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The classical detection techniques for multiple-input multiple-output (MIMO) systems are usually designed with the assumption
that the additive complex Gaussian noise is uncorrelated. However, for closely spaced antennas, the additive noise is correlated
due to the mutual antenna coupling. This letter analyzes an improved zero-forcing (ZF) technique for MIMO channels in colored
environments. The additive noise is assumed to be correlated and the Rayleigh MIMO channel is considered doubly correlated. The
improved ZF detector, based on the generalized least squares estimator (GLS), takes into account the noise covariance matrix and
provides an unbiased estimator of the transmitted symbol vectors. We introduce some novel bounds on the achievable sum rate,
on the normalized mean square error at the receiver output, and on the outage probability. The derived expressions are compared

to Monte Carlo simulations.

1. Introduction

Multiple-input multiple-output (MIMO) systems have great
potential for increasing spectral efficiency [1]. To achieve the
promised capacity, efficient and reliable reception techniques
are required. The linear zero-forcing (ZF) technique is one
of the most popular receivers [2-6]. In fact, despite its low-
complexity, the ZF detector yields suboptimal performances
[2]. The analysis of the MIMO-ZF detector has attracted
considerable attention in the literature [2-6]. The effect of
channel estimation error of the MIMO-ZF detector perfor-
mance has been investigated in [2-4]. The SNR loss due to
the spatial correlation and its effect on bit error rate (BER)
of the MIMO-ZF detector are discussed in [4-6]. Although
previous works present important contributions concerning
the MIMO-ZF analysis, they assume that the channel additive
complex Gaussian noise is uncorrelated. The noise vector
entries are then modeled as independent and identically
distributed (i. i. d.) random variables. This assumption is valid
when the antennas are sufficiently spaced and thus coupling
between them is negligible. However, for MIMO systems
with closely spaced antennas, there is a mutual coupling

between antenna elements [7]. This mutual coupling leads to
a correlated thermal noise at the receiver front-end.
Motivated by the discussion above, this letter proposes
and analyzes a ZF detection technique for MIMO systems in
correlated environments. We assume that the additive noise is
correlated and the Rayleigh MIMO channel has both transmit
and receive correlations. We also assume that the fading
channel matrix is perfectly known at the receiver. When the
noise covariance matrix is known, the ZF detector corre-
sponds to the generalized least squares estimator (GLS) of the
transmitted symbols. When the noise covariance is unknown,
we propose to replace the true matrix by the estimated one.
The ZF detector is then called the feasible generalized least
squares estimator (FGLS). This letter presents some bounds
for the achievable sum rate (ASR), the normalized mean
square error (NMSE) at the GLS receiver output, and the
global outage probability (GOP). It is noteworthy that the
scenario with doubly correlated channel has been rarely
studied [2]. In fact, for this case, it is relatively difficult to
describe the statistical properties of the postprocessing SNR
[2]. The few relevant studies are given in [8] for 2 x 2 MIMO
systems and several fading models in [2]. Some results on
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the eigenstatistics for doubly correlated MIMO channels are
reported in [9].

2. System Model and ZF Receiver

2.1. System Model. Consider an uncoded MIMO system with
N, transmit and N, receive antennas with N, > N,. The
received signal vector y, € C™™! at time ¢ is

Y. =Hx, +n,, t=12,...,T, @)
where T is the number of received sangles in the observation
window or the frame length, x, € C™*" is the transmitted
vector, H € CN™M js the channel matrix, and n, € CN*!
is a circularly symmetric complex Gaussian noise vector with
zero mean and covariance matrix ¥ = [E[ntntH ] = aiQ. We
assume that the noise covariance matrix is given by the widely
used noise model (see [10] and the references therein):

2 =E[nn]] =00, )

where € is a positive definite matrix, with the (p, g)th entry

i(3)e-0].  ®

The transmitted symbols are uncorrelated with covariance

= E[xx"] = E sIn,- We consider a doubly spatially cor-
related Raylelgh flat- fadmg channel. With this assumption,
spatial correlation occurs on both transmit and receive sides
and the channel matrix H is modeled as

[Ql,, =0. glp=dl exp | j

H = ®°H, @, (4)

where H,, is an N, x N, matrix with i. i. d. zero-mean complex
Gaussian entries with unit variance. The spatial correlation
matrices ®, and @, are defined as [®,]; ; = p/ 7 and [@,]; i =
o

When the channel matrix H is available at the receiver,
the classical ZF detector estimates the transmitted vector as

% =H'y, =x, + H'n,, (5)

where H' is the pseudoinverse of the channel matrix. The

estimator X, is an unbiased estimator with covariance matrix
(11]

-1

var (%) = (H'H) 'HU'sH(H'H) . (6)

The estimator X; is called the ordinary least squares (OLS)

estimator [12]. If the noise is uncorrelated, that is, £ = aﬁ INr,

the OLS estimator corresponds to the best linear unbiased

estimator (BLUE) [12]. However, when the noise is correlated
there is no guarantee that the OLS estimator is the BLUE.

2.2. Generalized Least Squares Estimator with Known Q.
Since the OLS estimator is no longer BLUE, the ZF receiver
degrades the system BER. Using the Gauss-Markov theorem
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and assuming that H is the full rank matrix, we can prove that
the BLUE estimator of x, is given by [12]

% = (M2 'H) HE Ty, (7)

The GLS estimator X 1s unbiased with covariance matrix [12]

E[(x -%) (x, -

We can easily show that (the matrix inequality A < B means
that B — A is positive semidefinite)

var (%) = %)) = (s ). @)

var (%7) < var (%7). 9)

As can be seen in (7), the GLS estimator needs the knowledge
of the noise covariance matrix X. By combining (7) and (2),
we can write the GLS estimator as

% - (00 'H) H'0ly, (10)

which does not require the knowledge of o’

3. Performance Analysis

3.1. Derivation of the Sum Rate. The analysis of the ergodic
sum rate of the ZF receiver has been widely discussed [13,
14]. However, previous works have considered systems with
uncorrelated noise. In this section, we introduce a novel
upper and lower bounds on the ASR of the improved ZF
detector. Assuming independent decoding at the receiver, the
ASR s

Ny
R= Y Elog, (1+7)]. ()
k=1

where y, is the SNR of the kth stream. Since the covariance
matrix of (8) is the MSE of the data estimation, we have

’ (12)

where y, = Es/crfl and Z = (HHQ’IH). When H,, is a
complex Gaussian matrix, it is well known that HY H,, follows
the central complex Wishart distribution. However, it is
generally hard to derive the distribution of H'Q'H. In
this case, we will use the decomposition detHEQ™'H) =
det(®,) det(HE(Df/zﬂ_l (I>i/2Hw) and the first moment of the
generalized variance given in [13]

N,!det (W)
I% (A -4

where A is an arbitrary Hermitian positive definite matrix, A;
are the eigenvalues of A, and W is defined by

E [det (H,"AH,, )| = (13)

N
(W], = /\1: , j=L...,N, - N,
YA, j=N,-N,+1,...,N

Let us define A = d)f{/zﬂfld):/z.

(14)
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Proposition 1. The ASR of the GLS receiver in a correlated
environment is upper bounded by

<(Nt —1)!(det (W) + (N,yy/0,,,) det (W))>
=l [T (A - A)

Nl Yo det (V)
s ( R
SN [L; (A -2)

N,
R,= ZNtlog2

(15)

where y(-) is Euler’s digamma function, o,, is the mth diagonal
entry of ®; ', W is defined as

-1
— N =1,...,N, - 1,
[W] _ A; _] Nr Nt + (16)
i (M, j=N,-N,+2,...,N,
and V is an N, x N, matrix with elements
A j#k,
Vil..=4.% 17
Vi, {Ag ‘I, j=k )
Furthermore, the ASR is lower bounded by
N
Ry = Zlogz (1 + Yo €Xp <V/ (N;) ~In(o,,)
m=1
(18)

det (VNr—NtH) >>
pE= el B B
[1i< j (Aj —Ai )
Proof. The proof is based on a similar approach as that

in [13, Appendix III], more specifically, by assuming A =
d)f/zﬂ_ld);/z instead of A = @,. O

3.2. Normalized Mean Square Error. Let us define the condi-
tioned normalized MSE (NMSE) at the ZF receiver output,
given the channel matrix, as

iSE () - tr{E[(x - %) (x, - )"}

(19)

The NMSE is obtained by averaging (19) with respect to H.

Proposition 2. The NMSE at the GLS receiver output in a
correlated environment is lower bounded by

1 & det (YN -N, +1)>
NMSE > — ) exp| y(N,) -In(0,,) + ————— |.
VL en(von % 0 -1)

(20)

Proof. Since trace and expectation commute, we can write

1 & _
NMSE = ﬁZIE{exp (n[z7"] )} (21)

t k=1

1 N det (HAH,,,)

tk=1
1 N det (HAH,,,)
N, £ (E{ln det (H7H) ) (3)

where H,, is the (m, m)th minor of H and (22) is obtained
from matrix properties, while (23) is obtained thanks to
Jensen’s inequality since exp(-) is a convex function. The proof
follows by invoking a lemma form [15, Lemma 4] and a result
from [13, equations (15), (46)] which give

v
|
g
%
5

E {ln det (H"H) - Indet (H,,H,, )}
det (YN,—Nt+1) (24)

ZW(Nt)_ln(O'm)-'— N .
Hi<rj (Yj - Yi)

Substituting (24) into (23), we obtain (20). O

3.3. Global Outage Probability. There are several definitions
of the GOP which depend on the application of interest [16].
In this letter, we assume that the GOP is defined as the
probability that all instantaneous SNRs y; fall below a fixed
threshold y. This means that the system is considered avail-
able if at least one of the substreams achieves the desired
performance. This definition, called all-outage probability in
[16], can be expressed as

P, (y) =Pr{D <yl }, (25)

where D = Diag [yl,...,er].

Proposition 3. The GOP of the GLS receiver in a correlated
environment is upper bounded by

_ 1 N ( [ ) det (YN _Nt+1)
P(7) < =Yy (N,)—In(Tm) s NN g
@) IHY;W( ;) —In ” HII\QJ (Vj — )’i)

Proof. We start by writing P,(y) = Pr {ln D <InyI Nt} since
In(:) is a strictly monotonic increasing function and using the
Markov’s inequality [17]

Pr{g(D) <al} < —tr(E{g(D)}). (27)

QI



Then, we can write the following:

P, (y) < —tr([E{lnD}) —Y[E{tr (InD)} (28)

vkzﬂ ( ])} 22

Ny LSy det (H,, H,,) (30)
- Iy Iny& det(H'H) |’

I/\

where (29) results from Jensen’s inequality since In(:) is con-
cave function. The bound in (26) is obtained using (24). [

4. Improved ZF Receiver with Unknown

When Q is unknown at the receiver, we estimate the covari-
ance matrix ¥ and use the estimator . (the subscript T refers
to the frame length) to evaluate the feasible generalized least
squares estimator (FGLS) [12]

%/ = (H7S, ' H) 'HS Ly, (31)

To obtain the FGLS estimator, we propose to use the following
iterative process (with #; iterations).

(1) Perform the OLS estimation iﬁl) =H'y,.
(2) Compute the residual vector e Yfor(t=1,...,T)
eV =y, - Hx", (32)

where x(l) is the hard estimate of x, obtained by map-

ping x(l) to the closest constellation point using the
cla551cal decision rule for the considered modulation.
(3) Estimate X by ZT =(1/T) Zt ) (1) E HH.
(4) For any iteration k = 2,...,n;, compute the FGLS

!

~(k -1 ~(k -1
£ = (HH[Z(T)] H) ]y, (9
(5) Update the residual error vector as e( ) = Ve — (k).

(6) Update the covariance matrix estimation
<k
( ) Ze(k ( (k) ) (34)

(7) Iterate Steps (3), (4), (5), and (6).

When X is replaced by £, the Gauss-Markov theorem
no longer holds [12]. This means that the estimator itT is not
necessarily BLUE. In general, it is difficult to evaluate the
statistical properties of ?(tT. Monte Carlo simulations can be
used to check the accuracy of the FGLS estimator.
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Achievable sum rate (bits/s/Hz)

0 5 10 15 20 25 30 35
SNR (y,) (dB)

—=— OLS receiver
GLS receiver, simulation

GLS receiver, upper bound
—=— FGLS receiver
GLS receiver, lower bound

FIGURE 1: Sum rate of OLS, GLS (simulated and bounds), and FGLS
receivers.

5. Numerical Results

In this section, Monte Carlo simulations are employed to
compare the OLS, GLS, and FGLS estimators and support
our derivation of the bounds. We consider a 2 x 4 MIMO
system with frame size T = 10*. All simulation curves are
obtained over 10* independent MIMO channel realizations.
The transmitted symbols are 16-QAM modulated. The corre-
lation coefficients are fixed to p, = p, = 0.6.

In Figure 1, the simulated ASR for the three detection
techniques are plotted. For the FGLS case, the plotted curve
is obtained after the fifth iteration. For the GLS method, the
ASR obtained by the simulation is also compared against the
bounds of (15) and (18). It is shown that the GLS and the
FGLS outperform the OLS receiver. For higher SNRs, the ASR
obtained when X is unknown is nearly the same with that
when X is known. Furthermore, we can see that the analytical
bounds exhibit a negligible difference with the simulation
curves. However, the lower bound is tighter across all SNRs.

Figure 2 compares the NMSE performance of the OLS,
GLS, and FGLS approaches. It shows that the lower bound
of (20) works well for y, = 6 dB. For the FGLS method, we
have plotted the NMSE after each iteration. It can be seen
that, from the first iteration to the fourth one, there is an
important improvement in the NMSE. However, after the
fourth iteration, the NMSE improvement is not noticeable.
It is thus possible to shut down the iteration process after the
fourth iteration.

The GOPs of the different receivers are plotted in Figure 3.
The upper bound of (26) is also provided. The threshold y is
fixed in order to assure a target BER of 107, We can see that
the upper bound of (26) is fairly tight and can well predict the
GOP. Ata GOP of 10™%, the GLS technique allows a significant
gain of about 3 dB with respect to OLS estimator. The GOP of
the FGLS receiver after the fifth iteration is close to that of the
GLS.
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GLS receiver, simulation —=— FGLS receiver

FIGURE 2: NMSE performance of OLS, GLS, and FGLS receivers.

10°
107 1
o
@) —4 [ 4
3 10
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1078 . . .
0 5 10 15 20
SNR (y,) (dB)
—=— QLS receiver GLS receiver, upper bound
GLS receiver, simulation —=— FGLS receiver

FIGURE 3: GOP versus SNR for target BER of 107*,

6. Conclusion

A ZF detector is analyzed in the presence of correlated noise
and doubly correlated channel. When the noise covariance
matrix is known, the GLS algorithm allows a BLUE estima-
tion of the transmitted sequence. In this case, we provide
upper and lower bounds of the ASR, a lower bound of the
NMSE, and an upper bound of the GOP. When the noise
covariance matrix is unknown, we propose to use the iterative
FGLS algorithm. Computer simulations have demonstrated
the efficiency of the proposed FGLS detector which leads to
a substantial improvement in the system performance. After
four iterations, the FGLS performances approach those of
the GLS. We have validated the derived analytic bounds by
computer simulations.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

References

(1]

G. J. Foschini and M. J. Gans, “On limits of wireless communi-
cations in a fading environment when using multiple antennas,”
Wireless Personal Communications, vol. 6, no. 3, pp. 311-335,
1998.

C. Wang, E. K. S. Au, R. D. Murch, W. H. Mow, R. S. Cheng, and
V. Lau, “On the performance of the MIMO zero-forcing receiver
in the presence of channel estimation error;” IEEE Transactions
on Wireless Communications, vol. 6, no. 3, pp. 805-810, 2007.

D. A. Gore, R. W. Heath Jr., and A. J. Paulraj, “Transmit selection
in spatial multiplexing systems,” IEEE Communications Letters,
vol. 6, no. 11, pp- 491-493, 2002.

C. Siriteanu, Y. Miyanaga, S. D. Blostein, S. Kuriki, and X. Shi,
“MIMO zero-forcing detection analysis for correlated and
estimated rician fading,” IEEE Transactions on Vehicular Tech-
nology, vol. 61, no. 7, pp. 3087-3099, 2012.

H. A. A. Saleh and W. Hamouda, “Performance of zero-forcing
detectors over MIMO flat-correlated Ricean fading channels,”
IET Communications, vol. 3, no. 1, pp. 10-16, 2009.

M. R. McKay and I. B. Collings, “Error performance of
MIMO-BICM with zero-forcing receivers in spatially-correlat-
ed Rayleigh channels,” IEEE Transactions on Wireless Commu-
nications, vol. 6, no. 3, pp. 787-792, 2007.

S. M. Krusevac, R. A. Kennedy, and P. B. Rapajic, “Effect of
signal and noise mutual coupling on MIMO channel capacity;’
Wireless Personal Communications, vol. 40, no. 3, pp. 317-328,
2007.

M. Kiessling and J. Speidel, “Analytical performance of MIMO
zeroforcing receivers in correlated Rayleigh fading environ-
ments,” in Proceedings of the 4th IEEE Workshop Signal Process-
ing Advances in Wireless Communications (SPAWC 03), pp. 383-
387, 2003.

M. R. McKay, A. J. Grant, and L. B. Collings, “Performance
analysis of MIMO-MRC in double-correlated Rayleigh envi-
ronments,” IEEE Transactions on Communications, vol. 55, no.
3, pp. 497-507, 2007.

M. Viberg, “Maximum likelihood array processing in spatially
correlated noise fields using parameterized signals,” IEEE Trans-
actions on Signal Processing, vol. 45, no. 4, pp. 996-1004, 1997.

S. M. Kay, Fundamentals of Statistical Signal Processing, Volume
I: Estimation Theory, Prentice Hall, Ist edition, 1993.

N. H. Timm, Applied Multivariate Analysis, Springer, Berlin,
Germany, 2002.

M. Matthaiou, C. Zhong, and T. Ratnarajah, “Novel generic
bounds on the sum rate of MIMO ZF receivers,” IEEE Trans-
actions on Signal Processing, vol. 59, no. 9, pp. 4341-4353, 2011.

M. Matthaiou, C. Zhong, M. R. McKay, and T. Ratnarajah, “Sum
rate analysis of ZF receivers in distributed MIMO systems,”
IEEE Journal on Selected Areas in Communications, vol. 31, no.
2, pp. 180191, 2013.

S. Jin, M. McKay, C. Zhong, and K.-K. Wong, “Ergodic capacity
analysis of amplify-and-forward MIMO dual-hop systems,’
IEEE Transactions on Information Theory, vol. 56, no. 5, pp.
2204-2224, 2010.



(16]

(17]

L. G. Ordonez, D. P. Palomar, and Fonollosa, “Ordered eigen-
values of a general class of Hermitian random matrices with
application to the performance analysis of MIMO systems,”
IEEE Transactions on Signal Processing, vol. 57, no. 2, pp. 672—
689, 2009.

R. Ahlswede and A. Winter, “Strong converse for identification
via quantum channels,” IEEE Transactions on Information
Theory, vol. 48, no. 3, pp. 569-579, 2002.

Journal of Computer Networks and Communications



International Journal of

Rotating
Machinery

International Journal of

The Scientific oA Distributed
World Journal Sensors Sensor Networks

Journal of
Control Science
and Engineering

Advances in

Civil Engineering

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of
Electrical and Computer
Engineering

Journal of

Robatics

Advances in
OptoElectronics

International Journal of

Modelling &
oot (il St perospags
Observation in Engineering

e

Aoes

5//{/?

International Journal of nas and Active and Passive
Chemical Engineering Propagation Electronic Components




