1)a+e)(2i+2)a+e)

y (( a(ae)Zn 2 )
e o) I (i+ a+e)((2i+2)a+e)

. < e(ae)™"? )>_1
(e - c)"ﬁll_[?zfoz((Zi)a +e)(2i+Da+e)

:< a(ae)Zn 1 )
" Ne— o)l (Qi+1)a+e)(2i+2)a+e)
><(a+(2n—2)a+e)_1

~ 1

“(2n-1Da+e)

a(ae)Zn—l

* e - c)"]_[::o2 (Qi+Da+e)((2i+2)a+e)

(ae)Zn

e o)1 (2i)a+e) (Qi+1a+e)

Yan-2
_ Xan-3)an-a
Yan-a4 = Xan—s

= <b”d2"‘1 <(b +£)(d-b)""

n-2 -1
x [ J(@i+2)b+ £)(2i+3)b+ f)) )
i=0

bnldln—

((d b)"ll_[ ((21+1)b+f)((21+2)b+f)>
bn1d2n1

X(((d b (21+1)b+f)((21+2b+f)>

bndZn—z !
B ((d_b)”1]‘[:‘_"02((21'4—1)b+f)((2i+2)b+f) ))

= <b"d2” < (b+ f)(d-b)""

n-2

-1
x | 1(2i+2)b+ f) (21+3)b+f)) >
i=0

x(d-b)"
_ fbndZn

(d-b)'TI (@) b+ f)(2i+1)b+ f)

(26)

Similarly one can prove the other relations. The proof is
complete. O

Lemma 8. Every positive solution of the equation x,., =
X1 Vol (X1 + V) is bounded, and lim,, _, . x, = 0.



The following theorems deal with the solutions form for
the following systems, and their proofs will be omitted:

xn—lyn XnYVn-1
Xne1l = Y1 = —— > (27)
Yn-2 = Xp-1 “Vn-1 7 Xn—2
Xn-1Vn XnYn-1
Xpp1 = Y1 = (28)
Yn-2 = Xp-1 Yn-1 = Xn-2
Xn-1n XnYn-1
Xyt = > Ynr = —— - (29)
Xp-1t Yoo “Vn-1 = Xn-2

Theorem 9. Assume that {x,, y,} is a solution for system (27)
withx_,# —y_,and x_| #+ — y,. Then forn=10,1,2,...,

Xan-2

_ (=1)"(ae)™"
e+ o)'TT5 (e - 2ia) (e — i+ 1) a)’

X4n-1
_ (_l)nbn+1d2n
@d+b)"TI (Qi+1)b- f)(Qi+2)b- f)

Xan

_ (-1)"a(ae)™"
e+ 0)"TIEy (- Qi+ 1)a)(e— (2i+2)a)

Xan+1
(_1)n+lbn+1d2n+1
(b-f)@d+b)"TII (Qi+2)b- f)(Qi+3)b- f)

Yan—2

- (_l)nfbndZn
d+b)"TI (@) b- f)(Qi+ Db-f)
Yan-1

~ (-1)"e(ae)™

e+ o)1 (e - (2i)a) (e - i+ 1)a)

Van
_ (_l)nbnd2n+1
@d+b)"TT5 (Qi+1)b- f)(Qi+2)b- f)

Yan+1

_ (_1)n+1(ae)2n+1

e+ o) Iy (e~ i+ 1)a) (e - (2i+2)a)

(30)

Theorem 10. Assume that {x,, y,} is a solution for system (28)
with x_, # y_, and x_, # y,. Then forn =0,1,2,...,

Discrete Dynamics in Nature and Society

(-1)"(ae)™
e — )" (e - 2ia) (e — (2i + 1) a)’

Xqn-2 =

_ (_l)nbn+1d2n
b-d)"TT5 (f - Qi+ 1)b) (f - Q2i+2)b)

Xan-1

Xan

(-1)"a(ae)™"
-1 (e - Qi+ 1)a)(e— (2i+2)a)

Xan+1
(_l)nbn+1d2n+1
(f=b)(b-d)"TId (f - Qi+2)b) (f - (2i +3)b)’
(-1)" fb"d*
(b-d)'TT5 (f - Qi)b) (f - i+ 1)b)
(-1)"e(ae)™
c(c—e)"TIly (e- i) a) (e - Qi+1)a)
_ (_l)nbnd2n+1
b-d)"TId (f-Qi+1)b)(f - 2i+2)b)

Yan-2 =

Yan-1 =

Yan

Yan+1

_ (_1)n+1(ae)2n+1
c—e)" I (e— i+ 1)a) (e— (2i+2)a)
(31)

Theorem 11. The solution form for system (29) is given by

(-1)"(ae)”"
e+ )T (e + 2ia) (e + 2i + 1) a)’

Xqn-2 =
_ (_l)nbn+1d2n
b+d)' T (f+Qi+1)b) (f+(2i+2)b)

. (-1)"a(ae)”"
Mo e) T (e + Qi+ 1)a) (e+ i +2)a)

Xan-1

'x4n+l
(_l)nbn+ld2n+l
(f+b)(b+d)"TI) (f +Qi+2)b) (f + (2i +3)b)
(_1)nfbnd2n
(b+d)"TI (f + Qi)b) (f + Qi+ 1)b)
(-1)"e(ae)™
e+e)'TIE, (e+ (2 a) e+ (2i+1)a)

Yan-2 =

Yan-1 =

_ (_l)nbnd2n+l
b+d)"TI) (f+Qi+1)b) (f+2i+2)b)

Yan
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Plotof X(n+1) =X(n-1)Y(n)/(X(n-1)+Y(n-2)),Y(n+1) =
45 Xmn)Yn-1)/Y(n-1) - X(n-2))

T f T T
40 + 4
35+ E
30 E
25 B
20 B
15 —
10 B
5+ -

0 1 -

0 5 10 15 20 25

x(n), y(n)

— x(n)

— y(n)

FIGURE 2

Yan+1
_ (_1)n+1(ae)2n+1
e+e)" 5 (e+ i+ 1)a) (e+ (2i+2)a)
(32)

wherex_,# — y_, and x_| # — y,.

Example 12. Consider system (23) with the initial conditions
X, =8x_1=4%x=5y,=3, y_,=9andy, =6.See
Figure 2.

4. On the System: x,,, =x,_,y,/(x,_,
Yo+1 = xnynfl/(ynfl + xn72)

In this section, we present the solutions form for the following
system:

- yn—z))

Xn-1)Vn ¥, _ XnYVn-1 (33)
n+l — >

n+l — >
Xn-1~ Yn—2 Y1t Xp2

with nonzero real numbers initial conditions where x_; # y_,
and x, # y_;.

The following theorems can be proved similarly to those
in Sections 2 and 3.

Theorem 13. Suppose that {x,, y,} is a solution for system
(33). Assume that x_,, x_y, Xo, ¥_5 Y_1, and y, are arbitrary
nonzero real numbers. Then

CaZnen
Xg,_n = 5>
M2 (@)1 (ie + ) ((2i+ 1) e +c)
b2n+ld2n
Xgp-1 =

b - £)'TIE () d+b) (2i+1)d +b)

7
a2n+len
X = >
—e)]_[ (Qi+1e+c)((2i+2)e+c)
(bd)2n+l
Xqn+1 = -1 K . >
- )Tl (Qi+1)d+b)(2i+2)d +b)
- (bd)Zn
T2 = b~ YT (@i)d + b) (i + Dd+ b))
aZnenJrl
Yan-1 = -1 . . 4
(a-e)'[-, (Qi+1)e+c)((2i+2)e+c)
blnd2n+l
Y o~ YT (@it Dd+b) (20 +2)d +b)
a2n+len+1
T e (a— )Tl ((2i+2)e+0)(2i+3)e+c)
(34)
Lemma 14. Every positive solution of the equation y,,, =
XpYp1/ (Vo1 + X,,_5) is bounded and lim,, _, v, = 0.
Theorem 15. Let {x,, y,} be a solution for the system
xn—lyn xnyn—l
Xpyy = — 2 o = —2 (35
! - = Vn-2 et Xn-2 =~ Vn-1 ( )
withx_# —y_,and xo# — y_,. Then forn=0,1,2,...,
(-1)"ca®"e"
Xan-2 = nyyn-1 . >
(a+e)'[[, (c—2ie)(c—(2i+1)e)
. B (_l)nb2n+ld2n
M b+ )T (- i) d) (b- i+ 1) d)
( 1)71 2n+1 n
Xan = nyyn—1 . >
(a+e)' [y (c—Qi+1)e)(c—(2i+2)e)
. ~ (_1)n+l(bd)2n+l
T b+ f)' T (- i+ 1)d) (b- (2i+2)d)
_ (=1)"(bd)™
Jin-2 i+ )T (b - i) d) (b- i+ 1)d)’
( l)n 2n n+1
Yan-1 = ; >
(a+e) H, o (c—Qi+1)e)(c—(2i+2)e)
~ (_l)anndZnH
Yn o+ £ b-Qi+1)d)(b- (2i+2)d)
( l)n 2n+1 n+1
Yane1 = pE— . :
(c—e)(a+e)"[[iL, (c—Ri+2)e)(c—(2i+3)e)
(36)
Theorem 16. The solution form for the following system
_ xn—lyn — xnyn—l
Tt = - = Yn—2 ’ s Xp2t Yo ’ (37)

withx_, # — y_, and xo# — y_, is given by



(_l)ncamen

Xap-2 =

(a+ e)”]_[:’:_o1 (c +2ie) (c+ (2i + 1)e)
. ( l)nb2n+ld2n
LT bt )T b+ Qi d) (b + i+ Dd)
. _ ( 1)n 2n+len
" atr eI (c+ Qi+ 1)e)(c+ (2i+2)e)
(_1)n+1 (bd)2n+1
Xan+1 =

b+ f)'TIE b+ Qi+ 1) d) (b+ Qi +2)d)

(=1)"(bd)™

P2 = ey ()T b+ i) d) (b + it Dd)
_ ( l)na2nen+1
S o I+ it De) (et 2i+2)e)
( l)annd2n+l
Van =

f"(b+f) | Lb+(2i+ 1)d)(b+(21+2)d)

( l)n 2n+1 n+1

i ey @t o) [T (c+ (2i+2)e) (c+ (2i +3)e)
(38)
Theorem 17. The following system
Xn-1Vn XnYVn-1
Xpyl = ——————> i+l = 39
+1 -1~ Vn—2 It Xn-2 = Vn-1 ( )
has a solution form given by the following relations:
CaZnen
Xgn-2 = . >
—e)H (c—2ie)(c-(Qi+1)e)
b2n+ld2n
Xgn-1 =
fr(b- )Tl (- 2d) (b - Qi+ 1)d)
a2n+1en
x4n bl
—e)H (c-Qi+1e)(c-(Q2i+2)e)
(bd)2n+l
Xany1 = -1 . . ’
M- )Tl 0-Qi+1)d)(b-(2i+2)d)
- (bd)Zn
Y2 = e b~ YT (- @) d) (b Qi+ Dd)
. a2nen+1
Han1 =T )T (c- 2i+1)e) (c— (2i + 2)e)
b2nd2n+l
T oo~ YT - it D) (b- Qi+ 2)d)]
a2n+len+1
Yan+1 = pra— . . >
(c—e)(a—e)"[[, (c—QRi+2)e)(c—(2i+3)e)
(40)

where x_ #+y_, and xo # y_,.
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Plotof X(n+ 1) = X(n-1)Y(n)/(X(n-1) =Y -2)),Y(n+1) =
Xm)Yn-1)/Yn-1)+ X(n-2))
T T T T T

4 T

x(n), y(n)

— x(n)
— yn)

FIGURE 3

Example 18. Consider system (33) with the initial values
x, =08 x4, =4x) =015y, = 3, y, = -9, and
yo = —0.6. See Figure 3.

5. Other Systems

In this section, we give the solutions form for the following
systems of difference equations:

Xn-1)) XnYn-1
Xpt1 = #’ Yn+1 = L’ (41)
-1~ Vn-2 Yn-1 = Xn—2
Xn-1Vn Xn)Vn-1
Xpp1 = ——— > Yool = ——— > (42)
" Xt = Yo S R
an)’n xnyn—l
X, = = 43
e = Yn—2 Il “Vn-1 " Xn—2 ( )
xn—lyn xnyn—l
X =, =,
i “Xn-1 " Vn—2 el “Vn-1 " Xp—2 (44)

with nonzero real numbers initial conditions.

Theorem 19. Let {x,, y,} be a solution for system (41) with
X, #F Y #Fxgand y_,#+x_1 ¥, Then

a2nen
X _y =
"2 e a—e)(e-o)]"

bn+ 1 d2n
[fo-d)(f-b)]"

Xap-1 =
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2n+1
an+en

T - e-ol"

_ d2n+ 1 bn+l

e T I [ - (- b
_ fbnerl
P2 - (B

2 1
a nen+

Y1 = Ta—-e) e

_ bn d2n+1
L PV S

2mt1 _pntl
ae”’

Yane1 = (e=¢c)[c(a-e)(e- C)]”,

(45)

Theorem 20. Suppose that {x,, y,} is a solution for system
(42) with x_, # y_1, Y1 # — Xo Yo F — X_p, and x_| # Y.
Then

. B aZnen
2T (g +e) (c—e)]™
bn+ld2n
X, n— = n>
" fb-d)(f +b)]
a2n+len

Y= Cate) c—e]”

2n+1gn+l
—-d""b

H T ) [fo-d) (f+b)]
~ fbn d2n
ST I

m il
a’te"

[c(a+e)(c—e)]™

(46)

YVan-1 =

bn d2n+1
[f-d)(f +b)]"

_ a2n+1 en+l

Yan+1 = (c—e)[c(a+e)(c— e)]”.

Yan

Theorem 21. The solution for system (43) is given by the
following formula; forn =0,1,2,.. ;

. B a2nen
m2 T n-l(e—a) (c+e)]”
anrlen
Xan-1 = n>
"L+ (f-b)]
a2n+len

YT Ce—a)c+ ol

Plotof X(n+1) = X(n-1)Y(n)/(X(n-1)-Y(n-2),Y(n+1) =

XmYn-1)/Y(n-1)-Xn-2))
15 T T T T T T T T

10 | .

x(n), y(n)

~10 1 1 1 1 1 1 1 1 1
0

— x(n)
— y(n)
FIGURE 4
_d2n+1bn+l
T (o))
- fbndZn
P2 o d) (f-0)]”
a2n6n+1
Yt = e—a)c+ ol
bnd2n+1
T o d (b
—a2"+le"+1
y4n+1 =

(c+e)cle—a)(c+e)]”
(47)

where x y# =y 1, Y 1# X0 Y2 FX_, and x_ # — y,.

Theorem 22. If {x,, y,} is a solution for system (44) with
Xo# = YpYya# —Xp Yo F —xp,andx_# -y, then

a2nen
Y2 = o ieta)c+e)]”
bn+1d2n
T e d) (Fn)]”
a2n+len
Xan

Tletra)ctel”

2n+1gn+l
—d"b

H T ) [f bt d) (f b
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) _ fbndZH [14]
" e (0"

aZneVHl [15]
Yt T Cera) et ol
bnd2n+1
P T brd (f+ o) 6]
_gl g
Vane1 = (c+e)[cle+a)c+e)]”

(48)

Example 23. Figure 4 shows the behavior of the solution for
system (41) with the initial conditions x_, = 0.18,x_, = -0.7,
xy=-05,y,=13,y,=09,and y, = -0.26.
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