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We mainly deal with the boundary value problem for triharmonic function with value in a universal Clifford algebra: A*[u](x) =

x € B\ o, u'(x) = u (x)G(x) + g(x), x € 0Q, (D) (x) = (Dju)f(x)A +f](x) x € 0Q, u(co) =
a Lyapunov surface in #", D = ¥, _, €,(0/0x,,) is the Dirac operator, and u(x

a universal Clifford algebra CI(V,,

1. Introduction and Preliminaries

The theory of Riemann boundary value problems in complex
plane has been systematically developed in [1, 2]. It is an inter-
esting topic to generalize the classical Riemann boundary
value problems theory to Clifford analysis. In [3-6], and so
forth, many interesting results about boundary value problem
and Riemann Hilbert problems for monogenic functions in
Clifford analysis are presented. In [7], Green’s function for the
Dirichlet problem for polyharmonic equations was studied.
The aim of this paper is to study the Riemann boundary
value problem for triharmonic functions. At first, based on
the higher order Cauchy integral representation formulas in
[8, 9] and the Plemelj formula, we give some properties of
triharmonic functions in Clifford analysis, for example, the
mean value theorem, the Painlevé theorem, and so forth.
Furthermore, on the basis of the above results, we consider
the following Riemann boundary value problems:

A ul(x)=0, xeR"\oQ,

u' (x)=u (x)A+g(x), x€0Q,
ey
(Dju)Jr (x) = (Dju)_ (x)A;+ f]- (x), xe€0Q,

|u(c0)] < C”,

.,5) 0Qis
=) , e u,(x) are unknown functions w1th values in

0, where (7 = 1,.

.n)- Under some hypotheses, it is proved that the boundary value problem has a unique solution.

A ul(x)=0, xeR"\0Q,
u (x)=u x)G(x)+g(x), xe€dQ,
(D/u)" (x) = (D/u) () A; + f; (%),

u(00) = 0,

(2)
x € 0Q),

where (j = 1,...,5).
In (1) and (2), A and A ; are invertible constants; we

denote the inverse elements as A™! and A;l. u(x), (D'u)(x),
9(x), f;(x) € HP@Q,CUV,,), j = 1,...,5,0 < B < 1.
The explicit solutions for (1) are given and the boundary value
problem (2) is shown to have a unique solution under some
hypotheses.

Let V,, (0 < s < ) be an n-dimensional (n > 1)
real linear space with basis {ej,e,,...,e,}, and CI(V, ) the
universal Clifford algebra over V, ;. For more 1nf0rmat10n on
Cl(V,,,) (0 < s < n), we refer to [10-12].

Throughout this paper, suppose Q is an open, bounded
nonempty subset of &" with a Lyapunov boundary 0Q,
denoting Q" = Q, O~ = %"\ Q. In this paper, for simplicity,
we will only consider the case of s = n. The operator D is
given as

u 0
D= Qe C

(@, CL(V,,)) — CTHQ,CL(V,,,).-
(3)
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Let u be a function with value in CI(V,,,,), defined in Q,
and the operator D acts on the function u from the left and
from the right, which is being governed by the following rule:

Du] = ZZekeAg%:,

k=1 A

_y Ouy
[u] D = ;;eAek o,

Definition 1. A compact surface I' is called Lyapunov surface
with Holder exponent «, if the following conditions are
satisfied.

(i) At each point x € I' there is a tangential space.

(ii) There exists a number r, such that for any point x €
I the set I' N B,(x) (Lyapunov ball) is connected and
parallel lines to the outer normal «(x) intersect at not
more than one point.

(iii) The normal «(x) is Holder continuous on T; that is,
there are constants C > 0 and 0 < « < 1 such that for
x,yel

o (x) — o (y)| < C|x - y|™. (5)

Let Q be an open nonempty subset of %" with a
Lyapunov boundary, u(x) = ) , e uu(x), where u,(x) are
real functions; u(x) is called a Holder continuous function
on Q if the following condition is satisfied:

o (1) = 14 ()]

, 1/2 (6)
= Z|”A (%)) —uy (x2)| < C|x1 _lea’
A

where for any x;,x, € Q, x,#x,,0 < a < 1,Cis a positive
constant independent of x,, x,.
Let H*(0Q, CI(V,,,)) denote the set of Holder continuous

functions with values in CI(V,, ,,) on 0Q (the Hélder exponent
isa, 0 < & < 1). We denote the norm in H*(0Q, CI(V,,,,)) as

el (a00) = Nutlloo + Nlelly (7)
where

llloo := sup |u ()],

x€0Q)
u(x,)—u(x (8)
lull, = sup M
X1,%,€0Q |X1 - x2|
X, FX,

Lemma 2. The Holder space H*(0Q, CI(V,,,)) is a Banach
space with norm (7).
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Denote the fundamental solutions of D7 ( j=12,...,6)
by

H, (x) = wip"i(x)’
1 1 1
H, (x) = mw_npn—z (x)
1 1 X

b= e’

1 1 1 ©)
= e E W,

1 1 X
)= e a— w e,
H, (x) = 1 1 1

8(2-n)(4—n)(6-n) w, p"5(x)’
where p(x) = (Z?zl xi2 )1/ 2 and w,, denotes the area of the unit

sphere in ®" (n > 3, n+4,n+6).
We will introduce the following operators:

(Foqu) (x) = LQ 2H, (y - x)do,u(y), xeR"\0Q,
(10)

(Soat) (0= | 2, (y=2)doyu(y), xeon

where u € H*(0Q, CI(V,,,)).

Lemma 3 (see [5]). The integral operator Sy in (11) is a
bounded linear operator mapping the function space H*(0€,
CIU(V,,)) into itself; that is, there exists a positive constant M
such that, for allu € H*(0Q; CI(V,,,)),

ISa0ttle,50) < Ml v, - (12)

2. Some Properties for Triharmonic Functions

Theorem 4 (Gauss-mean value formula for triharmonic
functions, see [6, 13]). Suppose A*[u] = 0 in R"; then, for
any x € A",

ulx) = w, RT .LB(x,R) u(y)ds
R* R* )
2
- %A [u] (x) - mA [u] (x),
or
u(x) = T JB(xR)u( )dv
2 4 ,
- 2(n+2)A [u] (x) - mA [u] (x),
(14)

where w,, denotes the area of the unit sphere in R".
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Corollary 5. Suppose Au] = 0in B" and |u(x)| = O(x|)
(x| = ©0); then Alu] = 0 and A*[u] = 0 in R".

Corollary 6. Suppose A3[u] = 0in B" and u(x) is bounded
in R"; then u(x) =

Theorem 7. Suppose ATu] = 0in B"\ 0Q, and for x € 0Q,
u e CR"\ oQ, CI(V,,), [ul"(x) = [u] (x) € C°(0Q,
Cl(V,,)), and, moreover, D/[ul*(x) = Dj[u]_(x) € HY(0Q,
CUV,,,)), 0 <« ,5. Then A’[u] = 0 in
%"

<1, where j=0,1,..

Theorem 8. Let u € C*(Q,CI(V,,)) n C*(Q~,CI(V,,),
Nlu] = 0in Q7, D/[u](x) € H%(0Q,CI(V,,,), 0 < &; < 1
(j =0,1,...,5), and lu(x)| = O(1) (Ix| — o0); then for
x e

ui =3 D7 | Hj (y-x)do, D [u] () +C,

j=0
(15)
where H]-(y —x) isasin (9) and C is a constant.
Proof. For y € 0Q, denote D/[u] (y) = -¥(»),( =01,
.,5). For x € "\ 0Q), denoting
5
O = Y1V | Hyy(y-x)do,¥; (),
=0
' (16)
W (x) = -0 (x), xeQ
Clux)-0(x), xeQ,

then A*[u*] = 0in %" \ 9Q. By using Plemelj formula, com-
bining with weak singularity of H i(x) (j = 2), we obtain the
following:

D/[u*]" () = D/[u*]” (x) € HY (30, CL(V,,)), (17)

whereO<(x <1(j=01,..
have A’[u*] = 0in %" 1t is clear that we have |u*(x)| =
O(1) (Jx| — ©0). In view of Corollary 6, then the results fol-

low. O

.»5). By using Theorem 7, we

Corollary 9. Let u € C%(Q7,CI(V,,) n C(Q~,CI(V,)),
Nu] = 0in Q7, D'[u](x) € H(0Q,CL(V,,)), 0 < a; < 1
(j=0,1,...,5), and lu(x)| = O(1) (x| — ©0), then

D’ [u] (c0) = 0,

Remark 10. When the condition |u(x)| = O(1) (]Jx] — o0)
in Corollary 9 is replaced by u(co) = 0, then the results in
Corollary 9 are still valid.

ji=1,...,5, (18)

3. Riemann Boundary Value Problem for
Triharmonic Functions

In this section, we will consider the Riemann boundary value
problem (1); the explicit expression of the solution is given.

Theorem 11. The Riemann boundary value problem (1) is
solvable and the solution can be written as

6
Z‘I’i (x)+C, x €Q,

u(x) =44 (19)
YW (x)+CAT, xeq,
i=1

where
<[ HG-dofi(),  xeq’
\Pl (x)= | oQ
| H-wdo,fi (4T xeqr
¢ oQ
(20)
| H-9do, /i), xea’
¥, (x) = - ) (21
| H(y-x)do, () A, xeo
¢ JoQ
<[ HG-9do /(). xeq’
Y (x) = 1 o0
_J H4(y—x)d0yf3(y)A_1, xeQ
¢ oQ
(22)
| HG-9dof0),  xear
¥, (x) =
| HG-do,f 0047 xear
0Q
(23)
| mG-xde,fi(),  xeor
s (x) =
| HG-x)do, ()AL, xea
oQ
(24)

| mG-ndoge).  xear
Y, (x) = (25)

| H(-2dog(at, xea

f4 (x) = f4(x) - Ln H, (y-x) do, fs () (_1 + A;1A4) >

x € 0Q),
(26)

J?s ()= f3(x) + Jao H; (y - x) doyfs (») (_1 +A;1A3)

- LQ H, (y - x) d”yﬁt (») (‘1 + A11A3) >

x € 0Q),
(27)



R = f0= | Hi(y=x)do,fs () (-1+47'4,)
o[ G -0do, () (144 4,)

- JBQ H, (y - x) dayﬁ ) (_1 * AEIAZ) ’

x € 0Q),
(28)
fi) = fi(x)
v | Hi(r=2do,f () (-1+ 47'4))
- [ H-0do, ) (14 474))
+LQH3 y - x)dayﬁ(y)(—l+A;1A1)
- [ =040, s () (-1 45'4)),
x € 0Q),
(29)
g(x)=g(x)
- [ He(y=x)do, £ (3) (-1+ 47'4)
o[ H(y-2)do,f, () (-1 +47'4)
- [ HG-x)do, ) (-1 47%4) o)
+LQH3(y x)do, f, ( )(—1+A A)

4. Existence of Solutions for
Riemann Boundary Value Problem for
Triharmonic Functions

Theorem 12. Suppose G(x) € H*(0Q,CI(V,,)) 0 < & < 1
and G(x) satisfies the following condition:

21 = G () lwaqy (M + 1) < 1, (31)

where M is the positive constant mentioned in Lemma 3. Then
(2) admits a unique solution.
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Proof. Denoting w(x) = D’ [u](x) then w'(x) = w (x)As +
f5(x), x € 0Q. Moreover, by D’[u](co) = 0. we get the
following:

jHlu—x)doyfs(y), xeq'
w(x) =1 (32)

| Hi(-2dof, () a7 xeq,

With ¥, (x) being as in (20), it is easy to check that

D’ (u-¥)(x)=0, xe%R"\oQ. (33)
Denoting Au(x) - AZ‘I’l (%) := ¢y (x), x € R"\0Q, and using
(A*u)*(x) = (Azu)_(x)A4 + f4(x), x € 0Q, we conclude that

P ()=, (A + f(x), xe€0Q, (34)
where ﬁ(x) € Hﬁ(aQ, Cl(V,,,)), 0 < ﬁ~ < 1 being as in (26).
By Corollary 9, it is clear that ¢, (c0) = 0, and we then get the
following representation formula:

| mG-9do,fi().  xeor
¢ (%) = ~ (35)
| HG-xdo, (4, xea

Analogously, we find with ¥,(x) from (21) that Au(x) -
A*W,(x) — A*W,(x) = 0, x € " \ 0Q. Denote
D’u(x) - D’Y, (x) - DY, (x) == ¢, (x),
(36)
x € R"\ 0Q.

Using the condition (D*u)*(x) = (D3u)_(x)A3 + f3(x), x €
0Q), we obtain that

P (x) =@, (X) Az + f5(x), x€dQ, (37)
where fs(x) € HE(BQ, Cl(V,,,)), 0 < ﬁ < 1 being as in (27).
By Corollary 9, it is clear that ¢,(0c0) = 0, and we then get the
following representation formula:

| mG-9dof(),  xear
¢, (x) = ~ (38)
JBQHI (y-x)do,f; (y) A, xeQ .

Here ¥;(x) being as in (22), then we have D’u(x) -

D3‘I’1 (x) - D3‘I’2(x) - DS‘I’3(x) =0,x € %"\ 0Q. We denote

Au (x) — AY, (x) — AY, (x) — AY; (x) := @5 (x) (39)

and use the condition (Au)"(x) = (Au) (x)A, + f,(x), x €
0Q).. We conclude that

x € 0Q), (40)

@s (X)) =5 () Ay + fo (%),
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where f,(x) € H?(9Q, CI(V,,,)), 0 < B < 1 being as in (28).
Corollary 9 ensures that ¢;(c0) = 0; then

| mO-9do,(),  xeq’
@5 (x) = N (41)
| mG-xdo, (04 xea

Use the same way again, ¥, (x) being as in (23), that Au(x) —
AY, (x)—-AY, (x)-AY;(x)-AY,(x) = 0,x € R"\0Q. Denoting

4
Du(x)- Y DY (x) =, (x), xe€R"\0Q  (42)

i=1

and using (Du)"(x) = (Du)” (x)A, + f1(x), x € 0Q, we get
@s (X) = 95 () A, + i (%),

where f,(x) € HB(aQ, Cl(V,,,)), 0 < BB < 1 being taken from
(29). By Corollary 9, it is clear that ¢,(c0) = 0, and we then
get the following representation formula:

| mG-9do,fi0),  xear
¢4 (x) = B (44)
| HG-9do,fip)at, xea

Finally, we use ¥;(x) as defined in (24) and get Du(x) —
Y, D¥(x) = 0, x € ®"\ 0Q. Define

x € 0Q, (43)

5
u(x) - Y ¥ (x) =95 (x), xeR"'\oQ. (45)

i=1

Working with the condition u(x) = u™ (x)G(x) + g(x) we
arrive at

Pr(x) =9, ()G(x)+F(x), x€dQ,  (46)

where g(x) € Hﬁ(aQ, Cl(V,,,)), 0 < B < 1 being taken from
(30). It is clear that ¢5(c0) = 0. We obtain that
Dgs =0, %"\0Q

L) =g ()G +G(x), xeoQ  (47)

@5 (00) = 0.

We only need to consider the existence of solutions to
(47). The solution to this problem may be written in the form

@5 (x) = LQ H, (y - x)do,ps (), (48)

where ¢4(y) is a Holder continuous function to be deter-
mined on 0Q. Then, by using Plemelj formula, (47) can be
reduced to an equivalent singular integral equation for ¢,

Pe (x)
_ [%T@_j H, (y - x)do,gs () | 1= G (0) + 5 (),
0Q
x € 0Q.
(49)

Letting T denote the integral operator defined by the right
hand side of (49), we get

(Tg) () = s () ~ (Spape) 0] L= L 77,

2
(50)
For any w;, w, € H*(0Q, CI(V,,,,)), we have

”T“’l - TwZ"(a,BQ)

2n—1 (51)
< T"wl - (U2||(0"BQ)"1 - G"(OL,BQ) (1 + M) .

Under the condition (31), the integral operator T is a contrac-
tion operator mapping the Banach space H*(0Q, CI(V,,,,))
into itself, which has a unique fixed point for the operator
T. Thus, there exists a unique solution to (47). The proof is
done. O
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