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We introduce the notion of generalized weaker («-¢-¢)-contractive mappings in the context of generalized metric space. We
investigate the existence and uniqueness of fixed point of such mappings. Some consequences on existing fixed point theorems
are also derived. The presented results generalize, unify, and improve several results in the literature.

1. Introduction and Preliminaries

In [1], Branciari introduced the notion of generalized metric
space by weakening the triangular inequality of metric
assumption with quadrilateral inequality. The author [1]
characterized and proved the analog of famous Banach fixed
point theorem in the setting of generalized metric space.
Although the theorem of Branciari [1] is correct, the proofs
had gaps [2] since the topology of generalized metric space
is not strong enough as the topology of metric space. The
disadvantages of generalized metric space can be listed as
follows:

(w1) generalized metric need not be continuous;

(w2) a convergent sequence in generalized metric space
need not be Cauchy;

(w3) generalized metric space need not be Hausdorff, and
hence the uniqueness of limits cannot be guaranteed.

Despite the weakness of the topology of generalized metric
space, in [3, 4], the authors suggested some techniques to
get a (unique) fixed point in such spaces.

On the other hand, Samet et al. [5] introduced the notion
of a-y contraction mappings and proved the existence and
uniqueness of such mappings in complete metric space.
The results of this paper are very impressive since several
existing results derived from the main theorem of Samet
et al. [5] quiet easily. Later, a number of authors have
appreciated these results and have used this technique to get
further generalization via a-y contraction mappings; see, for
example, [6-10].

In this paper, we introduce the generalized weaker «-
Y contraction mappings in the setting of generalized met-
ric spaces. Consequently, we investigate the existence and
uniqueness of fixed point by caring the problems (w1)-(w3)
mentioned above.

Let us recall basic definitions and notations and interest-
ing results that will be in the sequel.

Let ¥ be the family of functions v : [0,00) — [0,00)
satisfying the following conditions:

(i) v is nondecreasing;
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(ii) there exist k, € N and a € (0,1) and a convergent
series of nonnegative terms Y -, v, such that

v () < av® (1) + v, ¢))

fork > kyandanyt € R".

In the literature such functions are called either Bianchini-
Grandolfi gauge functions (see, e.g., [11-13]) or (c)-
comparison functions (see, e.g., [14]).

Lemma 1 (see, e.g., [14]). If y € Y, then the following hold:

(i) (W"(t)),,cp converges to 0 asn — oo forall t € R*;
(i) w(t) < t, forany t € RY;
(iii) y is continuous at 0;
(iv) the series Y 22, y*(t) converges for any t € R*.

In the following, we recall the notion of generalized
metric spaces.

Definition 2 (see [1]). Let X be a nonempty setand letd : X x
X — [0, 00] satisfy the following conditions for all x, y € X
and all distinct u, v € X each of which is different from x and

y:

(GMS1) d(x,y)=0 iffx=y,
(GMS2) d(x,y)=d(y.x), )
(GMS3) d(x,y)<d(x,u)+dw,v)+d(v,y).

Then, the map d is called generalized metric. Here, the pair
(X, d) is called a generalized metric space and abbreviated as
GMS.

In the above definition, if d satisfies only (GMSI1) and
(GMS2), then it is called semimetric (see, e.g., [15]).

The concepts of convergence, Cauchy sequence, and
completeness in a GMS are defined as follows.

Definition 3. (1) A sequence {x,} in a GMS (X, d) is GMS
convergentto alimit xifand onlyifd(x,,x) — Oasn — oo.
(2) A sequence {x,} in a GMS (X, d) is GMS Cauchy if
and only if for every € > 0 there exists positive integer N(e)
such that d(x,, x,,,) < e foralln > m > N(e).
(3) A GMS (X, d) is called complete if every GMS Cauchy
sequence in X is GMS convergent.

The following assumption was suggested by Wilson [15] to
replace the triangle inequality with the weakened condition.

(W) For each pair of (distinct) points u,v there is a
number 7, , > 0 such that, for every z € X,

Ty <dW,z) +d(z,v). 3)

Proposition 4 (see [3]). In a semimetric space, the assumption
(W) is equivalent to the assertion that limits are unique.
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Proposition 5 (see [3]). Suppose that {x,} is a Cauchy
sequence in a GMS (X, d) with lim, _, . d(x,,u) = 0, where
u € X. Then lim,_, d(x,,z) = d(u,z) forallz € X. In
particular, the sequence {x,} does not converge to z if z + u.

A function ¢ : [0,00) — [0,00) is said to be a Meir-
Keeler function [16] if, for each # > 0, there exists § > 0
such that for t € [0,00) with# <t <5+ §, we have ¢(t) < 7.
Such mapping has been improved and used by several authors
[17, 18]. In what follows we recall the notion of weaker Meir-
Keeler function.

Definition 6 (see, e.g., [19]). We call ¢ : [0,00) — [0,00)
a weaker Meir-Keeler function if for each # > 0, there exists
0 > 0 such that for t € [0,00) with# <t < 7+ §, there exists
ny € N such that ¢™(t) < #.

Let @ be the class of all nondecreasing function ¢ :
[0,00) — [0, c0) satisfying the following conditions:

(¢) ¢ : [0,00) —
function;

(¢,) 0 < P(t) < tforallt >0, ¢(0) = 05

(¢5) for all t € (0,00), {¢" ()}, is decreasing;

(¢,) iflim, _, t, =y, thenlim, _, ¢(t,) < y.

[0,00) is a weaker Meir-Keeler

Let © be the class of functions ¢ : [0,00) — [0, 00) satisfying
the following conditions:

(¢;) @ is continuous;
(p,) @(t) > 0fort > 0and ¢(0) = 0.
By using the auxiliary functions, defined above, Chen and

Sun [19] proved the following theorem.

Theorem 7. Let (X,d) be a Hausdorff and complete general-
ized metric space, and let f: X — X be a function satisfying

d(fx, fy)<¢(d(xy) -9 (d(xy)) (4)

forallx,y € X and ¢ € O, ¢ € O. Then f has a periodic point
p in X; that is, there exists y € X such that u = fPu for some
peN.

Another interesting auxiliary function, a-admissible, was
defined by Samet et al. [5].

Definition 8 (see [5]). For a nonemptyset X,letT: X — X
and @ : X x X — [0,00) be mappings. We say that T is
a-admissible if

a(xy)>21=a(Tx,Ty) > 1, (5)
forall x, y € X.

Example 9. Let X = [2,00)and T : X — X byTx = (x +
1)/(x — 1). Define a(x, y) : X x X — [0, 00) and

x+1

e if x>y,
b = 6
«(x.) 10 if otherwise. (©)

Then T is a-admissible.
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Example 10. Let X = Rand T : X — X. Define a(x, y) :
X x X — [0,00) by Tx = e**! and

x* if x>y,
b = 7
a(x) {0 if otherwise. @

Then T is a-admissible.

Some interesting examples of such mappings were given
in [5].

The notion of an a-y contractive mapping is defined in
the following way.

Definition 11 (see [5]). Let (X,d) be a metric space and let
T : X — X be a given mapping. We say that T is an a-y
contractive mapping if there exist two functions & : X x X —
[0, 00) and v € ¥ such that

a(xy)d(TxTy) <y (d(x y)),

Clearly, any contractive mapping, that is, a mapping
satisfying the Banach contraction, is an «-y contractive
mapping with «(x, y) = 1forall x,y € X and y(t) = kt,
ke (0,1).

Very recently, Karapmar [20] gave the analog of the
notion of an a-y contractive mapping, in the context of
generalized metric spaces as follows.

Vx,y e X. (8)

Definition 12. Let (X, d) be a generalized metric space and let
T : X — X be a given mapping. We say that T' is an a-y
contractive mapping if there exist two functions & : XxX —
[0, 00) and ¥ € ¥ such that

a(xy)d(TxTy) <y (d(x y)),

Karapmar [20] also stated the following fixed point
theorems.

Vx,yeX. (9)

Theorem 13. Let (X, d) be a complete generalized metric space
andletT : X — X be an a-y contractive mapping. Suppose
that

(i) T is a-admissible;

(ii) there exists x, € X such that a(xy, Tx,) = 1 and
a(xg, T?xg) = 1;

(iii) T is continuous.

Then there exists a u € X such that Tu = u.

Theorem 14. Let (X, d) be a complete generalized metric space
andletT : X — X be an a-y contractive mapping. Suppose
that

(i) T is a-admissible;
(ii) there exists x, € X such that a(xy,Tx,) = 1 and
a(xg, T?x0) = 1
(iii) if {x,,} is a sequence in X such that a(x,, x,,,,) > 1 for
allnand x, — x € Xasn — oo, then a(x,,x) > 1
for all n.

Then there exists au € X such that Tu = u.

For the uniqueness, Karapiar [20] (see also [21]) added
the following additional conditions.

(U) For all x,y € Fix(T), we have a(x, y) > 1, where
Fix(T) denotes the set of fixed points of T..

(H) For all x,y € Fix(T), there exists z € X such that
a(x,z) > land a(y,z) > 1.

Theorem 15. Adding condition (U) to the hypotheses of
Theorem 13 (resp., Theorem 14), one obtains that u is the unique
fixed point of T.

Theorem 16. Adding conditions (H) and (W) to the hypothe-
ses of Theorem 13 (resp., Theorem 14), one obtains that u is the
unique fixed point of T.

Corollary 17. Adding condition (H) to the hypotheses of
Theorem 13 (resp., Theorem 14) and assuming that (X,d) is
Hausdor{f, one obtains that u is the unique fixed point of T.

In this paper, we define the notion of weaker generalized
a-y contractive mappings and prove some fixed point results
in the setting of generalized metric spaces by using such
mappings. We state some examples to illustrate the validity
of the main results of this paper.

2. Main Results

In this section, we will state and prove our main results.

We give an extension of the notion of a-y contractive
mappings, in the context of generalized metric space as
follows.

Definition 18. Let (X, d) be a generalized metric space and let
T : X — X be a given mapping. We say that T is a («a-¢-
@)-contractive mapping of type I if there exist functions « :
XxX — [0,00), ¢ € ©,and ¢ € O such that

a(x,)d(Tx,Ty) < ¢(M(x,y)) —9(M(x,y))  (10)
for all x, y € X, where
M (x, y) = max{d(x,y),d (x,Tx),d (y,Ty)}. (1)

Definition 19. Let (X, d) be a generalized metric space and let
T : X — X bea given mapping. We say that T is a («-¢-
@)-contractive mapping of type II if there exist functions « :
XxX — [0,00), ¢ € ©,and ¢ € O such that

a(xy)d(TxTy) <¢(N(xy) -9 (N(xy)) (12)

for all x, y € X, where

d(x,Tx) +d (y,Ty) } (13)

N (x, y) = max {d (x,y), 5



Next, we introduce the notion of triangular «-admissible
as follows.

Definition 20. LetT : X — Xanda: XxX — [0,00). The
mapping T is said to be weak triangular «-admissible if for all

x € X, one has
a(x,Tx) > 1, oc(Tx, sz) >1 = oc(x,sz) > 1.

(14)

Now, we state the first fixed point theorem.

Theorem 21. Let (X, d) be a complete generalized metric space
andletT : X — X be a (a-¢-¢)-contractive mapping of type
I Suppose that

(i) T is weak triangular «-admissible;
(ii) there exists x, € X such that a(x,, Tx,) = 1;
(iii) T is continuous.

Then, T has a fixed point u € X; that is Tu = u.

Proof. Due to statement (ii) of the theorem, there exists a
point x, € X such that a(xy, Tx;) > 1 and a(xy, Txy) > 1.
First, we define a sequence {x,,} in X by x,,,, = Tx,, = T""'x,
forall n > 0. Notice that if x,, = x,, ., for some n,, then the
proof is completed. Indeed, we haveu = x,, = x, ., = Tx, =
Tu. Thus, for the rest of the proof, we assume that

X, F X, Vn 15)
Owing to the fact that T' is a-admissible, we derive that

o (xg,x7) = a(x, Txy) = 1

(16)
= a(Txp, Tx;) = a(x7,%,) > 1.
Utilizing the expression above, we find that
a(xpx,0) 21, Vn=0,1,.... (17)

Since T is a weak triangular q-admissible mapping, we obtain
that

o (xg,x,) > 1. (18)

Since a(xg, Ty ) = 1 and a(T'x, T?xy) = a(x, x,), iteratively,
we conclude that

a(xp X)) 21, Vnk=0,1,.... 19)

Taking (10) and (17) into account, we observe that
d ('xn+l’ xn) = d (Txn’ Txn—l)
< a(x, x,,)d(Tx,, Tx,_;) (20)
< ¢ (M (xn’ xn—l)) -9 (M (xn’ xn—l)) >

for all n > 1, where

M (xn’ xn—l)
= max {d (xn’ xn—l) > d (xn’ Txn) 4 d (xn—17 Txn—l)}
= max {d (xn’ 'xn—l) > d ('xn’ xn+1) 4 d (xn—l’ xn)}

= max {d (xn’ ‘xn—l) 4 d (xn’ xn+1)} .
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If M(x,, x,_,) = d(x,, x,,1), then by (15) and property of the
function ¢, inequality (20) turns into

d (xn+1’ xn) < ¢ (M (xn’xn—l)) - (M (xn’xn—l))
= ¢ (d (xn’ xn+1)) 4 (d (xn’ an)) (22)
< ¢ (d (xn’ xn+1)) .

Since {¢"(¢)} is decreasing, the inequality above yields a
contradiction. Hence, we conclude that M(x,, x,_;) =
d(x,, x,_,) and (20) becomes

d (xn+1’ xn) < ¢ (d (xn’ xn—l)) > (23)

for all n > 1. Recursively, we derive that

d ('xn+l’ xn) < ¢n (d ('xl’ xO)) >

Owing to the fact that the sequence {¢"(d(xy, x;))},.en 1S
decreasing, it converges to some # > 0. We will show that # =
0. Suppose, on the contrary, that 7 > 0. Taking the definition
of weaker Meir-Keeler function ¢ into account, there exists
0 > 0 such that for x, x; € X with 7 < d(x,, x;) < § +#,and
there exists 1, € N such that ¢™(d(x,, x;)) < 7. Regarding
lim,, _, . ¢"(d(x,x;)) = 7, there exists p, € N such that
n < ¢P(d(xg, x;)) < 8 + 1, forall p > p,. Hence, we deduce
that ¢P™(d(x,, x,)) < n, which is a contradiction. Thus,
lim,, , o,¢"(d(x,x1)) = 0, and hence

vn > 1. (24)

Jim d (%15 %,) = 0. (25)
Regarding (10) and (19), we deduce that
d (xn+2’ xn) =d (Txn+l’ Txn—l)
S« (xn+1’ xn—l) d (Txn+1’ Txn—l)

< (/) (M (xn+1’ xn—l)) 4 (M ('xn+1’ xn—l)) >
(26)

for all n > 1, where
M (xn+1’xn—1)
= max {d (xn+1’ xn—l) > d (xn+1’ Txn+1) 4 d (xn—l’ Txn—l)}

= max {d (xn+1’ xn—l) 4 d (xn+1’ xn+2) > d (xn—l’ xn)} .
(27)

If M(x,,x,_,) = d(x,_,,x,,;) then inequality (26) turns
into

d (xn+2’ xn) < (/5 (d (xn+1’ xn—l)) 4 (d (xn+1’ xn—l))
< (/5 (d (xn+1’ xn—l))

for all n > 1. By repeating the same argument, inequality (15)
implies that

d (X1 %,) < ¢" (d (x5, %)) »

(28)

vn > 1. (29)
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Due to the fact that the sequence {¢"(d(xy, x,))},en 1S
decreasing, we conclude that

Jimd (5,%,) =0, )
by following the lines at the proof of (25).

If either M(x,, x,_;) = d(x,_;,x,) or M(x,1,X,,,) =
d(x,,1> X,,,), then inequality (26) becomes either

d (xn+2’ xn) < ¢ (d (xn—l’ xn)) 4 (d (xn—l’ xn))
< ¢ (d (xn—l’ xn))

(31)

or

d (xn+2’ xn) < ¢ (d (xn+1’ xn+2)) 4 (d (xn+1’ xn+2)) (32)
< (/5 (d (xn+1’ xn+2)) >

foralln > 1. Lettingn — oo in any of the cases, (31) or (32),
together with (25), we have

Jim d (x,,,5,x,) < lim ¢ (d (x,_1,x,)) <0
or (33)
xn) < nleréo¢ (d (xn+1’xn+2)) <0.

Let x,, = x,,, for some m,n € N with m #n. Without loss
of generality, assume that m > n. Thus, x,,, = T™ "(T"x,) =
T"x, = x,,. Regarding (15), we consider now

Jim d (x5,

d('xn+1’xn) = d(Txn’x ) (Tx xm)

= d (Txm’ Txm—l)

(34)
< o (%,

< ¢ (M (xm’xmfl)) -

Xp1)d(Tx,,, Tx,,_1)

¢ (M (xm’ xmfl)) >

where
M (%, X,py_1)
= max {d (x, Xp_1) »d (%, Tx,) » A (X1_1> TX,p_1 )}
= max {d (x> Xp_1) »d (X Xpps1) > A (X 1> X,) }
= max {d (x,,_1> %) »d (X X a1 )} -

(35)

If M(x,,,X,,_;) = d(x
get that

X,,), then from (34) and (23) we

m—1>

d (X1, %,) = d (T, %) = d (T, %,,)
= d (T, T, )

< 0 (X Xy ) A (T, TX,p )

< ¢ (d (X Xn-1)) = @ (d (> X1))
< ¢ (d (% Xm-1))

< (/)m—” (d (xn+1’ xn)) .

(36)

If M(x,,,
become

X,_1) = d(x,,X,,.,), inequalities (34) and (23)

d (xn+1> xn) =d (Txn’ xn) =d (Txm’ xm)
= d (TxrrvTxm—l)

—1) d (Txm’ Txm—l)

< a (X, X,

(37)
< ¢) (d (xm’ xm+1)) % (d (xm’ xm+1))
< ¢ (d (xm’ xm+1))
< ¢"H(d (%0015 %)) -
Due to (¢,), inequalities (36) and (37) yield that
d ('xn+1’ xn) < ¢m_n (d ('xn+1’ xn)) < d (xn+1’ 'xn) >
(38)

d (xn+1’ xn) < ¢m_n+1 (d (xn+1’ xn)) <d (xn+1’ xn) >

which is a contradiction. Hence {x,,} has no periodic point.

In what follows we will prove that the sequence {x,} is
Cauchy by standard technique. Suppose, on the contrary,
that there exists ¢ > 0 such that for any k € N, there are
m(k),n(k) € N with n(k) > m(k) > k satistying

d (xm(k), xn(k)) > E. (39)

Furthermore, corresponding to m(k), one can choose n(k)
in a way that it is the smallest integer n(k) > mf(k) with
d(X (k) Xnk)) = € Consequently, we have d(x,, ), x
e. Consider

n(l)-1) <

e < d (X095 Xner))
<d (xn(k)’ xn(k)—z) +d (xn(k)fz’ xn(k)—l) +d (xn(kH» xm(k))

< d (%> Xy 2) +d(x X()-2> Xn(iy-1) + E-
(40)

Letting k — 00, we get that
d (Xp(hys X)) — €. (41)

On the other hand, again by using the quadrilateral
inequality, we find

d (xn(k)’ xm(k))
S d( n(k)» X k)—l) +d (xn(k)f

+d (xm(k)—l’ xm(k)) >

1 Xm(k)-1 )

d (xn(k)—l’ xm(k)—l)

< d (X1 Xny) + 4 (X X)) + & (Ko Xomiy-1) -
(42)
Lettingn — 00, in the inequalities above, we get that
d (X1 Xmy1) — & (43)



On account of (10), we have
d (%u(hy> (i)
=d (Txn(k)—p Txm(k)—l)
n(k)-1> Txm(k)—l)

@ (M (Xih)-15 Xm(iy-1)) »
(44)

s« (xn(k)fl’ xm(k)—l) d(Tx

< ¢ (M (x

n(k)-1> Xm(k)— )) -

where
M (xn(k)—l’xm(k)—l)

= max {d (%,4)-1> Xg)-1) » & (Xngry-15 Xnry) » (45)

d (xm(k)—l’ xm(k))} .

Letting n — 00, in (44), and regarding definitions of
auxiliary functions ¢, ¢ and (45), we conclude that

e<e—¢(e), (46)

which yields that ¢(e) = 0. By definition of ¢, we derive that
€ = 0, which is a contradiction. Hence, we conclude that {x,,}
is a Cauchy sequence in (X, d). Since (X, d) is complete, there
exists u € X such that

Jim d (x,,u) = 0. (47)

Since T is continuous, we obtain from (47) that

Jim d (x,,), Tu) = lim d (Tx,, Tu) = 0. (48)

From (47) and (48) we get immediately that lim,, _, ., T"x, =
lim, , Tx, = Tu. Taking Proposition 5 into account, we
conclude that Tu = wu. O

The following result is deduced from the obvious inequal-
ity N(x, y) < M(x, ).

Theorem 22. Let (X, d) be a complete generalized metric space
andletT : X — X be a (a-¢-¢)-contractive mapping of type
I1. Suppose that
(i) T is a weak triangular «-admissible;
(ii) there exists x, € X such that a(x,, Tx,) = 1;
(iii) T is continuous.

Then there exists a u € X such that Tu = u.

Theorem 23. Let (X, d) be a complete generalized metric space
andletT : X — X be a (a-¢-¢)-contractive mapping of type
L Suppose that

(i) T is a weak triangular a-admissible and ¢ is upper
semicontinuous function;
(ii) there exists x, € X such that a(x,, Txy) = 1;

(iil) if {x,} is a sequence in X such that «(x,, x,,,) = 1 for
allnand x, — x € Xasn — 00, then a(x,,x) > 1
for all n.

Then there exists au € X such that Tu = u.
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Proof. Following the proof of Theorem 21, we know that the
sequence {x,} defined by x,,,, = Tx,, for all n > 0 converges
for some u € X. We will show that Tu = u. Suppose, on
the contrary, that Tu # u. From (17) and condition (iii), there
exists a subsequence {x,} of {x,} such that a(x, ), u) > 1
for all k. By applying the quadrilateral inequality together
with (10) and (15), for all k, we get that

d (u, Tu)
< d (U Xyiy02) + A (X Xngoye1) + A (Xgeyrr> Tth)
<d(u, xn(k)+2) + d( n(k)+2> n(k)+1) +d (Tx Xn(k)> Tu)

<d(u, xn(k)+2) + d( n(k)+22 X n(k)+l)

+ (xn(k), U) d (Txn(k), TU)

(42> Xy 1) T O (M (X005 14)) 5
(49)

<d(u, Xngoy+2) + d(

where

M (%), u) = max {d (xn(k), u),d (xn(k), Txn(k)) ,d (u, Tu)}.

(50)

Letting k — oo in the above equality and regarding that
the ¢ is an upper semicontinuous mapping, we find that

d(u,Tu) < ¢ (d u,Tu)). (51)
It implies that from (¢,)
d(u,Tu) < ¢ (d (u, Tu)) < d(u, Tu), (52)

which is a contradiction. Hence, we obtain that u is a fixed
point of T that is, Tu = wu. O

In the following theorem, we remove the semicontinuity
of ¢ by weakening the contractive mapping type.

Theorem 24. Let (X, d) be a complete generalized metric space
and T : X — X be a (a-¢-@)-contractive mapping of type II.
Suppose that

(i) T is a weak triangular o-admissible;
(ii) there exists x, € X such that a(xy, Tx,) > 1;

(iii) if {x,} is a sequence in X such that «(x,, x,,,) = 1 for
allnand x, —» x € Xasn — 00, then a(x,, x) > 1
for all n.

Then there exists au € X such that Tu = u.

Proof. Following the proof of Theorem 21, we know that the
sequence {x,} defined by x,,,, = Tx,, for alln > 0 converges
for some u € X. We will show that Tu = u. Suppose, on
the contrary, that Tu # u. From (17) and condition (iii), there
exists a subsequence {x,,,} of {x,} such that a(x,),u) > 1
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for all k. By applying the quadrilateral inequality together
with (10) and (15), for all k, we get that
d (u, Tu)
< d (t Xpiye2) + A (%20 X)) + d (X1, Tth)
< d (th Xy12) + 4 (X2 Xngioe1) + @ (T, T)
<d(u, xn(k)+2) +d (xn(k)+2’ xn(k)+1)
+ o (%000 1) A (TX 1, Tth)

<d(u, xn(k)+2) +d (xn(k)+2’xn(k)+l) +¢(N (xn(k)’ u)),
(53)

where

N (xn(k)’ u)

d (%1 TX i) + A (1, Trr) }
2 .

= max {d (%) 1) »
(54)

Letting k — o0 in the above equality and regarding (¢, ), we
find that

d (u, Tu)
< 5 (55)

d(u,Tu) < ¢ ( d (”éT”) )

which is a contradiction. Hence, we obtain that u is a fixed
point of T; that is, Tu = u. O

Theorem 25. Adding condition (U) to the hypotheses of
Theorem 21 (resp., Theorem 23), one obtains that u is the
unique fixed point of T.

Proof. In what follows we will show that u is a unique fixed
point of T. We will use the reductio ad absurdum. Let v be
another fixed point of T with v # u. It is evident that a(u, v) =
o(Tu, Tv).

Now, due to (10) and (¢,), we have

d(u,v) < o (u,v)d (u,v)
= a(u,v)d (Tu, Tv)
<PM u,v)) = (M (u,v))
=¢dwv) - (dwv))
<¢dwv)
<d(u,v)
which is a contradiction, where

M (u,v) = max {d (u,v),d (u, Tu),d (v,Tv)} =d (u,v).
(57)

Hence, u = v. O
Theorem 26. Adding condition (U) to the hypotheses of

Theorem 22 (resp., Theorem 24), one obtains that u is the
unique fixed point of T.

Proof. The proof is analog of the proof of Theorem 25
which will be concluded by using the reductio ad absurdum.
Suppose, on the contrary, that v is another fixed point of T
with v # u. It is evident that a(u, v) = a(Tu, Tv).

Now, due to (12) and (¢,), we have

du,v) <a(,v)du,v)
=oawv)d(Tu,Tv)

< $(N (7)) - 9 (N (1,1))

(58)
=¢(dwv) —¢(dw,v)
=¢(dw,v))
<d(wv)
which is a contradiction, where
N (u,v) = max{d(u,v),d(u’Tu);d(v’TV)} —d(uv).
(59)
Hence, u = v. O

For the uniqueness, we can also consider the following
condition.

(H") For all x,y € Fix(T), there exists z € X such
that a(x,z) > 1 and a(y,z) = 1. Further,
lim, _, d(z,,2,,,) =0, wherez, =zand z,,, =Tz,
forn=1,2,3,....

Theorem 27. Adding conditions (H*) and (W) to the hypothe-
ses of Theorem 21 (resp., Theorem 23), one obtains that u is the
unique fixed point of T.

Proof. Suppose that v is another fixed point of T. From (H"),
there exists z € X such that
a(u,z) =1, a(v,z) > 1. (60)

Since T is a-admissible, from (60), we have
a(w,T'z)>1, a(r,T"z)>1, Vn. (61)

Define the sequence {z,} in X by z,,, = Tz, foralln > 0 and
z, = z. From (61), for all n, we have

d(u,z,,,)=d(Tu,Tz,) < a(u,z,)d(Tu,Tz,)

(62)
<¢(M(u,2,)) -9 (M (.2,)),

where

M (u,z,) = max{d (u,z,),d (u,Tu),d(z,,Tz,)}
(63)
=max{d (u,z,),d(z,Tz,)}.

If M(u,z,) = d(z,,Tz,) then by lettingn — o0 in (62) we
get that

Jim d (z,pu) =0, (64)



due to the continuity of ¢, (¢,) and the fact that
lim,_, d(z,z,,) = 0.If M(uz,) = d(u,z,) then
(62) turns into

d(u2,11) < ¢ (d(w.2,)) -9 (d (w.2,)) < ¢ (d (u.2,)) .
(65)
Iteratively, by using inequality (62), we get that

d (u2,11) < ¢" (d (4.20)) (66)

for all n. Letting n — o0 in the above inequality, we obtain
Jlim d (zpu) =0. (67)
Similarly, one can show that
lim d (z,,v) = 0. (68)

Regarding (W) together with (67) and (68), it follows that u =
v. Thus we proved that u is the unique fixed pointof 7. [

Theorem 28. Adding conditions (H") and (W) to the hypothe-
ses of Theorem 22 (resp., Theorem 24), one obtains that u is the
unique fixed point of T.

The proof is the analog of the proof of Theorem 27; hence
we omit it.

Corollary 29. Adding condition (H") to the hypotheses of
Theorem 21 (resp., Theorems 23, 22, and 24) and assuming that
(X, d) is Hausdorff, one obtains that u is the unique fixed point
of T.

The proof is clear, and hence it is omitted. Indeed,
Hausdorftness implies the uniqueness of the limit. Thus, the
theorem above yields the conclusions.

3. Consequences

Now, we will show that many existing results in the literature
can be deduced easily from Theorems 13 and 14.

Definition 30. Let (X, d) be a generalized metric space and
let T : X — X be a given mapping. We say that T" is a («-
¢-¢p)-contractive mapping of type III if there exist functions
a:XxX — [0,00), ¢ € 0,and ¢ € O such that

a(xy)d(TxTy) <¢(d(xy) -¢(d(xy)  (69)
forall x, y € X.

Now, we state the first fixed point theorem.

Theorem 31. Let (X, d) be a complete generalized metric space
andletT : X — X be a (a-¢-¢)-contractive mapping of type
II. Suppose that

(i) T is a-admissible;

(ii) there exists x, € X such that a(xy,Tx,) > 1 and
a(xg, T?x,) > 1;

(iii) T is continuous.

Then, T has a fixed point u € X; that is, Tu = u.
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We omit the proof of Theorem 31, since it can be derived
easily by following the lines in the proof of Theorem 21,
analogously.

Theorem 32. Let (X, d) be a complete generalized metric space
andletT : X — X be a (a-¢-¢)-contractive mapping of type
II. Suppose that

(i) T is a-admissible;

(ii) there exists x, € X such that o(xy,Tx,) > 1 and
oc(xO,szO) > 1;

(iii) if {x,} is a sequence in X such that a(x,,, x,,,) = 1 for
allnand x, —» x € Xasn — 00, then a(x,, x) > 1
for all n.

Then there exists a u € X such that Tu = u.

Proof. Following the proof of Theorem2l (resp.,
Theorem 31), we know that the sequence {x,} defined
by x,..; = Tx,, for all n > 0 converges for some u € X. We
will show that Tu = u. Suppose, on the contrary, that Tu # u.
From (17) and condition (iii), there exists a subsequence
{xp} of {x,,} such that a(x,,),u) > 1 for all k. By applying
the quadrilateral inequality together with (10) and (15), for
all k, we get that

d (u, Tu)
<d(u, xn(k)+2) +d (xn(k)+2’xn(k)+l) +d (xn(k)+1’ Tu)
< d (th Xy12) + 4 (X2 Xngioer) + @ (T, T
<d(u, xn(k)+2) +d (xn(k)+2’xn(k)+l)
+ 0 (X0 1) d (T, 00, Tta)
<d(u, xn(k)+2) +d (xn(k)+2’ xn(k)+1) +¢(d (xn(k)’ u)).

(70)

Letting k — o0 in the above equality and regarding (¢,),
we find that

d(u,Tu) < lim ¢ (d (X 1) < 0, (71)

which is a contradiction. Hence, we obtain that u is a fixed
point of T that is, Tu = u. OJ

Theorem 33. Adding condition (U) to the hypotheses of
Theorem 31 (resp., Theorem 32), one obtains that u is the
unique fixed point of T.

Proof. In what follows we will show that u is a unique fixed
point of T. We will use the reductio ad absurdum. Let v be
another fixed point of T with v # u. It is evident that a(u, v) =
o(Tu, Tv).
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Now, due to (10) and (¢,), we have
du,v) <a(uv)du,v)
=oa(Tu, Tv)d (Tu,Tv)

S¢(dwv) - (d(uv)) (72)
<¢(d(wv)
<d(u,v)

which is a contradiction. O

Theorem 34. Adding conditions (H) and (W) to the hypothe-
ses of Theorem 31 (resp., Theorem 32), one obtains that u is the
unique fixed point of T.

Corollary 35. Let (X,d) be a complete generalized metric
space and let T : X — X be a given mapping. Suppose that
there exist ¢ € @ and ¢ € O such that

d(Tx,Ty) < ¢ (M (x,y)) -9 (M (x,9)),  (73)
forall x, y € X, where
M (x,y) = max{d (x,y).d (x,Tx),d (y,Ty)}.  (74)
Then T has a unique fixed point.

Proof. Let o : X x X — [0,00) be the mapping defined
by a(x,y) = 1, forall x,y € X. Then T is a (x-¢-¢)-
contractive mapping of type I. It is evident that all conditions
of Theorem 21 are satisfied. Hence, T has a unique fixed
point. O

Corollary 36. Let (X,d) be a complete generalized metric
space and let T : X — X be a given mapping. Suppose that
there exist ¢ € © and ¢ € © such that

d(Tx,Ty) < (N (xy)) -9 (N (%)), (75
forall x, y € X, where

d(x,Tx)+d(y, T
N (x, y) = max {d (% y), (x, T) er (0. Ty) ]» . (76)
Then T has a unique fixed point.

The following Corollary is stronger than the main result of
[19]. Notice that we do not need the Hausdorffness condition
although it was required in [19].

Corollary 37. Let (X,d) be a complete generalized metric

space and let T : X — X be a given mapping. Suppose that
there exist ¢ € © and ¢ € © such that

d(TxTy) < ¢(d(xy) —¢(d (%),  (77)
forallx, y € X. Then T has a unique fixed point.
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